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Abstract

The mixture of fine and coarse particles with the Newtonian underlying fluid forms a suspension
with complicated behaviours. The particle-particle and fluid-particle interactions in these suspensions
are still not well studied at different Reynolds numbers. The current study aims to investigate the
effect of particle size distribution on interactions. To this end, the immersed boundary method in
the CFDEMcoupling package is utilized, in which the OpenFOAM-based finite volume solvers are
coupled with a Discrete Element Method code, LIGGGHTS. Some modifications are made to the
solver, and the flow over a stationary sphere, as a benchmark case, is considered to evaluate the solver
accuracy. Then, the sedimentation of particles in an unbounded domain is modelled to examine the
interactions in a bidisperse suspension compared to a mono-sized flow system. The results show that
the hindrance, caused by opposing fluid flow to the particles settling, has different impacts on each
size component. In comparison to a suspension with uniform size distribution, the small and large
particles in a bidisperse suspension suffer a higher and lower hindrance, respectively. This hindrance
effect is intensified as the diameter ratio increases. Furthermore, it is shown that the collision between
different size particles in a bidisperse system leads to a momentum transfer between components.

1 Introduction

Mineral extraction plays an essential role in the production of most products in use today; how-
ever, it results in considerable costs to the environment. In mining, significant amounts of rock are
extracted and processed to gain valuable minerals, and the waste, known as tailings, is disposed of
into large storage sites. One major cost of mineral extraction is related to the poor management of
tailings, which accounts for a great portion of material with different size in the process. The range
of particle sizes in the tailings suspension is broad, spanning from submicron fine sizes to 100 mm
coarse particles. Therefore, a broad understanding of different size suspension flows at various flow
conditions is needed for a proper tailings management.

Suspension flows in industrial processes, like mining, are generally composed of polydisperse
particles. This means that, in a realistic suspension, there is a distribution in particles size and density
(Mehrabadi et al. (2016)). Bidisperse flow, in this regard, refers to a suspension in which there are
two classes of particles with different properties. Likewise, if the suspension carries some particles
with the same properties, it is called monodisperse. Here, our main emphasis will be on a bidisperse
suspension with different size than density. The presence of two particle classes in a bidisperse
suspension leads to a complex interaction of each particle class with the carrier flow and between
the particles. As it was noticed by Mehrabadi et al. (2016), the fluid-particle and particle-particle
interactions in bidisperse flow results in particle mass flux of one component relative to the other
one. Therefore, the behaviour of particle classes in a bidisperse flow in comparison to a similar
monodisperse suspension is of interest here.
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In the literature, there are a number of studies for the bidisperse flows about characterizing their
behaviour, developing drag models, and investigating size-induced phenomena. Here, some of the
studies on each topic are presented. Similar to what presented by Richardson & Zaki (1954) or
Garside & Al-Dibouni (1977) for hindered settling velocity of particles in a monodisperse system,
the theoretical study by Davis & Gecol (1994) aimed to provide an expression for the settling velocity
of each particle class in a bidisperse flow. In another attempt to develop a generalized drag model
for bidisperse flows, Beetstra et al. (2007) extended their monodisperse drag correlation by defining
an average diameter (harmonic mean diameter) for the multi-size suspension system. Finally, the
segregation of bidisperse flow, resulting from different migration behaviour by each particle class,
was investigated by Chun et al. (2019) for a Poiseuille flow. Their results show that a diffusive flux
pushes the large particles toward the center, which leads to a size-induced segregation.

Computational Fluid Dynamics (CFD) methods have been increasingly employed to simulate mul-
tiphase flows. There are different CFD approaches for the particulate flow systems, but one of the
widely used ones is CFD-DEM. This approach couples the Discrete Element Method (DEM) to the
CFD techniques, which solves the Navier-Stokes and Newton’s second law equations to find fluid
velocity, pressure, and individual particles position and velocity. Among the various methods for the
CFD calculation in CFD-DEM, the Immersed Boundary Method (IBM) is a practical way to capture
all the range of spatial and temporal scales. Coupling with the DEM, the IBM-DEM fully resolves the
fluid and particle interactions; therefore, it is usually called a resolved CFD-DEM. However, to detect
the interactions well, the computational cell size must be considerably smaller than the particle size,
making it computationally demanding. There are several variants of IB methods depending on the
way the body force is enforced. In this study, the solver developed by Hager et al. (2014) is utilized
in which the IB method proposed by Shirgaonkar et al. (2009) has been implemented.

Overall, IBM-DEM has attracted increasing attention from researchers for modelling particulate
flows. Hence, the immersed boundary method can be considered as a powerful tool for characterizing
the behaviour of bidisperse flows at different conditions. In the current study, we conduct the fully-
resolved simulation of Newtonian flow in a tri-periodic unbounded domain using an IBM-DEM code
(cfdemSolverIB) to assess the behaviour of particle classes in a bidisperse suspension.

2 Methodology

2.1 Governing Equations

As mentioned earlier, CFD-DEM is a method based on the Eulerian-Lagrangian approach, which
gives detailed information on individual particles trajectories. The CFDEMcoupling package (Goniva
et al. (2012)) contains some solvers based on this approach. In this package, the CFD calculation
is conducted using OpenFOAM-based solvers while the particle/particle interaction is simulated by a
DEM code, LIGGGHTS. For the CFD part, the incompressible Navier-Stokes equations are solved:

▽.u = 0 in Ω (1)
∂
(
ρ f u

)
∂t

+▽.
(
ρ f uu

)
=−▽p+▽.τ in Ω (2)

where ρ f is the fluid density, u is the velocity vector, p is the pressure, and τ is the fluid stress tensor.
The current study aims to resolve the interactions; therefore, the IB solver, cfdemSolverIB, in

the CFDEMcoupling package is utilized. This solver employs a version of the IBM proposed by
Shirgaonkar et al. (2009), in which the above equations are solved in the entire domain (Ω = Ω f ∪Ωs
in figure 1(a)). It detects the presence of the particles by calculating fluid void fraction (ε f ) over the
Cartesian grid. The cells that are entirely covered by the particles get a value equal to zero (ε f = 0),
while those containing just the fluid are assigned a value of one (ε f = 1). There are some cells at the
interface that are partially covered by the fluid and by the particle. Hence, to accurately detect the
particle interface at these cells, a dynamic grid refinement is applied as shown in figure 1(c).
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Figure 1. Representation of the particle a) in fluid domain and computational field b) without dynamic mesh
refinement c) and with level 2 dynamic mesh refinement

For the solid phase in DEM, Newton’s second law is employed:

mi
dU p

i
dt

=
nc

i

∑
j=1

Fc
i j +F f

i +Fg
i , Ii

dωi

dt
=

nc
i

∑
j=1

Mc
i j +M f

i (3)

in which mi and Ii denote mass and moment of inertia for particle i, U p
i and ωi are the translational

and angular velocity of the particle, Fc
i j and Mc

i j represent the contact force and torque, F f
i and M f

i are
the interaction force and torque acting from fluid on the particle, and Fg

i is the buoyancy force.
The boundary condition at the fluid/particle interface is imposed through the following equations:

u = ui and (−pI+ τ) .n̂ = tΓs on Γs (4)

where ui denotes the particle interface velocity and tΓs represents the traction vector of the fluid on
the particle surface. By integrating the stress condition over the particle interface and using Gauss
theorem, the following relation for interaction force is obtained:

F f
i =

∫
Γs

(−pI+ τ) .n̂dΓs =
∫

Ω

[−▽p+▽.τ]δxdΩ = ∑
c∈Th

(−▽p+▽.τ)(c)V (c) (5)

where V (c) is volume of cell c in Th, as the set of cells totally or partially covered by particles. Similar
to the procedure presented above, the torque acting on the particle, M f

i , is calculated by:

M f
i = ∑

c∈Th

[r(c)× (−▽p+▽.τ)(c)]V (c) (6)

The buoyancy (Fg
i ) is the upward force exerted on the immersed object because of the displaced

fluid. It can be obtained from the following equation, considering the gravitational acceleration (g):

Fg
i = ∑

c∈Th

(
ρ f g

)
(c)V (c) (7)

In equation (3), Fc
i j and Mc

i j are resulted from inter-particle or particle/wall collisions and are
calculated by the non-linear elastic Hertz-Mindlin model (Kloss et al. (2012)).

2.2 Coupling Procedure

The coupling is conducted by solving the fluid governing equations, equations (1) and (2), simul-
taneously with the equation (3) for solid phase. Figure 2 shows the coupling algorithm in cfdem-
SolverIB. The figure includes two separate loops for CFD and DEM calculations. The detailed dis-
cussion on the numerical procedure in the CFD loop can be found in the study of Shirgaonkar et al.
(2009). In the next part, the performance of this IB solver is evaluated using a benchmark case.

2.3 Flow Over a Stationary Sphere

The simplest problem that contains essential features of the system of interest is flow around a
single fixed sphere, and this is considered in this section. The dependence of the drag coefficient (CD)
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Figure 2. Coupling algorithm in cfdemSolverIB

on the cell size is also tested using this case study. Figure 3 shows the computational domain and
the grid resolution of the simulation case. The domain is a cylinder with diameter 10D and length
20D, where D is the diameter of the embedded sphere. The inflow (uniform free-stream velocity)
and outflow boundary conditions are specified in the stream-wise direction, while the slip boundary
condition is applied at the surface of the cylinder. The computations of this case are carried out with
the assistance of resources of Magnus on the Pawsey Supercomputing Centre.

Table 1 compares the drag coefficients from the current method with the experimental data of
Clift et al. (2005) at Re = 100. The simulations are conducted using different grid resolutions:
three cases without refinement (D/h = 8|NoRef, D/h = 16|NoRef, and D/h = 32|NoRef) and one case
with locally mesh refinement approach (D/h = 8|Level2Ref), as shown in figure 3(b). Indeed, the
background mesh with a uniform cell size h is generated first, and then a refinement with different
levels can be applied over that at the interface. In this regard, D/h in the background mesh is an
important factor affecting the computational cost. The CPU-Hour in the table describes the amount
of resources used on Magnus to reach steady drag behaviour in different grid resolutions. From the
table, one can detect that the finer grid produces a drag coefficient closer to the experimental result,
which shows the accuracy of current IBM-DEM solver. However, the finer grid makes the simulation
computationally expensive. On the other hand, the case D/h = 8 with locally mesh refinement yields
the drag coefficient comparable to that found for D/h = 32|NoRef, while its computational cost is 100
times lower. Therefore, for further studies, it is more beneficial to use the dynamic refinement with
D/h = 8 rather than refining the whole domain.

a) b)

Figure 3. a) Computational domain and b) grid resolution for the flow over a stationary sphere
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Source CD Difference (%) Cells No CPU-Hour
Clift et al. (2005) 1.087 - - -

D/h = 8|NoRef 1.278 17.5 3.07e5 51.9
D/h = 16|NoRef 1.175 8.09 2.46e6 678
D/h = 32|NoRef 1.13 3.95 1.96e7 7810

D/h = 8|Level2Ref 1.135 4.41 3.77e5 89.5

Table 1. The predicted drag coefficient varying with different grid resolutions at Re = 100

3 Result and Discussion

The aim of this study is to understand the behaviour of bidisperse flows. To this end, some com-
parisons are made with the similar monodisperse systems. To describe bidisperse flows with different
particle diameters (d) and concentrations (φ), it is required to introduce some parameters. These pa-
rameters can be defined differently, but the most frequently used are the concentration ratio xi = φi/φ

and the diameter ratio l = dl/ds. Here, i indicates the index for small (s) and large (l) particles.
To describe the effect of particles size distribution on a suspension flow, the sedimentation of par-

ticles in an unbounded domain is considered. As it is shown in figure 4, the particles are inserted
randomly in a tri-periodic domain, and the gravity is imposed in z-direction. The results for each
particle component is compared with a monodisperse suspension consisting the particles of that com-
ponent size within the same carrier fluid. Therefore, for each bidisperse suspension, there are two
monodisperse suspensions with the same solid volume fraction: one containing only small particles
(figure 4(b)), another one with large particles (figure 4(c)). Furthermore, to provide the unbounded
situation in the computational domain, it is needed to enforce the mean velocity of mixture equal to
zero (φ⟨V ⟩p +(1−φ)⟨U⟩ f = 0). Here, ⟨U⟩ f and ⟨V ⟩p represent fluid and particles volume averaged
velocities, repectively. Therefore, in the flow field, the particles are settling because of gravity and the
fluid, on average, is moving in opposite direction. Considering a very dilute suspension like a single
particle, the velocity of fluid moving upward should be insignificant. Therefore, the single particle
terminal velocity (Vt) in the steady-state condition is less hindered. However, based on the provided
criterion, as the concentration of suspension increases, the velocity of fluid, moving in opposite direc-
tion, increases, and the hindrance effect becomes pronounced, which makes the mean settling velocity
of suspension smaller than Vt . For a monodisperse suspension, Richardson & Zaki (1954) presented
a correlation for calculating the suspension hindered mean velocity, as follows:

⟨V ⟩p =Vt (1−φ)n (8)
in which the exponent n is obtained by:

n =


4.65 Ret < 0.2
4.4Re−0.03

t 0.2 < Ret < 1
4.4Re−0.1

t 1 < Ret < 500
2.4 Ret > 500

(9)

a) Bidisperse Supension b) Monodisperse-Small c) Monodisperse-Large

Figure 4. Particles distribution in a) a bidisperse suspension with φ = 0.1, xs = 0.5, and l = 1.4 and its
corresponding monodisperse suspensions with b) small and c) large component
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Figure 5. Mean particles Reynolds number for the suspensions with φ = 0.1, xs = 0.5, and l = 1.4

In a similar way, Garside & Al-Dibouni (1977) proposed another expression for the exponent:
5.1−n
n−2.7

= 0.1Re0.9
t (10)

while, single particle Ret =
ρ f VtDp

µ f
is obtained using the expression of Hartman et al. (1992).

Considering all these observations in monodisperse system, the bidisperse suspension is more
complicated, in which the settling condition for each component is different. Here, the characteristics
of a bidisperse system with a fixed concentration ratio (xs = 0.5) and some different diameter ratios
are investigated. Figure 5 shows this comparison using the time evolution of averaged components
Reynolds number at two flow conditions. These conditions are provided based on the single particle
Reynolds numbers, Ret = 1 and Ret = 50. As it takes a while for suspension to reach the steady-
state condition, the initial evolution of velocity in this figure is disregarded. Considering this, the
mean velocity value for large particles in bidisperse suspension is always higher than the mean value
in similar monodisperse suspension. On the other hand, the mean velocity of small component in
bidisperse suspension is lower than a monodisperse suspension only containing the small particles.
This behaviour can be explained by the hindrance phenomenon. In bidisperse suspension, having
large particles with higher inertial effects induces a fluid flow with higher upward velocity, when it is
compared to a mono-sized system of small particles. Therefore, the hindrance effect is expected to be
greater for small particles in bidisperse flow. On contrary, the presence of small particles in bidisperse
flow with lower inertial effects provides a lower hindrance for the large particles.

To illustrate these observations, the hindrance factor defined by log(⟨V ⟩p/Vt) is considered for dif-
ferent suspension flows. First, the mean settling velocity of the existing monodisperse suspensions,
with large or small particles, is compared with the above-mentioned correlations. Figure 6 compares

a) Monodisperse-Small Particles b) Monodisperse-Large Particles
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Figure 6. The hindrance factor for a monodisperse system with only a) small and b) large particles and φ = 0.1
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Figure 7. Hindrance factors for a) small and b) large particles in a bidisperse suspension with φ= 0.1, xs = 0.5,
and l = 1.4, and its comparison with a monodisperse suspension with the same particle size

the hindrance factor of monodisperse suspensions with the correlations in literature (Richardson &
Zaki (1954) and Garside & Al-Dibouni (1977)). It depicts a good agreement between the results by
cfdemSolverIB and the correlations. Moreover, the figure shows that the suitability of each correlation
can be dependent on the size distribution of particles. Indeed, the correlation by Garside & Al-Dibouni
(1977) seems applicable for the monodisperse systems with larger component, while the one proposed
by Richardson & Zaki (1954) is closer to the suspensions with smaller particles. Considering the ob-
tained results, figure 7 illustrates the hindrance factor in comparison to the monodisperse suspension,
which again shows the lower/higher hindrance for larger/smaller particles. However, the level of hin-
drance can be different when the diameter ratio varies. Figure 8 shows an intensified hindrance on the
small particles with the increase in the diameter ratio, from l = 1.4 to l = 2.

Another interesting result to investigate is the mean drag force acting on different components
in a bidisperse suspension. The force on each particle is derived by equation (3) as a vector. The
magnitude of this vector in the settling direction determines the drag force acting by fluid on each
particle. In the bidisperse suspensions, the mean drag force of each component size is then calculated
by taking an average over the particles of that component. Figure 9 shows the time evolution of mean
force on the particle classes in bidisperse suspension and compares it with the mean values in their
corresponding monodisperse system. As it is depicted, the components force shows a higher level of
fluctuation, which is because of internal collisions between components. Hence, the peak and bottom
points for large and small particles are symmetric. However, for the monodisperse suspensions, those
intense oscillations are not observed, which shows the effect of collision is cancelled in the uniform
system. Collision, as an internal force, makes the velocity of larger particle lower and the velocity of
smaller particle higher, due to the momentum transfer. Therefore, the hydrodynamic force acting on
large/small particles, on average, is lower/higher than a suspension with only large/small particles.
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Figure 8. Hindrance factor in the bidisperse suspensions with φ = 0.1, xs = 0.5, and a) l = 1.4, b) l = 2
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Figure 9. Variation of mean force for a) small and b) large particles in the suspensions at Ret = 1

4 Conclusions
The current paper investigates the behaviour of particles components in a bidisperse suspension

compared to the monodisperse one. The presence of two particle classes creates a more complex
condition than a mono-sized flow, as each class size has its particular relative interaction with the
fluid flow. To this end, an IBM-DEM solver is employed, which resolves the fluid/particle interactions
using a fine grid covering the particles. The results for the sedimentation of bidisperse particles in an
unbounded box show that the hindrance caused by the opposing flow provides a lower/higher velocity
for the small/large particles compared to their corresponding mono-sized suspension. The momentum
transfer during the collision also leads to a decrease and increase in the mean hydrodynamic force
of large and small components, respectively. These observations, however, can be different for a
bidisperse flow with different concentration and diameter ratios. Therefore, further simulations will
be conducted for different bidisperse systems to generate enough data for some model development.
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