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[1] In many practical applications the state of field soils is monitored by recording the
evolution of temperature and soil moisture at discrete depths. We theoretically investigate
the systematic errors that arise when mass and energy balances are computed directly from
these measurements. We show that, even with no measurement or model errors, large
residuals might result when finite difference approximations are used to compute fluxes and
storage term. To calculate the limits set by the use of spatially discrete measurements on the
accuracy of balance closure, we derive an analytical solution to estimate the residual on the
basis of the two key parameters: the penetration depth and the distance between the
measurements. When the thickness of the control layer for which the balance is computed is
comparable to the penetration depth of the forcing (which depends on the thermal
diffusivity and on the forcing period) large residuals arise. The residual is also very
sensitive to the distance between the measurements, which requires accurately controlling
the position of the sensors in field experiments. We also demonstrate that, for the same
experimental setup, mass residuals are sensitively larger than the energy residuals due to the
nonlinearity of the moisture transport equation. Our analysis suggests that a careful
assessment of the systematic mass error introduced by the use of spatially discrete data is
required before using fluxes and residuals computed directly from field measurements.
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1. Introduction
[2] Conservation laws are of great importance in the

description of physical systems: quantitative predictions
are based on mathematical models that describe the evolu-
tion of conserved quantities such as mass, momentum com-
ponents, or energy. When comparing with experimental
data, conservation principles can be invoked either to eval-
uate the quality of the model (an incomplete balance might
indicate that additional physicochemical processes need to
be considered), or to estimate, from the residual, quantities
that cannot be directly measured (typically fluxes).

[3] Since conservation laws can be satisfied only within
the experimental accuracy, it is important to establish how
different error sources limit the accuracy of the experimen-
tal balance. A typical example of the difficulties in closing
conservation laws with field data is the energy-budget prob-
lem at the land surface [e.g., Foken, 2008], where the role
played by the ground heat storage term to obtain a reliable

heat flux estimate has become evident [Heusinkveld et al.,
2004; Liebethal et al., 2005].

[4] There are several possible error sources in field data:
measurement errors (due to the limited accuracy of the
instrument or inaccurate calibration); modeling errors (e.g.,
due to an incomplete physical description or inappropriate
boundary conditions); or parameter uncertainty (accentuated
by the presence of heterogeneous structures, which can be
treated in a stochastic framework, e.g., by applying kriging
for spatial interpolation [Matheron, 1973]). Here we investi-
gate the error introduced by the use of spatially (and tempo-
rally) discrete measurements to compute fluxes and storages.

[5] Discrete fluxes have been extensively used in the
gradient method [Tanner, 1963] to compute heat flux in
field soils [e.g., Kimball et al., 1976; Cobos and Baker,
2003; Liebethal et al., 2005; Assouline et al., 2010] or
snow [e.g., Jeffries and Morris, 2006; Sturm et al., 2001],
and, more recently, diffusive fluxes of greenhouse gases dur-
ing soil respiration [Hirano, 2005; Barron-Gafford et al.,
2011; Wolf et al., 2011]. The residual of discrete balance
equations is also often used to estimate sensible [Sharratt
et al., 1992] or latent heat flux at the land surface [Mayocchi
and Bristow, 1995; Castellv⁄ and Snyder, 2010]; vapor fluxes
in field soils [Parlange et al., 1998; Cahill and Parlange,
1998]; subsurface soil water evaporation [Heitman et al.,
2008a, 2008b]; or ground surface temperature [Bhumralkar,
1975; Lin, 1980].

[6] The use of quantities (fluxes or storage) estimated
directly from discrete measurements makes these approaches
prone to discretization error. Although it is well known from
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numerical analysis that this error can be arbitrarily reduced
by decreasing the distance between the measurement points,
in practice several physical limitations (e.g., the finite size or
the finite footprint of the sensors) and logistic constraints
(e.g., the maximum number of probes available or managea-
ble in a field campaign) set an upper limit to the highest pos-
sible spatial resolution. Therefore, it becomes important to
assess not only the order of the discretization scheme, but
also the absolute value of the error that is introduced and
depends on initial and boundary conditions.

[7] In section 2 we consider the idealized case of heat
conduction under harmonic temperature forcing; the soil is
assumed semi-infinite with homogenous heat capacity and
thermal conductivity such that the solution depends only on
the time and the vertical coordinate, and the problem can
be analytically solved. Due to the mathematical similarity
between Fourier’s, Darcy’s, Fick’s, and Ohm’s laws, the
analysis can be easily extrapolated to the case of Darcian
flow, Fickian diffusion, or Ohmic electric current.

[8] In real field soils, however, the diurnal cycle causes
not only heat conduction, but also mass flow, in which soil-
moisture dynamics plays an important role. In section 2.4
we consider the more complex case of coupled heat and
moisture transport. Although it is again assumed that the
soil is homogeneous, model parameters vary in space due
to variation of soil moisture and temperature, which evolve
in time. Also in this case, we assume horizontal homogene-
ity and the problem is reduced to one-dimensional vertical
balance equations, as it is common praxis in most field data
analyses.

2. Heat Conduction With Harmonic Forcing
[9] We consider heat conduction in a homogenous semi-

infinite medium without internal sources. Under these
assumptions, the flux is proportional to the vertical temper-
ature gradient, i.e., jz ¼ ��@zT (horizontal fluxes are zero),
and the thermal energy density can be expressed as
m ¼ cv T . Although we specifically investigate the heat
equation, the analysis presented here naturally applies to
any conserved quantity whose mass balance include a dif-
fusive term (e.g., Darcian flow, Fickian mass transport, or
Ohmic charge transport).

[10] Since the volumetric heat capacity cv and the ther-
mal conductivity � are constant, the energy balance equa-
tion takes the form

@

@t
Tðz; tÞ ¼ D

@2

@z2
Tðz; tÞ; (1)

where we have defined the thermal diffusivity D ¼ �=cv.
Equation (1) is the classic heat transfer equation, which has
been extensively studied [e.g., Carslaw and Jaeger, 1959].
Here we are interested in the temperature evolution when
the surface forcing is a harmonic function of time, i.e.,

Tð0; tÞ ¼ TsðtÞ ¼ Ascos!t; (2)

where As is the amplitude at the surface, ! ¼ 2�=� is the
angular frequency, and � is the period of the forcing. Under
these assumptions and at sufficiently large times, the

solution is independent of the initial conditions and takes
the simple form

Tðz; tÞ ¼ Ase
�kz cosð!t � kzÞ; (3)

where

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
!=2D

p

is the wave number, and k�1 is called penetration depth.
Equation (3) describes an exponentially damped tempera-
ture wave penetrating the medium with constant velocity
!=k ; in other words, temperature oscillations decrease
exponentially with the depth, while maxima and minima
are delayed by a time interval that increases linearly with
the depth. We remark that in the more general case of forc-
ing terms involving multiple frequencies (i.e., also for arbi-
trary forcing terms which can be decomposed into its
constituent frequencies via a Fourier transform), each fre-
quency can be analyzed independently as long as the prob-
lem can be considered linear.

2.1. Exact Energy Balance for a Layer of Finite
Thickness

[11] Let us consider the horizontal layer between depth
zT and zB. The energy balance (per unit horizontal area) for
the layer can be obtained by integrating equation (1) over
the depth interval ½zT ; zB�. To simplify calculations that
involve trigonometric functions, we work in complex nota-
tion and define the temperature solution (equation (3)) as
the real part of the complex function

�ðz; tÞ ¼ Ase
�kzeið!t�kzÞ; (4)

which is solution of a heat transfer equation analogous to
equation (1), i.e., @t� ¼ D@zz�, but with complex forcing
�ð0; tÞ ¼ Asei!t. The storage term is the real part of

QðtÞ ¼ c�

Z zB

zT

@

@t
�ðz; tÞdz; (5)

and the flux difference the real part of

FðtÞ ¼ �
Z zB

zT

@2

@z2
�ðz; tÞdz ¼ ½f ðzT ; tÞ � f ðzB; tÞ�; (6)

where the real part of

f ðz; tÞ ¼ �� @
@z

�ðz; tÞ ¼ � kðiþ 1Þ�ðz; tÞ (7)

is the flux at depth z and time t.

2.2. Finite-Difference Approximation

[12] In practice, temperature measurements are available
at few discrete locations and only approximate energy stor-
age and fluxes can be computed. Let us suppose that data
are available at three different depths (zU, zC, and zD) as
depicted in Figure 1. In this case, only finite difference
approximations of the fluxes can be computed. A first-order
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finite-difference (FD) approximation of equations (5) and
(6) yields

QFDðtÞ ¼ �zc�
d

dt
�ðzC ; tÞ ¼ i!�zc��ðzC ; tÞ (8)

and

FFDðtÞ ¼
�

2�z

�ðzD; tÞ ��ðzC ; tÞ
ð1� �Þ ��ðzC ; tÞ ��ðzU ; tÞ

�

� �
; (9)

respectively.
[13] With three temperature measurements, higher-order

approximations of the storage term can be computed by lin-
ear interpolation of temperature profile between measure-
ments points, which yields the linearly interpolated finite-
difference (LFD) approximation

QLFDðtÞ ¼ i!�zc�
3

4
�ðzC ; tÞ þ

1

4
½��ðzU ; tÞ þ ð1��Þ�ðzD; tÞ�

� �
:

(10)

[14] Note that both equations (9) and (10) depend on the
parameter �, which measures the relative position of zC in
the layer: if � ¼ 1=2 the layer is centered on zC ; if
� < 1=2, zC is closer to the top of the layer ; and if
� > 1=2, zC is closer to the bottom (Figure 1).

2.3. Direct Flux Measurement (DM) and Force-
Restore Method Approximation

[15] Since it is experimentally possible to measure heat
flux, e.g., by employing a heat flux plate (HFP), it is of in-
terest to consider an experimental setup in which fluxes and
temperatures are measured at depth zT and zB (Figure 1).
Our goal here is to isolate the effects of the discretization
error on the energy balance closure, therefore, we neglect
the problem of the accuracy of HFP measurements, includ-
ing the issues related to the determination of soil properties

and distortion of heat flow field [Philip, 1961; Fuchs and
Hadas, 1973]. We simply assume that flux measurements
at depth zT and zB are available, such that f ðzT ; tÞ and
f ðzB; tÞ are known exactly.

[16] Under these optimistic assumptions, the only error
originates from the discretization storage term, which can
be approximated as the real part of

QDMðtÞ ¼ i!�zc�½w�ðzB; tÞ þ ð1� wÞ�ðzT ; tÞ�: (11)

[17] The parameter w has been introduced to consider
the cases in which the temperature is measured at a single
depth or at both depths. The case w ¼ 1=2 corresponds to a
linear temperature interpolation in the layer; if zT ¼ 0 this
discretization corresponds to the one employed in the
formulation of the force-restored method by Lin [1980].
(From equation (7) it is straightforward to show that f ðz; tÞ ¼
D k½@t�ðz; tÞ=!þ�ðz; tÞ�.) If temperature is measured at a
single location, we have either w ¼ 0 or w ¼ 1; if zT ¼ 0,
the case w ¼ 1 corresponds to the original force-restore
method of Bhumralkar [1975].

2.4. Energy Residual

[18] If storage and flux terms were exactly known (equa-
tions (5) and (6)) the residual is identically zero, QðtÞ�
FðtÞ � 0. In practice, however, only approximate storage
and fluxes can be computed from discrete data, and the
energy balance does not close exactly. The energy budget
errors, which originates from discretization and depends on
the forcing frequency and on medium properties, can be
easily quantified by computing the relative residual.

[19] For the first-order finite-difference approximation,
the energy residual normalized by the amplitude of the stor-
age term is given by the real part of

RFDðtÞ ¼
QFDðtÞ � FFDðtÞ

jQFDj
¼ rFDð�; k�zÞQFDðtÞ

jQFDj
; (12)

which is a harmonic function of time with angular fre-
quency ! equal to the forcing term. The complex function
rFD ¼ 1� FFQ=QFQ (whose analytic expression is given in
Appendix A) depends on the relative position of zC in the
layer � and on dimensionless layer thickness k�z, i.e., the
layer thickness normalized by the penetration depth 1=k.
The modulus of rFD is the amplitude of the normalized re-
sidual jrFDj ¼ jRFDj, whereas its argument �FD ¼ argðrFDÞ
is the phase shift with respect to the storage term QFD.
(Note that QFD has a positive phase shift, �=2, with respect
to the temperature at zC).

[20] Figure 2 shows the temporal evolution of storage,
flux difference, and residual over one period for a harmonic
diurnal forcing (� ¼ 24 h). A thermal diffusivity of 4 �
10�7 m2 s�1, typical of soil, is used and it is assumed that
the layer thickness is 7.5 cm and the central measurement
lies 4.5 cm from the top of the layer (� ¼ 3=5). In this
example, the amplitude of the energy residual is 22% of the
approximate storage-term amplitude, and a negative phase
shift of about 7.5 h with respect to the approximate storage
term.

[21] This simple example shows that the balance cannot
be easily closed with discrete data even in absence of

Figure 1. The control interval for the finite difference
(FD, left) and the direct flux measurement (DM, right)
methods.
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modeling and measurement errors; in field conditions
energy budget is not expected to close exactly for a layer of
arbitrary finite size. The penetration depth is a key parame-
ter to determine the energy residual for a given layer thick-
ness or to estimate the maximum thickness required to
keep the residual below a desired threshold. The penetra-
tion depth depend both on the properties of the medium
and on the forcing period (the values corresponding to dif-
ferent land-surface materials are reported in Table 1). For
measurements in field soils under the natural diurnal solar
forcing, the 1 day period is particularly relevant and corre-
sponds to a penetration depth that typically ranges from 6
to 12 cm.

[22] The dependence of the normalized residual on the
dimensionless layer thickness is shown in Figure 3, where
the residuals of the first-order finite-difference jRFDj, the
linear finite-difference jRLFDj, and discrete flux measure-
ments jRDMj approximations are compared. (The definition
of jRLFDj and jRDMj are analogous to equation (12) and are
given explicitly in Appendix A.) For a layer thickness of the
order of the penetration depth, k�z � 1, the energy-budget

error can be severe. The FD approximation of the residual
varies between 10% and 50% of the storage term depending
on �, and it remains between 10% and 20% of the storage
term when the LFD approximation is employed for the stor-
age term. For a given dimensionless thickness, the residual
is very sensitive to the position of the midsensor. If the mid-
sensor is exactly in the center of the layer, � ¼ 1=2, the
error decrease quadratically when the dimensionless thick-
ness is decreased, whereas it decreases only linearly if
� 6¼ 1=2 (see Appendix A and Figures 3a and 3b).

[23] When direct information on the fluxes is available,
one can use the DM approximation. In this case, relying
only on single temperature measurements (at the top, w ¼ 0,
or at the bottom, w ¼ 1, of the interval) leads to severe
unbalance (Figure 3c). Only the choice w ¼ 1=2, corre-
sponding to a linear temperature interpolation in the layer,
gives acceptable results with an error of the order of 20% of
storage-term amplitude for layer thickness equal to the pene-
tration depth.

3. Soil-Moisture and Energy Balance Under
Evaporative Conditions

[24] In this section we consider the more complex case
of a partially saturated soil subject to temperature and evap-
orative forcing. The evolution of the soil state is described
by a system of coupled equations for mass and energy con-
servation. According to the standard models used in the
description of field soils [e.g., Philip and de Vries, 1957;
de Vries, 1958], we describe the state of the soil by the (liq-
uid) soil moisture �L (volume occupied by the liquid water
divided by the total volume) and by the temperature.

[25] The conservation equation for the total soil mois-
ture, which includes both the liquid and the vapor compo-
nent, can be written as

@

@t
½	LðTÞ�L þ 	V ð�L; TÞð�� �LÞ� ¼

� @

@z
½jLð�L; TÞ þ jV ð�L; TÞ�;

(13)

where � is the porosity; 	L and 	V are the density of the
liquid and vapor, respectively; and jL and jV are the liquid
and vapor flux, respectively. In equation (13) we assume
that vapor and liquid are in thermodynamic equilibrium
and neglect vapor advection (see Appendix B).

Figure 2. Storage term (dashed line), flux term (dot-
dashed line), and residual (solid) line as a function of time
(period fraction). The medium has thermal diffusivity D ¼
4 � 10�7 m2 s�1 and the forcing term has period � ¼ 1d,
which results in a penetration depth 1=k ¼ 10:5 cm; the
layer thickness is �z ¼ 7:5 cm (k�z ¼ 0:72) and � ¼ 3=5.
Under these conditions the amplitude of the dimensionless
residual is jRFDj ¼ 0:22 and the phase shift �FD=2� ¼
�0:31 with respect to the storage term.

Table 1. Thermal Diffusivity D (m2 s�1) and Penetration Depth 1=k (m) for Different Materials and Different Forcing Periods �

D (m2 s�1)

1=k (m)

� ¼ 1 yr � ¼ 1 day � ¼ 0:5 day � ¼ 1 h � ¼ 1 min � ¼ 1 s

Quartz sand, dry 2:0� 10�7 a 1.42 0.074 5.2 � 10�2 1.5 � 10�2 2.0 � 10�3 2.5 � 10�4

Quartz sand, water 8.3% 3:4� 10�7 a 1.85 0.097 6.8 � 10�2 2.0 � 10�2 2.5 � 10�3 3.3 � 10�4

Sandy clay, water 15.0% 3:8� 10�7 a 1.95 0.102 7.2 � 10�2 2.1 � 10�2 2.7 � 10�3 3.5 � 10�4

Soil (average) 4:6� 10�7 b 2.15 0.112 8.0 � 10�2 2.3 � 10�2 3.0 � 10�3 3.8 � 10�4

Calcareous earth, water 43.0% 1:9� 10�7 a 1.38 0.072 5.1 � 10�2 1.5 � 10�2 1.9 � 10�3 2.5 � 10�4

Snow (fresh) 5:0� 10�7 b 2.24 0.127 8.3 � 10�2 2.4 � 10�2 3.1 � 10�3 4.0 � 10�4

Snow (densely packed) 4:1� 10�7 a 2.03 0.106 7.5 � 10�2 2.2 � 10�2 2.8 � 10�3 3.6 � 10�4

Water 1:4� 10�7 b 1.20 0.063 4.5 � 10�2 1.3 � 10�2 1.7 � 10�3 2.1 � 10�4

aIngersoll and Koepp [1924].
bCarslaw and Jaeger [1959].
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[26] The energy-balance equation is

@

@t
½Cð�L; TÞT � ¼

@

@z
�ð�LÞ

@

@z
T

� �

� @

@z
fLðTÞjV ð�L; TÞ þ cLT ½jLð�L; TÞ þ jV ð�L; TÞ�g;

(14)

where C is the soil heat capacity, which includes the contri-
bution of solid, liquid, and vapor; � is the thermal conduc-
tivity of the soil ; L is the latent heat of vaporization at
temperature T ; and cL is the specific heat of liquid water.
The specific forms of the functions appearing in equations
(13) and (14) are given in Appendix B.

3.1. A Numerical Test Case: Evaporation From a Soil
Bucket

[27] To investigate mass and energy residuals in case of
simultaneous heat and soil-moisture transfer, we consider
the problem of evaporation from a soil bucket similar to the
experiment by Assouline et al. [2010]. A soil bucket of
height 25 cm is thermally insulated and can exchange heat
and mass only through the soil surface at the upper boundary.
We consider three different soils (sand, loam, and clayey
loam) with different hydraulic parameters. The Mualem–
Van-Genuchten model [Mualem, 1976; van Genuchten,
1980] is used for matric potential and relative conductivity;
whereas the dependence of the thermal conductivity on the
soil moisture is described by an empirical model [Chung and

Horton, 1987]. The relevant parameters are given in Table 2
for the different soils.

[28] At the soil surface we assign a harmonic tempera-
ture forcing (with 24 h period and peak-to-peak amplitude
15�C) and a periodic evaporation. The daily evaporative
flux is described by Morlet wavelets (Figure 4), and three
cycles are considered. The evaporative fluxes applied to the
loam and the clayey loam buckets have been reduced by a
factor of 2 and 4, respectively, with respect to the evapora-
tion in the sand in order to compensate the lower conduc-
tivity and avoid the drying of the surface. Before starting
the three evaporation cycles, the system is left relaxing
under the sole temperature forcing us to allow the soil
moisture to reach a nearly hydrostatic equilibrium.

[29] The numerical solution is computed on a one-
dimensional (1-D) grid consisting of 250 cells (1 mm spa-
tial resolution) and with a constant time discretization of
60 s. The coupled equations describing soil-moisture and
energy balance (equations (13) and (14)) are discretized by
a time-implicit finite-volume scheme. The resulting tem-
perature and soil-moisture solutions are considered the true
profiles in the bucket.

[30] To simulate the acquisition of experimental data,
the profiles are sampled at discrete locations and used to
compute the discrete mass and energy balances. We con-
sider three sets of discrete data characterized by a different
depth of the central measurement, i.e., zC ¼ 4 cm
(� ¼ 1=3), 5.5 cm (� ¼ 1=2), and 7 cm (� ¼ 2=3). In all

Figure 3. Comparison of amplitude of the dimensionless residual among (a) the first-order finite-
difference approximation jRFDj ; (b) the linear finite-difference approximation jRLFDj ; and (c) the dis-
crete flux measurement jRdmj. Shown are the curves corresponding to different relative position of the
central sensor � (Figure 1) for the finite-difference approximations and to different values of w for the
discrete flux measurement.

Table 2. Hydraulic and Thermal Parameters for the Difference Soil Types

Hydraulic Propertiesa Thermal Propertiesb Matrix Properties c

Ks (m s�1) � (1 m�1) m (–) n (–) �r (–) � (–)
b1

(W m�1 �C)
b2

(W m�1 �C)
b3

(W m�1 �C)
Cs ¼ 	scs

(J m�1 3�C)

Sand 5:25� 10�5 7.25 0.627 2.68 0.045 0.43 0.228 �2.406 4.909 1:92� 106

Loam 2:89� 10�6 3.6 0.359 1.56 0.078 0.43 0.243 0.393 1.534 1:92� 106

Clayey Loam 7:22� 10�7 1.9 0.237 1.31 0.095 0.41 �0.197 �0.962 2.521 1:92� 106

aCarsel and Parrish [1988].
bChung and Horton [1987].
cde Vries [1963].

W05542 LUNATI ET AL.: ENERGY AND MASS BALANCE WITH DISCRETE DATA W05542

5 of 10



three data sets the position of the shallowest and deepest
data are zU ¼ 1 cm and zD ¼ 10 cm, respectively, which
corresponds to a control interval of thickness �z ¼ 4:5 cm.
An example of the soil moisture and temperature evolution
for the loamy soil is shown in Figure 5 for the case
� ¼ 2=3, together with the energy and mass balance
obtained using a first-order finite difference (FD) approxi-
mation for the fluxes and the storage term.

3.2. Energy Residual

[31] For each type of soil and discrete data set an energy
budget is calculated with the FD scheme. Figure 5c shows
the storage term, the convective, and conductive fluxes to-
gether with the residual for the loamy soil with � ¼ 2=3;
all quantities are normalized by the amplitude of the stor-
age term. In the case considered here, conduction is the
dominant heat transport mechanism and the contribution of
heat convection to the normalized residual is small. There-
fore, the energy residual is well described by the analytical
solution in equation (12). For a loam moisture between
0.21 and 0.29, the thermal diffusivity is approximately
D ¼ 3:7� 10�7 m2 s�1, which corresponds to a penetration
depth k�1 ¼ 0:1 m for a 1 day period. The resulting nor-
malized residual for �z ¼ 0:045 m and � ¼ 2=3 is 0.17,
which is in good agreement with the residual in Figure 5c.

[32] The energy residuals for all soils and data set are
reported in Figure 6, which shows the daily amplitudes of
the residuals normalized by the daily amplitude of the heat
storage term. The residual is well described by the analytic
solutions plotted in Figure 3 (the case considered here cor-
responds to a dimensionless control interval thickness k�z

of approximately 0.3 for sand, 0.4 for loam, and 0.5 for
clayey loam). Also in case of a relatively thin control inter-
val (�z ¼ 4:5 cm), the residuals due to the use of spatially
discrete data remain large and very sensitive to the position
of the central measurement. For all soils, residuals are
about 4% if measurements are equally spaced (� ¼ 1=2),
but increases rapidly when the measurements point are not
uniformly distributed (reaching 18% in case of clayey loam
and � ¼ 2=3).

3.3. Mass Residual

[33] The same analysis is performed for the mass balance
equation and the mass residual is computed by a first-order
finite difference (FD) scheme. The temporal evolution of
the mass residual for the loamy soil with � ¼ 2=3 is shown
in Figure 5d, together with the storage term and the liquid
flux contribution. The peak-to-peak amplitude varies from
80% of the storage term in the first evaporative cycle, to
more than 100% in the third cycle. These mass balance
errors are much larger than the energy-balance errors for
the same data set (Figure 5c). This is caused by the highly
nonlinear nature of the mass balance equation due to the
dependence of relative conductivity and matric potential on
the water content. Nonlinear effects tend to become larger
in dryer media and lead to larger residuals for later evapo-
rative cycles.

[34] The peak-to-peak amplitude of the residual normal-
ized by the peak-to-peak amplitude of the storage term are
shown in Figure 7a for all soils and data sets (i.e.,
� ¼ 1=3; 1=3; 2=3). Even for the relatively close measure-
ments considered here, the normalized residuals are larger

Figure 4. Temperature (solid line) and evaporation at the soil surface. The evaporation fluxes are
described by Morlet wavelets with different maxima for different soils : the evaporation in loam (dotted
line), respectively, clayey loam (dash-dotted line), is twice, respectively, four times, smaller than in sand
(dashed line) in order to compensate for the reduced conductivity and avoid drying of the soil surface.
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than 27% in all cases. In contrast to energy residuals, the
smallest mass residuals are not obtained for equally spaced
measurements (� ¼ 1=2), but when the midmeasurement is
closer to the surface (� ¼ 1=3). This is again due to the
nonlinearity of liquid fluxes, which is stronger closer to the
surface, where the soil is dryer; having the closer shallow-
est measurements allows a better description of the fluxes
in this critical region, yielding smaller residuals.

[35] The use of the LFD scheme provides to a more accu-
rate estimation of the storage term and leads to a decrease
of the residual (Figure 7b). The improvement is particularly
sensitive for sand and loam, as well as for data sets with
equally spaced measurements (� ¼ 1=2). In case of clayey
loam, however, improvements are limited, because the mass
balance error is dominated by the inaccurate estimate of the
shallowest fluxes, which is not improved by the LFD
scheme.

3.4. Cumulative Residual

[36] In the simple case of pure heat conduction with har-
monic forcing (section 2), the residual is a harmonic func-
tion of time with angular frequency equal to the forcing
term (equation (12)) and the cumulative residual calculated
over an integer multiple of the period is zero.

Figure 5. (a) Simulated temperature and (b) soil-moisture evolution at three different depths for the
loamy soil. These depths correspond to a control layer of thickness �z ¼ 4:5 cm and � ¼ 2=3. An analy-
sis if the energy balance with (c) this discrete data shows that the contribution of the convective heat
fluxes (dotted line) is small compared to the conductive heat flux (dot-dashed line) and the storage
(dashed line). The normalized energy residual (solid line) is jRFDj � 0:14. The analysis of the (d) soil
moisture balance yields a much larger normalized residual (solid line); the contribution of vapor fluxes
(dotted line) is negligible compared to liquid flux (dot-dashed line) and storage (dashed line).

Figure 6. Normalized energy balance residual computed
with the FD scheme: daily amplitudes for sand (squares),
loam (circles), and clayey loam (triangles); the colors cor-
respond to different values of �, i.e., 1/3 (black), 1/2
(gray), and 2/3 (white). For each evaporative cycle, sym-
bols are placed at the time corresponding to the minimum
(most negative) residual.
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[37] In the case of coupled heat and moisture transfer the
situation is more complex due to the presence of an evapo-
rative trend and to the intrinsic nonlinearity of the problem,
which leads to interaction between frequencies. This is
illustrated in Figure 8, which plots the cumulative energy
and the mass residuals in loamy soil for �z ¼ 0:045 m and
� ¼ 2=3 (Figure 5). A clear negative trend is visible in the
cumulative mass residual indicating that the error due to
the use of discrete fluxes and accumulation terms does not
average out at longer time scale. We observe that the
observe trend is consistent with the drying of the bucket. In
a field situation, where measurements of vapor flux and
storage are not available, this residual could be misinter-
preted as a real subsurface evaporation.

4. Conclusions
[38] The use of spatially discrete data to compute energy

and mass balance can lead to large residuals in case of peri-
odic forcing, as in case of field measurements where the so-
lar radiation induces a clear diurnal cycle both for surface

temperature and evaporation. These large residuals appear
also without experimental or model errors, and when there
is no uncertainty on soil properties : they are solely due to
the finite spatial resolution of the data, which is unable to
capture the nonlinear temperature and water-content pro-
files with a satisfactory level of accuracy. If fluxes, storage
or residuals computed directly from discrete field measure-
ment are used, this systematic error needs to be quantified
because they provide information on the accuracy with
which mass or energy balances can be closed for a soil
layer.

[39] Considering the case of purely conductive heat
transport in homogeneous media, we have shown that
residuals up to 20% can be expected for realistic parame-
ters. A key parameter controlling the residual is the pene-
tration depth, which depends both on the forcing period
and on the thermal diffusivity. Larger residuals are
expected in poorly conductive or highly capacitive soils, as
well as in presence of high-frequency forcing. To obtain a
satisfactory balance closure, it is necessary to consider con-
trol layers which are sufficiently smaller than the penetra-
tion depth. Also, the position of the midsensor plays an
important role. Errors are smaller when measurements are
equally spaced, but they rapidly increase for other experi-
mental configurations.

[40] We have derived analytical solutions to estimate the
residual as a function of the layer thickness and the position
of the measurements. A layer thickness comparable to the
penetration depth (which is of the order of few centimeters
for a typical soil subject to diurnal forcing) leads to large
residuals, which are very sensitive to the measurement
positions and require a careful control of the sensor depth.
Our analytical solution can help to design field experiments
that enable monitoring fluxes with the desired accuracy.

[41] Although we have discussed the case of conduction
dominated heat transport, the results naturally extend to
any problem which is diffusion dominated (with fairly ho-
mogeneous diffusivity) and provide an indication of the
applicability of the gradient based method to compute field
fluxes. (In particular, they naturally extend to recent appli-
cations of the gradient method to compute diffusive gas
fluxes during soil respiration).

Figure 7. Normalized mass balance residual computed with (a) the FD scheme and (b) with the LFD
scheme: daily amplitudes for sand (squares), loam (circles), and clayey loam (triangles); the colors cor-
respond to different values of �, i.e., 1/3 (black), 1/2 (gray), and 2/3 (white). For each evaporative cycle,
symbols are placed at the time corresponding to the minimum (most negative) residual.

Figure 8. Cumulative mass (dotted line) and energy
(solid line) residuals for the loamy soil. These cumulative
residuals correspond to the data in Figure 5 and are normal-
ized by the peak-to-peak amplitude of the corresponding
storage term. The control layer has thickness �z ¼ 4:5 cm
and � ¼ 2=3.
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[42] By means of numerical simulations, we have also
investigated the more complex (and realistic) case of simul-
taneous moisture and heat transfer in different types of soil
(sand, loam, and clayey loam). We have shown that, for the
numerical test cases considered here, the energy residual
can be described with good approximation by the analytical
solution.

[43] The water mass residual, however, has a more com-
plex behavior. We have demonstrated that also for situa-
tions in which the energy residual is acceptable, the mass
residual is very large. Larger residuals (comparable to the
storage term) are obtained for loam and clayey loam due to
the lower hydraulic conductivity. The larger mass residuals
are caused by the nonlinear nature of liquid fluxes, which is
due to the dependence of relative conductivity and matric
potential on the water contents.

[44] Our results suggest that a careful assessment of the
systematic mass error introduced by the use of spatially dis-
crete data is required before using fluxes and residuals esti-
mated from field measurements.

Appendix A: Analytical Expressions of the
Residual Functions

[45] For any discretization method, j ¼ FD; LFD; DM,
the normalized residual is

RjðtÞ ¼ 1� FjðtÞ
QjðtÞ

� �
QjðtÞ
jQjðtÞj

¼ rjð�; 
Þ
QjðtÞ
jQjðtÞj

;

where the complex function rj describe the residual in
terms of the normalized storage. The flux difference and
the storage of the FD method can be written directly from
equations (8) and (9). Defining 
 ¼ k�z we can readily
write

�FFD

2�z
¼ �1þ ð1� �Þe2�ð1þiÞ
 þ �e�2ð1��Þð1þiÞ


�ð1� �Þ �ðzC ; tÞ

and

�QFD

2�z
¼ 4i
2�ðzC ; tÞ;

respectively. It immediately follows that

rFDð�; 
Þ ¼ 1� i
1� ð1� �Þe2�ð1þiÞ
 � �e�2ð1��Þð1þiÞ


4ð1� �Þ�
2 ;

which tends to zero as rFDð12 ; 
Þ � � i
6 


2, if � ¼ 1=2 and as
rFDð�; 
Þ � 2

3 ðiþ 1Þð1� 2�Þ
, if � 6¼ 1=2.
[46] For the LFD scheme,

�QFD

2�z
¼ i
2

� ½3þ �e2�ð1þiÞ
 þ ð1� �Þe�2ð1��Þð1þiÞ
 ��ðzC ; tÞ

yields

rLFDð�; 
Þ ¼

1� i

�ð1� �Þ
2

1� ð1� �Þe2�ð1þiÞ
 � �e�2ð1��Þð1þiÞ


3þ �e2�ð1þiÞ
 þ ð1� �Þe�2ð1��Þð1þiÞ
 ;

which tends to zero as rLFDð12 ; 
Þ � i
12 


2, if � ¼ 1=2 and as
rLFDð�; 
Þ � 1

6 ðiþ 1Þð1� 2�Þ
, if � 6¼ 1=2.
[47] For the DM approximation

�FDM

2�z
¼ �F

2�z
¼ 2
ðiþ 1Þ½1� e�ðiþ1Þ
 ��ðzT ; tÞ

and

�QDM

2�z
¼ 4i
2½we�ðiþ1Þ
 þ ð1� wÞ��ðzT ; tÞ

lead to

rDMðw; 
Þ ¼ 1� ð1� iÞ
2


1� e�ð1þiÞ


we�ð1þiÞ
 þ ð1� wÞ :

Appendix B: Parameterization
[48] The liquid-water flux is defined according to the

Darcy velocity

jLð�L; TÞ ¼ �	LðTÞKð�L; TÞ½@z ð�L; TÞ þ 1�; (B1)

where

Kð�L; TÞ ¼ ½�LðT0Þ=�LðTÞ�Krð�LÞKsat (B2)

is the unsaturated hydraulic conductivity, which depends
on the saturated value Ksat. The dependence of the physical
properties of liquid water on the temperature is described
by the following relationships:

	LðTÞ ¼ ðd1 þ d2T � d3T2Þ kg m�3; (B3)

�LðTÞ ¼ e�c1�c2=Tþc3=T 2

kg m�1 s (B4)

(with d1 ¼ 658:2, d2 ¼ 2:509 K, d3 ¼ 4:6� 10�3 K2,
c1 ¼ 6:434, c2 ¼ 2414 K, and c3 ¼ 6:673� 105 K2). The
dependence of the relative conductivity Kr and the matric
potential  on the water content is described by the Mualem–
van-Genuchten model, i.e.,

Krð�LÞ ¼ S�1=2
eff ½1� ð1� S1=m

eff Þ
m�2; (B5)

 ð�L; TÞ ¼ �½�ðTÞ=�ðT0Þ���1ðS�1=m
eff � 1Þ1=n; (B6)

where the effective saturation Seff ¼ �L��LR

�LM��LR
depends on the

residual �LR and maximum �LM ¼ � water content ; and the
function �ðTÞ describes the dependence of the surface ten-
sion on the temperature.

[49] The water vapor density is described by the relation-
ship

	V ð�L; TÞ ¼
a0

T
ea1�a2=T�a3T e ð�L;TÞg=RV T (B7)

W05542 LUNATI ET AL.: ENERGY AND MASS BALANCE WITH DISCRETE DATA W05542

9 of 10



(with a0 ¼ 10�3 kg m�3 K, a1 ¼ 31:3716, a2 ¼ 6014:79 K,
a3 ¼ 7:92495� 10�3 K, and RV ¼ 461:5 J kg�1 K) and the
vapor flux is assumed to be purely diffusive, i.e.,

jV ð�L; TÞ ¼ �DV ð�L; TÞ@z	V ð�L; TÞ; (B8)

where

DV ð�L; TÞ ¼
ð�� �LÞ10=3

�2 DV ;mðTÞ (B9)

is the diffusion coefficient in the porous medium, and

DV ;mðTÞ ¼ 2:12� 10�5 T

273:15 K

� �2

m2 s�1 (B10)

is molecular diffusion coefficient of water vapor in air.
[50] Finally, the dependence of the thermal properties on

the water content is given by

Cð�L; TÞ ¼ ð1� �Þcs	s þ cL	LðTÞ þ LðTÞð�� �LÞ	V ð�L; TÞ

�ð�LÞ ¼ b1 þ b2�L þ b3�
1=2
L ;

(B11)

where

LðTÞ ¼ L0 � ðcL � cpÞðT � T0Þ (B12)

and cL ¼ 4182 J kg�1 K, cp ¼ 1005 J kg�1 K, L0 ¼
2:453� 106 J kg�1, T0 ¼ 20�C.
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