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Erosion of soils due to rainfall impact – an interpolation
method
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ABSTRACT

An approximate analytical solution of the Hairsine–Rose model of erosion is obtained by interpolation of asymptotic expressions
for large times and great distances. The solution, when erosion is initiated by rainfall impact, is both simple and accurate. The
results are illustrated by comparison with a numerical solution. Copyright © 2012 John Wiley & Sons, Ltd.
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INTRODUCTION

Hairsine and Rose (1991) developed a physical model of
soil erosion in which the driving force is rainfall impact.
Earlier approximate solutions were compared with numer-
ical results and were found to be accurate (Hogarth et al.,
2004a,2004b). Recent flume experiments (van Meerveld
et al., 2008; Jomaa et al., 2010) have confirmed the validity
of the physical model and the usefulness of the analytical
solution for the interpretation of the data. Even though it is
a useful research tool, the analytical approximation of
Hogarth et al. (2004b) is difficult to implement. This
limits its application as a practical tool. For this reason,
there is a continuing need to obtain approximations that
are easy to use without sacrificing the accuracy of the
predictions.
Hogarthetal. (2011)were able toobtain suchanapproximation

for a simpler case when erosion is caused by overland flow but in
the absence of rainfall. As explained later, this simplifies the
governing equations and is easier to handle analytically. As
rainfall impact is usually the main factor initiating erosion, it
cannot be ignored and is included in the present study.
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BASIC THEORY

We follow the notations of Sander et al. (1996) and
Parlange et al. (1999), with Ci being the sediment
concentration of size class i; then, mass conservation yields

1þ vi=að Þ@ci=@t þ q=P@ci=@x ¼ 1� Hð Þ=I � ci (1)

Ci ¼ 0 at t ¼ 0 and x ¼ 0 (2)

where t is time, x(m) is the distance from the top of the
slope, q(m2/s) is the flow rate, P(m/s) is the rainfall rate and
I is the number of size classes. The term (vi/a) @ ci/@ t is the
value of @ mdi/@ t, where mdi is the equivalent concentration
of deposited sediment, because

mdi ¼ vici=a (3)

In the Hairsine–Rose model, the deposited material is
crucial as it forms a ‘shield’ partially protecting the soil.
H≤ 1 represents the shield cover with H= 1 providing
complete protection, H is given by

H ¼ a
XI

1
mdi=K ¼

XI

1
vici=K (4)

where a and K are dimensionless shield properties; a
representing the partition between suspended and settled
sediments and a/K is the degree of protection given by the
deposited material. The last term, Ci in Equation (1) is due
to rainfall; and, in the absence of rainfall, a simpler
equation is thus obtained (Hogarth et al., 2011). All
equations in Equation (1) are dimensionless (Sander et al.,
1996; Parlange et al., 1999) except for q,P and x (with P x/q
obviously dimensionless). We keep the physical properties
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associated with x as q is not constant with x. This problem
was handled in Hogarth et al. (2004b) replacing q by
(qin +Px) where qin is the inflow rate at the top of the
slope. A new spatial variable �x can be defined by d�x ¼
dx= 1þ Px=qinð Þ. Equation (1) would remain of the same
form with q standing for qin and x standing for �x . For
simplicity, we keep the equation as is; in addition, we shall
take the case when Px/qin<< 1 so that x and �x are
basically identical with qinffi q.
APPROXIMATE SOLUTION

We first obtain three limiting cases:

Case 1
In the limit of t!1, we can then ignore the @ ci/@ t in
Equation (1) and obtain the exact limit

ci ¼ KH=
XI

1
vJ (5)

H=H1 ¼ 1� exp� Px=qð Þ
XI

1
vi=IKH1 (6)

with

H1 ¼
XI

1
vi=

XI

1
vi þ IK

� �
(7)

Note that in the derivation, we obtain H by first
multiplying the simplified Equation (1) by vi and summing
over i to obtain H using Equation (4).
Case 2
In the limit of x!1, thus ignoring the @ ci/@ x in Equation
(1), we operate similarly and obtain first,

@H=@t ¼ 1� Hð Þ=IK½ �
XI

1

vJ
1þ vJ=a

�
XI

1

cJvJ=K

1þ vJ=a

(8)

Clearly, the last term in the equation has to be
approximated so that we obtain an equation with H alone.
The simplest assumption is to assume that it has a linear
dependence on H; then, it must be replaced by H

P
vi/

(1 + vi/a)/
P

vi to ensure that as t!1 in Equation (8),
H! as given in Equation (7). Then, the solution of
Equation (8) becomes

H=H1 ¼ 1� exp� t

H1IK

XI

1

vJ
1þ vJ=a

(9)

and

ci 1þ vi=að Þ ¼ KH=
XI

1
vj= 1þ vj=a

� �h i
(10)

Case 3
Finally, we consider the case when all sediment sizes have
the same settling velocity. Although an unphysical case, it
Copyright © 2012 John Wiley & Sons, Ltd.
will be a useful mathematical limit. In that case, we obtain
the exact result.

ci ¼ KH=
XI

1
vi (11)

with as in Case 2

H=H1 ¼ 1�exp

� t

H1IK

XI

1

vJ
1þ vJ=a

for t≤
Px

q
1þ vi=að Þ

(12)

and as in Case 1

H=H1 ¼ 1� exp

�Px

q

PI
1vJ

H1IK
for t≥

Px

q
1þ vi=að Þ

(13)

Note that Case 3 is consistent with Cases 1 and 2. To
refine the previous Equations (11, 12 and 13), we are going
to extend them taking into account size classes. First, we
define a class k such that

t ¼ Px

q
1þ vk=að Þ (14)

for i≥ k, heavier particles, larger vi, we remove classes
less than k in Equation (12) or

Ht=H1 ¼ 1� exp� t

H1IK

XI

kþ1

vJ
1þ vJ=a

(15)

and for i≤ k, lighter particles, smaller vi, we remove
classes with i> k from Equation (13) or

Hx=H1 ¼ 1� exp� Px

qH1IK

Xk

1
vJ (16)

H is now going to be obtained by interpolation between
Ht and Hx.

RESULTS AND DISCUSSION

To illustrate the results, we consider the aridosol used by
Hogarth et al. (2004a,2004b) and take the same settling
velocities with I=50, P=100mm/h, q=0�002m2/s, a =51,
K=10.

We shall also limit ourselves to distances such that
Px<< q and keep q effectively constant in the equations.

Figure 1 shows Ht and Hx for x= 0�1m from Equations
(14), (15) and (16). Each point indicates a different k,
starting at k= 1 for short times, all the way to k=50. Ht is
good for short times, as expected, and Hx= 0�28 for
k=50, t=0�3, this is the exact value for long times obtained
numerically following the method of Hogarth et al. (2004a).

To obtain H by interpolation between Ht and Hx, we
could use the same approach followed by Hogarth et al.
(2011) and take
Ecohydrol. 5, 575–579 (2012)



Figure 1. Plots of Ht and Hx from Equations (15) and (16) at x= 0�1m as
well as the interpolation of Equation (17) with b= 1 for H. The numerical

result is also indicated by a solid line.

Figure 2. Plots of Ht and Hx from Equations (15) and (16) at x= 1m as
well as the interpolation of Equation (7) with b= 1�5 for H. The numerical

result is also indicated by a solid line.

Figure 3. Numerical results and analytical interpolations at x= 0�1, 0�5
and 1m with b= 1 and b= 1�5 for x= 1 below the top dashed curve, which

is from Equation (9) as x!1.
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H=H1 ¼ 1� exp

� t

H1IK

XI

kþ1

vJ
1þ vJ=a

� �b
þ

Xk

1

vJ
1þ vk=a

� �b" #1=b

(17)

with b to be chosen appropriately. However, in the present
case, Equation (17) is compatible with Equations (12) and
(13) when qt =Px(1 + vk/a) only if b= 1. Indeed, Figure 1
shows that b= 1 is an excellent choice for x= 0�1.
Once we know H, the concentration Ci is obtained by

Ci ¼ lKH= 1þ vi=að Þ for i≥k (18)

and

Ci ¼ lKH= 1þ vk=að Þ for i≤k (19)

The parameter l must satisfy Equation (4) or

l ¼
Xk

1
vj= 1þ vk=að Þ þ

XI

kþ1
vJ= 1þ vJ=að Þ

h i�1
(20)

As x increases, the accuracy of Equation (17) with b= 1
decreases. We found numerically that the maximum error
is obtained when x is around 1. For this reason, we are now
going to discuss the case x = 1 in some detail.
Figure 2 repeats Figure 1 for x= 1. We first note that Ht

is closer to H for longer times as expected. The analytical
interpolation following Equation (17) is for b= 1�5, not
b= 1. This value, 1�5, was curve fitted to minimize the
error for H for t> 1. In Figure 3, we recapitulate the
analytical and interpolated values of H for x= 0�1 and 0�5,
both for b= 1; x = 1 for both b= 1 and 1�5. We also
included H from Equation (9), that is, the limit for x!1,
which is the maximum value of H at any time for any x. We
first notice in Figure 3 that all the H curves are close to
each other for x≥ 0.5 and, in particular, that H at x = 1 is
Copyright © 2012 John Wiley & Sons, Ltd.
close to H for x!1. Hence, even though it is clear that
b= 1�5 gives a better fit than b= 1, the error is not large,
less than 10%; and this error rapidly decreases as x
becomes larger than 1 (the error is about maximum at x= 1
if we take b= 1) when H approaches the asymptotic result
of Equation (9). Note that in Figures (1), (2) and (3), we
used a logarithmic time to make the interpolation more
transparent.

Finally, we are now going to assess the accuracy of
Equations (18) and (19) for the concentrations. Figure 4a
and 4b shows the results for representative values of
i = 10, 20, 30, 40 with b= 1 at x = 0�1 and 0�5m. Clearly,
the results are excellent. Figure 4c and 4d gives the results
for x = 1 using b= 1�5 and 1. With b= 1�5, the errors are
Ecohydrol. 5, 575–579 (2012)



Figure 4. Plots of ci ’ s, with i = 10, 20, 30, 40, numerically (solid lines) and (stars) analytically for (a) x= 0�1m, b= 1; (b) x= 0�5m, b = 1; (c)
x= 1m, b= 1; (d) x= 1m, b= 1�5.
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comparable with those in Figure 4a and 4b. There is clearly
an additional error due to the appreciable error of H for
t> 1. Note that in Figure 4, we took a linear time to make
the error of the approximation more visible.
Figure 5 confirms the results of Figure 4 by looking atP
ci for the various x ’ s and b= 1 and b= 1�5 at x= 1.

Clearly, b= 1�5 shows the same improvement for x = 1 as in
Figure 4. Equations (18) and (19) have a maximum error of
less than 10%, and taking b= 1 at x= 1 introduces an
additional maximum error of the same order.
Figure 5. Plots of
P

ci, at x= 0�1 and 0�5m numerically and analytically
with b= 1. At x= 1, the analytical result with b= 1 is the upper curve and

with b= 1�5 is the lower curve.

Copyright © 2012 John Wiley & Sons, Ltd.
CONCLUSION

On the basis of asymptotic expressions for H, for large t
and large x, we obtained an interpolation formula valid for
all t ’ s and x ’ s. A problem arises in the choice of b in the
interpolation of Equation (17). A limiting situation, Case 3,
suggests that b= 1 should be a universal choice. We
showed by curve fitting H to the numerical values that in
fact b should be greater than 1 to get a better estimate for H
(for instance, b= 1�5 at x = 1). Keeping b= 1 will further
introduce an additional error in the predictions of ci (e.g.
about 10% at x = 1). In spite of this difficulty, we suggest
keeping b= 1 in all cases as it makes the results far easier to
implement. Because of this simplicity of the results, they
should be useful in practice; and future calculations might
suggest rational estimate for b, if b= 1 proves inaccurate.
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