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Dynamic subgrid-scale models require an a priori assumption about the variation in the model
coefficients with filter scale. The standard dynamic model assumes independence of scale while the
scale dependent model assumes power-law dependence. In this paper, we use field experimental data
to investigate the dependence of model coefficients on filter scale for the Smagorinsky and the
nonlinear models. The results indicate that the assumption of a power-law dependence, which is
often used in scale dependent dynamic models, holds very well for the Smagorinsky model. For the
nonlinear model, the power-law assumption seems less robust but still adequate. © 2008 American
Institute of Physics. �DOI: 10.1063/1.2992192�

I. BACKGROUND

The dynamic approach introduced by Germano et al.1

represents a significant milestone in the development of gen-
eralized subgrid scale �SGS� turbulence models for large
eddy simulations �LES�. The approach computes an optimal
model coefficient based on information from the smallest
resolved scales in a simulation using the Germano identity.
Although the approach was formulated for the Smagorinsky
model,2 the Germano identity can be applied to other SGS
models as well �see, for example, Armenio and Piomelli3�.
The traditional dynamic approach makes the assumption of
scale invariance, i.e., that the coefficients do not depend on
filter scale. The same coefficients determined from the small-
est resolved scale are used for the SGS. This scale invariance
assumption has been found to break down under various con-
ditions where the filter cutoff scale falls near a transition
scale rather than in the inertial subrange.4,5

To overcome this deficiency, scale dependent dynamic
models have been formulated5–9 and are beginning to be
implemented for various applications.10–13 As with the tradi-
tional dynamic models, the smallest resolved scales are used
to obtain the model coefficient. However, scale dependent
formulations also interrogate the smallest resolved scale
about the variation of the model coefficient with filter scale.
This is done by using two test filtering operations that yield
the coefficient values at two resolved scales �the classic dy-
namic approach uses only one test filter scale�. The informa-
tion at the two test filter scales is then extrapolated to com-
pute an optimal model coefficient that applies to the
unresolved scales.

An assumption has to be made in the scale dependent
formulations regarding the functional dependence of the SGS
model coefficients on scale. A power-law functional depen-

dence has been used in all previous scale dependent model
implementations. Previously reported a priori tests of the
scale dependent model14 already suggested that it can accu-
rately predict optimal Smagorinsky model coefficients for
the velocity field �as determined by matching measured and
modeled SGS TKE dissipations�, while the scale invariant
formulation underpredicted the coefficients. In addition,
a posteriori tests also show that simulations with scale de-
pendent dynamic models using the power-law dependence
assumption perform better than scale invariant
formulations5,8 �producing velocity profiles and spectra that
match theoretical and experimental results more accurately�.
However, no formal and direct testing of the assumed func-
tional form for the scale dependence has been performed to
date. Verifying the accuracy of the power-law dependence of
SGS model coefficients on filter scale �for momentum, heat,
and passive scalars� is the main goal of this study.

The scale dependent formulation is particularly relevant
to LES of high-Reynolds number rough boundary layer
flows encountered in geophysical applications. In such cases,
there is no hope of resolving near-wall viscous processes; the
height of the first grid points above the ground and the filter
scale in near-wall regions are comparable to the local inte-
gral scale, i.e., outside of the inertial range. Moreover,
accurate SGS modeling is of particular importance in such
applications because the SGS dominate the overall fluxes
near the ground. Hence, the tests to be presented in this paper
use data relevant to atmospheric boundary layer flow and
transport.

II. EXPERIMENTAL DATA AND ANALYSIS

The analysis is mainly based on measurements obtained
during the Lake-Atmosphere Turbulent Exchange �LATEX�
field campaign �August–October, 2006� over Lake Geneva,
Switzerland. Wind velocity, temperature and humidity pro-
files were measured at 20 Hz using a vertical array of four
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sonic anemometers �Campbell Scientific CSAT3� and open
path gas analyzers �Licor-7500� �Fig. 1�. The effective height
of the measurements �middle point of the array� was 2.65 m.
This height is close enough to the surface for scale depen-
dence of the coefficients to be significant �filter scale is of the
same order of magnitude as the height above the surface, i.e.
close to the production-range wavenumbers at that height�.
The details of the experiment and the a priori computations
of the coefficients are presented in Vercauteren et al.15.
LATEX data were mostly under neutral �no buoyancy� and
convective �buoyant TKE production� atmospheric stability
conditions; another data set is used in the last section of the
paper to test the scale dependence under stable �buoyant
TKE destruction� conditions.

The vertical array configuration allows the computation
of all the SGS fluxes which are then used to compute a priori
model coefficients by equating the measured and modeled
SGS dissipations following
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for the nonlinear model.16 In the above, cs
2, Pr−1 cs

2, and
Sc−1 cs

2 are the Smagorinsky model coefficients for momen-
tum, heat, and water vapor, respectively; cnl, cnl

heat, and cnl
H2O

are the nonlinear model coefficients for momentum, heat,
and water vapor, respectively; �ij is the anisotropic part of
the SGS stress tensor; qi

heat and qi
H2O are the SGS fluxes of

heat and water vapor, S̃ij =0.5 ��ũi /�xj +�ũj /�xi� is the re-
solved strain rate tensor, � is the filter scale, T is tempera-
ture, �v is the concentration of water vapor in the air, u is the
three-dimensional �3D� velocity vector; and the brackets de-
note averaging �in time for this study�. However, only
streamwise and vertical gradients can be computed with the
LATEX setup; therefore, the two-dimensional �2D� surro-
gates of the strain rate tensors and SGS fluxes are used.15

This means that we only consider the 1-1, 3-3, and 1-3 com-
ponents of the contractions in Eqs. �1� and �2� �1 and 3

FIG. 1. �Color online� Setup of the vertical array over Lake Geneva during LATEX.
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corresponding to the streamwise and vertical directions, re-
spectively�; for example, the Smagorinsky coefficient for
heat is computed as

Pr−1 cs
2 =

−�q1
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The filtering operations �denoted by the tildes� are performed
for the lower three and upper three probes separately to yield
two filtered points and compute vertical gradients. 2D filter-
ing is done using a box filter in the vertical direction and a
Gaussian filter in the streamwise direction. Taylor’s hypoth-
esis is invoked to perform the streamwise filtering and to
compute the streamwise gradients �see Vercauteren et al.15

for full details�.
By changing the filter size �, the model coefficient can

be determined at different scales and the dependence of the
coefficient on filter scale can be studied. We note that the 2D
filtering in this analysis is performed in vertical planes,
aligned with the streamwise direction; a comparison of ver-
tical and horizontal filtering in a priori studies was presented
in Higgins et al.17 We compute the coefficients for the basic
square filter scale �=1.3 m, and for two effective test filter
scales �2= �2� and �3=2�. Recall that the effective mea-
surement height �height of the filter middle point� is 2.65 m.
The vertical size of the filter ��z� is held constant at 1.3 m
�due to setup constraints� and the streamwise size ��x� is set
to 1.3, 2.6, or 5.2 m. The effective filter size is then com-
puted as �= ��x�z�1/2, yielding the three filter scales of �,
�2�, and 2�.

III. RESULTS

If the power-law assumption is made, i.e., a generic co-
efficient C�=m��, it follows that

C��/C� = �� = � = C�2�/C��. �4�

For our filter scales, this is equivalent to �=C�2
/C�

=C�3
/C�2

�where � follows the notation used in Ref. 5, 6,
and 8�. Note that these expressions �and scale dependent
models� implicitly assume that a unique power law applies at
the different scales and, hence, the power-law coefficients, m
and �, are themselves scale invariant.

To verify these assumptions, we can therefore plot
C�2

/C� versus C�3
/C�2

. Figure 2 depicts these two ratios for
the Smagorinsky coefficient for momentum. The averaging
operations required in Eqs. �1� and �2� are performed over
15 min chunks of data; tests with 1 min averages gave the
same trends �with greater scatter of course�. The collapse
observed in Fig. 2 is very satisfactory, especially that a field
experimental data set is being used where the effects of un-
steadiness and measurement errors are typically higher than
in laboratory settings or in direct numeric simulation data.
The range of ratios displayed in the figure confirms that the
coefficients are sensitive to filter scale and hence a verifica-
tion of the scale dependence is indeed feasible; it also under-

lines the importance of using scale dependent formulations
since the coefficients are obviously not constant with scale.

Alternatively we can plot C� versus C�2

2 /C�3
; this equal-

ity is actually directly used in some scale dependent model
implementations8 to extrapolate the coefficient at the SGS
scale ��� from its dynamically computed values at the test
filter scales �2 and �3. Thus, it is more pertinent and will be
used for the remainder of the paper. The computed value of
cs

2��� versus its extrapolated value cs
4��2�� /cs

2�2�� is de-
picted in Fig. 3. Here, again, one can notice that the assump-
tion of a power-law dependence of cs

2 on � and the scale
invariant extrapolation used in the scale dependent models
hold very well. The linear regression fit �forced through the
origin of the data: y=bx� yielded a slope b of 0.986 with
R2=0.96.

We repeat the analysis for the SGS model coefficients
for heat and water vapor. The results presented in Fig. 4 and
5 confirm that the power-law scale dependence assumption

FIG. 2. Validation of the power-law dependence of the Smagorinsky coef-
ficient on filter scale �.

FIG. 3. Estimation of cs
2 at a scale � from its values at scales �2� and 2�

using the power-law assumption.
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also holds very well for these coefficients and the extrapola-
tion used in scale dependent models is therefore justified.
The linear regression fit of the data �y=bx� yielded slopes of
about 1.018 and R2 values of about 0.96 for both scalars. The
results confirm that despite the significant variation in the
value of the coefficients from one 15 minute average to the
next �e.g., the coefficient varies between 0.006 and 0.025�,
the scale dependent assumption holds well for each of the
15 min averages individually �within the scatter observed in
the plots�.

The findings of the Smagorinsky model analysis can be
extended to several other eddy-viscosity type models. For
example, the Wong–Lilly model18 is a simple eddy viscosity
model that proposes to compute the SGS eddy viscosity
based on Kolmogorov scaling as

	SGS = C2/3
1/3�4/3 = C
�4/3, �5�

where C is the relevant dimensionless model coefficient, 
 is
the �unknown� TKE dissipation rate, and C
=C2/3
1/3 is the
new model parameter that includes the dissipation rate.
The parameter C
 is expected to become scale dependent
when the filter scale is outside of the inertial subrange and
Kolmogorov scaling �constant dissipation� is not applicable.
In fact, since the Wong–Lilly parameter is dimensional, one
may, in principle, expect higher sensitivity to filter scale than
with the nondimensional Smagorinsky coefficients. Tests
with LATEX data indeed show that the parameter � in Eq.
�4�, when implemented for the Wong–Lilly model, varies
approximately between 0.5 and 1.5 �compared to a range of
0.7–1.4 for the Smagorinsky coefficient�. Otherwise, the re-
sults are quite similar to those of the Smagorinsky model; in
particular, the power-law assumption is well verified.

FIG. 6. Estimation of cnl at a scale � from its values at scales �2� and 2�
using the power-law assumption.

FIG. 7. Estimation of cnl
heat at a scale � from its values at scales �2� and 2�

using the power-law assumption.

FIG. 4. Estimation of Pr−1 cs
2 at a scale � from its values at scales �2� and

2� using the power-law assumption.

FIG. 5. Estimation of Sc−1 cs
2 at a scale � from its values at scales �2� and

2� using the power-law assumption.
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Next we consider the nonlinear model. As depicted in
Fig. 6 for momentum and Fig. 7 for heat, the power-law
dependence of the coefficient on filter scale is not as robust
as with the Smagorinsky model. For water vapor, not shown
here, the trend was very similar to that of heat. The slope of
the linear regression fit for cnl was about 0.88 �R2=0.87� and
for cnl

heat about 0.91 �R2=0.81�. This indicates that the ex-
trapolation of the SGS model coefficient based on the power-
law assumption would underestimate the coefficient by about
10%.

IV. EXTENSION TO STABLE CONDITIONS

As previously mentioned, the LATEX experiment data
tested here were mostly under neutral �no buoyancy� and
convective �buoyant TKE production� atmospheric stability
conditions. The stability is measured through the parameter
� /LMO, with LMO being the Obukhov length

LMO =
− u*

3

�
g

Tv
w�Tv�

. �6�

In the above equation, u* is the friction velocity, �=0.45 is
the von Karman constant, g=9.81 m /s2 is the gravitational
acceleration, Tv is the virtual temperature, the prime denotes
the turbulent part of a variable, and the overbar denotes Rey-
nolds averaging. Since LATEX data were virtually always
neutral or convective �−20�� /LMO�0�, tests of the power-
law scale dependence assumption under stable conditions
were performed using another data set. The stable data was
collected over a glacier where the snow cover ensured long
periods of stable atmospheric stratification �0�� /LMO

�10�. The data are from the snow horizontal array turbu-
lence study �SnoHATS� �Ref. 19� field experimental cam-
paign performed over the extensive “Plaine-Morte” glacier in
the Swiss Alps �7.5178 E, 46.3863 N, 2750 m elevation�
from 2 February to 19 April 2006. Two horizontal arrays
of vertically separated 3D sonic anemometers �Campbell
Scientific CSAT3� were measuring wind and temperature at
20 Hz �Fig. 8� and allowed 2D filtering and computation of
the full 3D gradients. The effective height of the measure-
ment varied between 2.82 and 0.62 m due to snow accumu-
lation during the experiment. Smagorinsky model coeffi-
cients are computed using all the terms of Equation �1�
�3D gradients are available� with a basic square filter scale
�=3.2 m �analysis with a basic filter scale �=2.25 m gave
similar results�. Box filtering is performed in the cross

stream direction and Gaussian filtering is used in the stream-
wise direction by invoking Taylor’s hypothesis. However, the
2D filter here is horizontal, as opposed to the vertical 2D
filter used in LATEX.

Under stable conditions, buoyancy acts in the vertical
direction to damp turbulence and mixing; therefore, a higher
degree of anisotropy is expected. The reduction in the inte-
gral scale will also reduce the span of the inertial subrange,
making the scale-invariance assumption even less robust and
a scale dependent approach more indispensable. For the
Smagorinsky model coefficients, previous studies observe a
reduction in the coefficient magnitude as stability
increases.20 The question is then whether stability will also
affect the applicability of the power-law assumption for scale
dependent models. Again previous studies reveal that the
scale dependent formulation using a power-law assumption
can better predict optimal model coefficients14 and perform
better in a posteriori simulation of the diurnal cycle21 com-
pared to a scale invariant formulation. SnoHATS data analy-
sis �Fig. 9 for cs

2 and Fig. 10 for cs
2 /Pr� confirms that the

power-law scale dependence assumption is still valid under
stable condition. In fact, the data collapse seems slightly bet-
ter than for the neutral and convective data from LATEX
�R2 values of 0.99 for both momentum and heat compared to
about 0.96 for LATEX�; though this could be due to the
availability of the full 3D gradients in SnoHATS �while in
LATEX only the 2D surrogates are used� or to the longer
averaging for SnoHATS �30 min� compared to LATEX
�15 min�. Longer averaging times are usually used under
stable conditions to ensure statistical convergence of the
mean turbulent fluxes. The linear fits �y=bx� for the stable
data of SnoHATS still give an accuracy of about 2%
�b=0.986 for momentum and 1.018 for heat�, similar to the
accuracy for LATEX data.

Results not shown here testing the nonlinear model using
SnoHATS data display trends similar to the ones observed
with LATEX: The applicability of the power-law scale de-
pendence was less robust yielding R2=0.94 and a fit slope

FIG. 8. �Color online� Side view of the SnoHATS setup of sonics arrays
�left� and upwind fetch �right�.

FIG. 9. Estimation of cs
2 at a scale � from its values at scales �2� and 2�

using the power-law assumption under stable atmospheric conditions.
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b=0.91 �again yielding about 10% underestimation of the
model coefficient�.

Of course, present conclusions are valid for the levels of
stratification tested from the data �� /LMO�10�. Stronger
stratification could possibly lead to different results. Also, at
strong stratification, differences may develop between the
conclusions drawn from a priori and a posteriori tests. For
instance, in LES of a daily cycle using the scale dependent
dynamic model, Kumar et al.22 found that for � /LMO4,
numerical instabilities developed.

V. CONCLUSION

This paper was aimed at the verification of the assump-
tion that the SGS scale model coefficients vary with filter
scale following a power law. Up until now, this assumption
has been used in scale dependent dynamic subgrid models
without direct a priori verification. Data from two field
experiment were used: the LATEX experiment with
mostly neutral and convective atmospheric conditions and
SnoHATS experiment with mostly stable atmospheric condi-
tions. The results indicate that the assumption holds very
well for the coefficients of the Smagorinsky model for mo-
mentum, heat, and water vapor, under all atmospheric stabili-
ties. For the nonlinear model, the assumption was less ro-
bust; however, the nonlinear coefficient could still be
extrapolated based on the power-law assumption, albeit with
an underestimation of about 10%
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