
WATER RESOURCES RESEARCH, VOL. 28, NO. 9, PAGES 2529-2531, SEPTEMBER 1992 

Note on the Sorptivity for Mixed Saturated-Unsaturated Flow 

J.-Y. PARLANGE, l D. A. BARRY, M. B. PARLANGE, 2 AND R. HAVERKAMP 3 

Centre for Water Research, University of Western Australia, Nedlands 

An approximate, but general, analytical result for the sorptivity of a soil is derived. It provides an 
estimate of the sorptivity when ponding occurs at the soil surface, or when the diffusivity is infinite at 
saturation. Two earlier results appear as limiting cases of this general result. Its accuracy is also 
checked by comparison with the only exact solution available at present. 

INTRODUCTION 

In a recent paper, Parlange et al. [1992] solved the 
nonlinear diffusion equation using an analysis developed for 
a continuous soil water diffusivity. In the present paper the 
results are extended to account for the important case when 
the soil water pressure at the soil surface, •surf, is greater 
that the water entry value [Haverkamp and Parlange, 1986], 
$w(< 0), so that the pores near the surface are saturated 
with water. If $surf > 0 then there is ponding at the surface, 
although, if ½w • 0, ½surf > ½w does not necessarily imply 
ponding. As usual, q• is measured in a convenient length 
scale with q• = 0 set to correspond with atmospheric pres- 
sure. The initial water content, Oi, is assumed to be inde- 
pendent of position. In the following, and without loss of 
generality, we take Oi to be 0 and the natural saturation of 
the soil Os = 1, i.e., 0 is the normalized water content. 

If ½w % 0, one can decompose the soil water diffusivity in 
two parts [Haverkamp et al., 1990] 

D = D c + Ks$otS(O - 1), (1) 

where D c is the continuous part of the diffusivity corre- 
sponding to ½ <- gt w or 0 < 1, •(0 - 1) is the standard Dirac 
delta function such that j'• * /•(0 - 1 ) f(0) d0 = f(1) for an 
arbitrary continuous function f, and Ks is the saturated 
conductivity. The latter term in (1) accounts for the case 
½ > g% and 0 = 1. Hence, 

• D dO = f• Dc dO + Ks½o, (2) 
where ½0 is, by definition, given by 

½0 = (3) 

where H( ) is the Heaviside step function. 
Parlange et al. [1992] presented the approximation 

f o• Dc _ Ark 2 2 0 dO So4 • , (4) 2 
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which is valid for 0 -< ½w, where S0 is the sorptivity when 
gt 0 = 0, A is a constant to be determined and (b is the usual 
Boltzmann variable. Equation (4) satisfies the condition & = 
0 at g, = g,•. From (2) and (4) it is clear that if ½0 > 0, then 
& is positive when ½ = ½•. We define qb, to be the value of 
qb when ½ = ½w. Equation (4) still applies except that the 
boundary condition is at •b = qba rather than & = 0; thus 

fo Dc A(ck - 4) 2 -dg= S(4- + 2 (5) 

where &• is given by continuity of flux at qb = qb•, or 

Sob • = 2Ksd/o (6) 

and S is the sorptivity for ½0 > 0. S, like S 0, is defined by .f0 • 
D dO (but we keep the subscript 0 in the sorptivity when ½0 
= 0) so that the flux at qb = tba is S/2. 

THEORY 

The approach used here follows closely that of Parlange et 
al. [1992]. First, we recall the Bruce and Klute [1956] 
equation, 

D = 2 dO ck dg. (7) 

Next, we integrate each side of (7) with respect to 0, over the 
range [0, 1]. Then, using (2) we find 

2 Dc dO= c•2 dO-2Ks½ 0, (8) 

which generalizes the equation obtained by Parlange 
[1975a] when •0 = 0. We now integrate (5) in a similar 
manner. Remembering that S = $• 4• dO and noting (8) 
yields 

2 1- DcdO=(S-cks) S-. 2 . (9) 

For a given soil and boundary conditions, Ks and ½0 are 
known. Thus, if we knew S then (9) would yield A and all 
parameters in (5) would be known. Hence, we concentrate 
on the calculation of S assuming that So is already known. 

Let us call qbf the position of the wetting front. If $ D c O-! 
dO does not diverge near 0 = 0 then O(qbœ) = Of = O; 
otherwise Of has a small positive value before tailing in the 
moisture content profile takes place [Parlange and Brad- 
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dock, 1980]. However, the exact value of 0f is irrelevant in 
the following calculations and we do not have to define it 
precisely. 

From (5) and (7) we deduce that 

fo Dc. A(4)f- qfia)2 2 ao = s(o.r- Oa) + ' 2 
f 

(1o) 

with 

s + A(%.- (11) 

Upon eliminating qbf between these two equations and using 
(9) we obtain 

2 !- DcdO+ 
4 

=2(1-A) 2 -•--dO. 
f 

(12) 

The second term on the left-hand side of (12) is, at most, 
equal to $2A2/16 (when S = 24•), whereas the first 
significant term of order A on the right-hand side is equal to 
AS 2. Thus, we can safely ignore A 2 4•(S - •p•)/4 in (12) not 
only because A is small for real soils (see the discussion 
section) but also because of the factor 16. Indeed, it is a 
simple matter in any case to check a posteriori that it is 
small. We do so in the example given below and demonstrate 
that its influence is insignificant. Thus, we replace (12) by the 
simpler expression 

2 •Dc 
1- Oc dO = (1- A) --•- dO. (13) 

The main advantage of (13) over (12) is that •p• does not 
appear explicitly, which greatly simplifies the algebra. 

We then take for A the value found for 4•a = 0 [Parlange 
et al., 1992], which is obtained from (9) by letting •p• = 0 and 
S = So, or 

s0 2 
A=2- . (14) 

f• Dc dO 
Equation (9) can now be rewritten, when qb• -• 0, using (6) 
and (14) as 

$2 S2 2Ks•o\[S 2 2Ks*o So 2 

s--j = '- fo ' i 

2 Dc dO 

(15) 

which gives S/So very simply once J'• Dc dO, Ks, •0 and So 
are known. 

DISCUSSION 

When Dc approaches a delta function, (13) shows that A = 
0; then (14) gives So 2 = 2 J' D•. dO and (15) reduces to 

S 2= $• + 2Ks½0. (16) 
This well-known result was obtained originally by Green and 
Ampt [1911 ], with slightly different notation. 

Of course, Dc is not a delta function but D c varies rapidly 
near saturation. Indeed, Reichardt et al. [1972] suggest D r. 
behaves like exp (80). In general, rapid increase implies that 
the parameter e, given by 

l (1 - O )D c dO 
e • , (17) 

1 D c dO 
is small. For instance e •- 1/8 if D,. behaves like exp (80). It 
is clear from (13) that A • e. Thus ignoring terms of order 
A2 above is justified if e, and A, are small. 

Parlange [1975b] and Parlange et al. [1992] based their 
approach, as here, on the fact that e is small. So, to first 
order in A, (!5) gives 

(1 - O)D c dO 
5 2 2Ks60 
-- = •2' . (18) S• ! + S(• 1 +' So + 2Ks½o 

This equation was first obtained by Parlange et al. [1985] 
and was discussed in depth by Broadbridge [1990]. Barry et 
al. [1992] reexamined the validity of (18). Their discussion of 
its accuracy will not be repeated here. Suffice it to say that it 
is less accurate in general than (15), of which it is a limiting 
case. 

Broadbridge [1990] discussed (18) in detail using the exact 
analytical values of S/So for the Fujita [1952] diffusivity 

Dc 
--= (1 - a0) -2 (19) 
Di ' 

where D i is some suitable scaling factor; e.g., we could 
choose D i to be the diffusivity at 0 = 0. Clearly, for a small, 
Dc is nearly constant while it increases rapidly near satura- 
tion for a close to 1. 

Following Broadbridge [ ! 990], (!9) leads to 

S 2 ho 
S• h ' (20) 

with h defined implicitly (a known) by the expression 

a 2 exp 1/2 + a(1 - a)h 1/2Ks½ 0 

ß erfc 2h !/2 + a(1 - a)h l/2Ks• 0 , (21) 
h0 being the value of h for •0 = 0, and 

S• - (h0a 2) -l. (22) 

Table 1 quantifies the accuracy of (15) when Dc obeys 
(19). The error becomes very small as a increases for all 
values of 0o- Indeed, for a _> 0.99, (15) is essentially exact (it 
gives 5 significant figures). In all cases the error is less than 



PARLANGE ET AL.: TECHNICAL NOTE 2531 

TABLE 1. Exact and Approximate Estimates of S/S o when D/Do = (1 - a0) -2 (D O Set to Unity) for Different Values of a and 
Various Choices of (1 - oOKs½o 

(1 - o0Ks½0 a = 0 a = 0.01 a = 0.25 a = 0.5 a = 0.8 a = 0.9 a = 0.95 a = 0.99 

0.5 1.3864 1.3853 1.3576 1.3246 1.2745 1.2528 1.2400 1.2281 
1.3986 1.3974 1.3672 !.331 ! 1.2768 1.253 7 1.2403 1.2281 

I 1.6671 1.6654 1.6226 1.5710 1.4925 1.4582 1.4380 1.4194 
1.6805 1.6787 1.6330 1.5781 1.4949 1.4592 1.4383 1.4194 

2 2.1053 2.1029 2.0396 1.9634 1.8471 1.7965 1.7668 1.7396 
2.!174 2.1148 2.0488 !.9694 1.849! 1.7973 1.7671 1.7396 

3 2.4601 2.4570 2.2846 2.3788 2.1411 2.0789 2.0425 2.0092 
2.4703 2.46 72 2.3865 2.2895 2.I 426 2.0795 2.0427 2.0092 

4 2.7669 2.7634 2.6729 2.5639 2.3983 2.3266 2.2848 2.2466 
2.7757 2.7720 2.6794 2.5686 2.3995 2.3271 2.2849 2.2466 

5 3.0415 3.0377 2.9364 2.8144 2.6299 2.5501 2.5236 2.4611 
3.0491 3.0450 2.9420 2.8181 2.6309 2.5505 2.5237 2.4611 

6 3.2924 3.2881 3.1774 3.0443 2.8424 2. 7554 2. 7047 2.6584 
3.2991 3.2947 3.1822 3.0473 2.8433 2.7557 2.7047 2.6584 

7 3.5250 3.5204 3.4010 3.2574 3.0399 2. 9463 2.8917 2.8420 
3.5309 3.5262 3.4052 3.2600 3.0407 2.9465 2.8918 2.8421 

8 3.7428 3.7378 3.6104 3.4572 3.2253 3.1255 3.0674 3.0145 
3.7481 3.7930 3.6141 3.4595 3.2259 3.1257 3.0675 3.0145 

Exact values are in roman type. Corresponding approximations from (15) are in italics on succeeding line. 

1% and usually much less not only as a increases but also as 
½0 increases even for low values of a. For instance, the error 
is less than 0.2% for (1 - a)Ks ½0 -> 6 or a > 0.8. 

In conclusion, we have obtained a general equation giving 
the sorptivity when either the diffusivity is not continuous 
and/or ponding takes place at the surface. By comparison 
with the only known exact solution, i.e., for a Fujita [1952] 
diffusivity, the result seems remarkably accurate. However, 
this conclusion must be confirmed in the future as other 

numerical or analytical exact results become available. 
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