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Conditional chain-dependent processes are fit to time series of daily precipitation amounts given an 
index of large-scale atmospheric circulation (i.e., either below or above normal monthly mean sea level 
pressure). Precipitation data for January at several locations in California are analyzed. The two 
conditional daily models differ both in terms of the parameters of the occurrence process and of the 
intensity process. Each of these daily effects contributes to changes in the distribution of monthly total 
precipitation associated with the circulation index. The process induced by combining the conditional 
daily models produces a variance for monthly total precipitation much closer to the observed value 
than that for the corresponding unconditional chain-dependent model. 

1. INTRODUCTION 

Much research has dealt with the relationship between 
large-scale atmospheric circulation and precipitation [e.g., 
Cayan and Peterson, 1989; Glantz et al., 1991]. Most of this 
work has focused on precipitation totaled over relatively 
long time periods, such as a month, season, or year. Of 
course, for many hydrologic applications, information about 
the statistical characteristics of precipitation over much 
shorter time periods (e.g., days) is needed. Recently, some 
effort has been devoted to the problem of examining the 
relationship between circulation and time series of daily 
precipitation amounts. Usually, an empirical approach has 
been employed, in which the conditional statistical charac- 
teristics of daily precipitation, given a pattern of atmospheric 
circalation, are estimated. This research has been successful 
in demonstrating that the effects of circulation can be de- 
tected in not just monthly but daily precipitation statistics 
[Bardossy and Plate, 1991, 1992; Wilson et al., 1991; Wool- 
riser et al., 1993]. 

Like the traditional approach in hydrology of fitting (what 
might be termed in the present context "unconditional") 
stochastic models to time series of precipitation amounts, 
the research just cited has involved fitting conditional sto- 
chastic models to the same time series. However, little 
attention has been paid to how conditional models differ 
from the conventional, unconditional models [one exception 
is Wilks, 1989]. In particular, are these conditional models 
consistent with the unconditional one, or do they "induce" 
a different (possibly improved) overall model for the daily 
precipitation process? Further, how do these results con- 
cerning the conditional statistical characteristics of precipi- 
tation on a daily time scale compare with those originally 
obtained for, say, a monthly scale? 

In the present paper we focus on these specific issues. A 
simplified index of large-scale atmospheric circulation (i.e., 
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either below or above normal monthly mean sea level 
pressure) is used, known to be related to monthly or sea- 
sonal total precipitation [Cayan and Peterson, !989]. A 
stochastic model for time series of daily precipitation, a 
chain-dependent process [Katz, 1977a, b], is applied whose 
theoretical properties are well established. In this way the 
effects on precipitation of conditioning on circulation can be 
studied in a relatively straightforward manner. As an appli- 
cation, time series of daily precipitation for a collection of 
sites within the state of California are analyzed, a region 
where water resources management has received much 
attention. The approach taken is very similar to that of Wilks 
[1989], except that he conditioned on the monthly total 
precipitation itself rather than on atmospheric circulation. 
Finally, this simple form of circulation index is especially of 
interest because monthly mean pressure could be potentially 
forecast several months in advance, whereas precipitation 
itself is difficult to forecast directly even a few days ahead. 

2. SPECIFICATION OF MONTHLY PRECIPITATION 

The nature of the relationship between patterns in large- 
scale atmospheric circulation and total precipitation (e.g., 
over a month or season) has been extensively studied for the 
western United States, in particular for the state of Califor- 
nia during the winter wet season [Cayan and Peterson, 
1989]. Some of the circulation measures that are most 
popular in teleconnection studies, such as the E1 Nifio/ 
Southern Oscillation phenomenon [G!antz et al., 1991] or the 
Pacific-North Atlantic pattern [Wallace and Gutzler, 198l], 
have a weak link at best to wintertime precipitation over 
most of California [Redmond and Koch, 19911. Neverthe- 
less, patterns in atmospheric circulation closer to California 
(e.g., over the adjacent Pacific Ocean) do have a substantial 
ability to specify contemporaneous precipitation over much 
of the state [Cayan and Peterson, 1989; Weare and Hoe- 
schele, 1983]. 

The mean monthly sea level pressure/SLP) at a single grid 
point (i.e., 40øN, 130øW) located in the Pacific Ocean off the 
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(40øN, 130øW) 

Fig. 1. Geographical location of the 13 stations (open circles) in 
California for which precipitation data are analyzed and of the grid 
point (solid circle) for sea level pressure on which the index of 
atmospheric circulation is based. 

coast of California (Figure 1) is utilized to construct an index 
of atmospheric circulation [Jenne, 1975; Trenberth and 
Paolino, 1980]. The single month of January, the peak of the 
wet season in California, is treated. Formally, the index I is 
defined as follows: 

I=0 

I=1 

if monthly SLP < mean, 

if monthly SLP > mean. 
(1) 

Here "mean" refers to the long-term sample mean of the 
pressure record, and the January SLP averages 1018.6 rnbar 
over the time period 1899-1988. We stress that this index (1} 
does not vary within a given month. Although such an index 
has the disadvantage of not using all of the temporal infor. 
mation about pressure variations, it has the advantage of 
being in a form that could be forecast (e.g., by use of 
teleconnections). 

The work of Cayan and Peterson [ 1989] indicates that this 
index should have a significant, albeit imperfect, relationship 
with monthly total precipitation over much of California, 
They also provide some physical explanations related to 
regional teleconnection patterns to explain the existence of 
such a relationship. We analyze time series of daily and 
monthly precipitation amounts at 13 locations across Cali. 
fornia (Figure 1). These stations are selected both to cover a 
wide range of climate regimes and to have a relatively long 
historical record (i.e., ranging from 40 to 82 years (see Table 
1)). In the present section, only the effects of circulation on 
monthly precipitation are considered. In section 3, how the 
same monthly circulation index is related to daily precipita. 
tion amounts is examined. 

The mean and standard deviation of the unconditional and 
conditional distributions of January total precipitation for 
the !3 locations are summarized in Table 1. The uncondi- 

tional mean (standard deviation) ranges from 25.3 mm (18.7 
mm) at Bakersfield to 260.9 mm (151.8 mm) at Nevada City. 
The conditional monthly mean is always greater (usually a 
substantial difference) when I = 0 (i.e., lower than normal 
pressure). The conditional monthly standard deviation is 
also virtually always greater when I = 0, although the 

TABLE 1. Descriptive Statistics for Unconditional and Conditional Distributions of January Total Precipitation at 13 
Locations in California 

Station 

Standard Deviation, mm 

Conditional Conditional Conditional 

Unconditional {I = 0} {I = 1} Unconditional {I = 0} 
Conditional 

, 

Alturas 39.1 45.8 33.0 26.6 27.2 

(53) (25) (28) (53) (25) 
Bakersfield 25.3 33.7 17.0 18.7 17.4 

(50) (25) (25) (50) (25) 
Berkeley 116.! 152.1 89.2 74.4 66.9 

(70) (30) (40) (70) (30) 
Big Sur 219.0 280.2 151.3 135.5 123.9 

(40) (21) (19) (40) (21) 
Chico 134.8 190.9 84.1 88.6 82.4 

(78) (37) (41) (78) (37) 
Davis 86.4 122.3 61.0 58.8 54.4 

(70) (29) (41) (70) (29) 
Lindsay 56.3 74.4 36.3 39.5 42.3 

(40) (21) (19) (40) (21) 
Nevada City 260.9 344.5 182.9 151.8 134.9 

(58) (28) (30) (58) (28) 
Santa Barbara 84.6 115.7 54.9 78.7 80.7 

(47) (23) (24) (47) (23) 
San Diego 48.4 55.0 42.6 42.7 43.5 

(62) (29) (33) (62) (29) 
Scotia 228.0 297.7 167.7 117.3 108.8 

(56) (26) (30) (56) (26) 
Tahoe City 155.4 197.0 119.3 113.0 127.6 

(56) (26) (30) (56) (26) 
Ukiah 202.0 279.5 131.7 130.5 127.9 

(82) (39) (43) (82) (39) 

25.0 

(28) 
16.2 

(25) 
68,7 

(40) 
116.2 

(19) 
58.9 

{41) 
47,8 

(41! 
24.3 

(19) 
123.8 
{30) 
65.3 

(24) 
41.7 

03) 
88.2 

•30t 
85.2 

86,0 
•43• 

Number of years included in parentheses. 
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differences are not nearly as substantial as those for the 
mean. For example, at Chico the conditional mean (standard 
deviation) changes from 190.9 mm (82.4 ram) to 84.1 mm 
158.9 ram) depending on whether I = 0 or 1. The uncondi- 
tional mean is just the weighted average of the two condi- 
tional means. However, the unconditional standard devia- 
tion (or variance) is not simply a weighted average of the two 
conditional standard deviations (variances). In fact, for 
many of the locations both of the conditional standard 
deviations are smaller than the unconditional one. A theo- 
retical explanation for this phenomenon is provided in 
section 4. 

Because the distribution of monthly total precipitation is 
still positively skewed, it is not complete to only consider the 
mean and standard deviation. The effect of the circulation 
index on this distribution is also more directly examined by 
constructing box plots for each of the conditional distribu- 
tions of total precipitation given the index I. Figure 2 
includes the examples of Chico and Nevada City. Like the 
mean, the median and lower and upper quartiles are always 
greater when i = 0. The effect on the interquartile range 
(i.e., the height of the box) is not as clear as for the standard 
deviation, but it is still greater for most stations when I = 0. 
It might be anticipated that the conditional distribution of 
total precipitation given I = 0 would be less skewed (in 
conjunction with its higher mean), but this effect is difficult 
to ascertain from the box plots because of the limited 
number of years of record. 

3. STOCHASTIC MODELS FOR DALLY PRECIPITATION 

3.1. Definition of Model 

Many different types of stochastic processes have been 
proposed to model the statistical characteristics of time 
series of daily precipitation amounts. For our purposes it is 
convenient to adopt a model with a relatively simple struc- 
ture: namely, the so-called chain-dependent process [Katz, 
1977a, b; Todorovic and Woolhiser, 1975]. Such a process 
has the desirable feature of requiring only a relatively small 
number of parameters, while still accounting for the most 
important statistical properties of precipitation time series. 
In particular, it allows for both the tendency of wet and dry 
spells to persist and for the positive skewhess of the distri- 
bution of precipitation amounts on wet days. 

Basically, the chain-dependent modeling approach in- 
volves dividing the precipitation process into two compo- 
nent processes: (1) the occurrence process (i.e., the se- 
quence of dry or wet days) and (2) the intensity process li.e., 
the sequence of precipitation amounts on wet days). For- 
really, the occurrence process { J t: t = !, 2, ß ß ß } is defined 
as 

J t = 1 if tth day is wet, 

Jt = 0 otherwise, 

where a "wet day" refers to one on which measurable 
precipitation occurs. It is assumed that this occurrence 
process J t constitutes a two-state, first-order Markov chain 
[Gabriel and Neumann, 1962; Waymire and Gupta, 1981]. 

This stochastic model is completely characterized by the 
transition probabilities 

I = 0 

I = 1 

700 - 

Conditional Distribution 

I = 0 

r'-•600 - 
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ß -• 300- 
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O- 
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Fig. 2. Box plots of conditional distribution of January total 
precipitation given circulation index (I = 0 or ! = 1) at (al Chico 
and (b) Nevada City. Circles indicate median, top (bottom! of box 
indicates upper (lower) quartile, and top (bottom) of vertical line 
indicates maximum (minimum). 

Pij = Pr {Jr+ t=jlJt = i}, i, j = 0, 1, 

with the constraints that P io 4- P i] = !, i = 0, 1. It is 
convenient to reparameterize the Markov chain in terms of 
the probability of a wet day and the first-order autocorrela- 
tion coefficient (or "persistence parameter") of the Jt pro- 
cess (2), that is, 

rr = Pr {Jr-- l}, (4) 
p = Corr (Jr, J•. •). 

Now these two parameters, rr and p, can be expressed as 
simple functions of the transition probabilities (3) of the 
Markov chain; specifically, 
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•r = POl/(Pol + P io), 

P = Pi• - Po• 
(5) 

[e.g., Katz, 1985; Lloyd, 1974]. This parameterization (5) will 
enable us to more simply interpret any effects on the 
transition probabilities of conditioning on the atmospheric 
circulation index. 

The intensity process consists of a sequence of random 
variables (Xk: k = 1, 2,-.. •, where X k denotes the 
amount of precipitation on the kth wet day. These random 
variables are assumed to be independently and identically 
distributed, say with common mean/z and variance 0 -2. This 
assumption can be interpreted as requiring that the sequence 
of daily amounts of precipitation is conditionally indepen- 
dent, given the sequence of states of the occurrence process 
[see Katz, 1977b]. Although the requirement that the inten- 
sities be conditionally independent is reasonable for a daily 
time scale [Katz, 1977a], results when this assumption is 
relaxed are briefly mentioned in section 4.2. 

The daily precipitation intensity Xk is assumed to have a 
power transform distribution [Box and Cox, 1964]. That is, a 
transformation 

X'•. = Xf, 0 < p < 1 (6) 

exists, such that the transformed variable X• has a normal 
distribution, say with mean/a.* and variance (o'*) 2 (written 
N[/.•*, (0-*)2]). In general, the mean and variance, wand 0.2, 
of the untransformed intensities are complicated functions 
(whose form depends on the power transform parameter p) 
of both the mean and variance, /a,* and (o'*) 2, of the trans- 
formed intensities. R. W. Katz and J. Garrido (Sensitivity of 
extreme precipitation events to climate change, submitted to 
International Journal of Climatology, 1993) discussed the 
application of this power transform approach in fitting dis- 
tributions to monthly and seasonal total precipitation. 

3.2. Results of Model Fitting 

This specific form of chain-dependent process is fit to 
three different data sets of time series of daily precipitation 
amounts: (1) an unconditional model for all years, (2) a first 
conditional model for only years classified as low pressure 
(i.e., I = 0), and (3) a second conditional model for only 
years classified as high pressure (i.e., I = 1). That is, in 
cases (2) and (3), all of the individual parameters of the 
chain-dependent process (i.e., z-, p, /x*, and (0'*) 2) are 
allowed to vary depending on the circulation index I (defined 
by (1)). Because preliminary analyses indicated that the 
power transform parameter p does not depend on the index 
I, it is constrained to remain the same as in the unconditional 
model for a given location and time period. As another 
simplifying approximation, all of the models are taken to be 
stationary within the month being fit (i.e., the model param- 
eters are held constant from day to day). 

The parameters of the chain-dependent process are esti- 
mated by the method of maximum likelihood. These estima- 
tors are included in the appendix. For the transition proba- 
bilities P ii of the Markov chain model for the occurrence 
process, the maximum likelihood estimators Pij are obtained 
from the transition counts (see (A2)). The appropriate power 
transform parameter p is identified using a method proposed 
by Hinkley [1977] that is based on a measure of skewness. 
That is, 

dp = (mean - median)/(standard deviation), 

where the mean, median, and standard deviation are calcu. 
lated for the sample of p th power transformed data 
Comparing this measure (7) for the trial values of p (i.e., p 
1/2, 1/4, 1/8, -'- ), the one that minimizes the degree 
skewness (i.e., d•, = 0) is selected. Then the parameters 
and 0.* are estimated by the sample mean and standard 
deviation, ,g* and s* say, of the transformed intensities 

Table 2 lists these parameter estimates for the single 
unconditional and the two conditional chain-dependent pro. 
cesses fit to the time series of daily precipitation amounts in 
January at the 13 locations in California. To facilitate com- 
parisons, the sample mean and standard deviation of the 
untransformed intensities X k, œ and s say, are also included 
in the table. For the unconditional models the estimated 
probability of a wet day •r ranges from 0.178 at Bakersfield to 
0.484 at Scotia, and the sample mean of daily precipitation 
intensities ranges from 4.72 mm at Bakersfield to 22.46 rnm 
at Big Sur. The probability z-is always estimated to be 
greater when I = 0 (i.e., lower than normal pressure). For 
example, at Chico the estimates of z-range from 0.413 when 
I = 0 to 0.253 when I = 1. No clear-cut pattern is apparent 
for the estimated persistence parameter p (see (4)). The 
selected value of the power transform parameter p is either 
1/4 or 1/8. Like the effect on the probability of a wet day, the 
mean of the transformed intensities/x* is always estimated to 
be greater when I = 0. For example, at Chico the estimates 
of/x* range from 1.777 mml/4 when I = 0 to 1.585 mm TM 
when I = 1. The effect on the standard deviation 0.* is not so 

obvious, although it is still more frequently estimated to be 
larger when I = 0. 

It remains to identify which of the individual parameters 
the chain-dependent process actually should be allowed to 
vary with the circulation index in order to produce the best 
fit to the time series of daily precipitation amounts. To make 
this comparison, the maximized likelihood function is ob- 
tained for different combinations of varying parameters• 
These candidate models are listed in Table 3. The techniques 
by which these likelihood functions can be obtained are 
described in the appendix. The maximized likelihood func- 
tion can be viewed as a goodness of fit measure. To identif.• 
the appropriate form of model, this goodness of fit term 
should be penalized for the number of parameters required 
to be estimated by a given model. Two model selection 
criteria are employed, Akaike's information criterion {AICt 
[Akaike, 1974] and the Bayesian information criterion 
[Schwarz, 1978]. These criteria are defined as follows: 

AIC (m)= -2 In M m + 2kin, 18t 

BIC (m) = -2 In Mm +km In n, 

m = 1, 2, --- . Here Mm denotes the maximized likelihood 
function for the mth model, a model that requires the 
estimation of km parameters from a time series consisting of 
a total of n daily precipitation amounts. The model m is 
selected for which A!C(m) (or BIC(m)) is minimized. 

Table 3 summarizes the results of the application of the 
AIC and BIC to the various forms of conditional stochastic 
models for daily precipitation amounts in January at the 13 
sites in California. The AIC never chooses either the uncon- 
ditional chain-dependent process or the fully conditional 
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TABLE 2. Estimated Parameters of Unconditional and Conditional Chain-Dependent Processes 
for Time Series of Daily Precipitation Amounts in January at 13 Locations in California 

Occurrence Process Intensity Process Transformed Intensity Process 

Station rr p /x, mm or, mm p it*, mm p tr*, mm t' 

Alturas 
Unconditional 0.271 0.272 4.75 6.23 I/8 I. 151 0.139 
I = 0 0.302 0.219 4.96 6.34 1/8 1.159 0.138 
I = 1 0.244 0.319 4.51 6.12 1/8 1.141 0.140 

Bakersfield 
Unconditional 0.178 0.316 4.72 4.80 I/8 1.158 0.13(• 
I --- 0 0.228 0.341 4.90 5.01 1/8 1.163 0.138 
I = 1 0.128 0.244 4.42 4.41 1/8 1.149 0.135 

Berkeley 
Unconditional 0.307 0.403 12.26 14.32 1/8 1.282 0.187 
I = 0 0.393 0.377 12.67 12.47 1/8 1.296 0.181 
I = 1 0.241 0.399 11.77 16.26 1/8 1.264 0.192 

Big Sur 
Unconditional 0.317 0.454 22.46 29.44 1/8 1.355 0.229 
I = 0 0.397 0.441 22.90 27.16 1/8 1.363 0.230 
I = 1 0.230 0.426 21.62 33.51 1/8 1.342 0.227 

Chico 
Unconditional 0.329 0.359 13.36 14.68 I/4 1.699 0.521 
I = 0 0.413 0.334 15.16 15.50 1/4 1.777 0.515 
I = 1 0.253 0.349 10.75 12.99 1/4 1.585 0.509 

Davis 
Unconditional 0.274 0.342 10.29 ! 1.86 1/8 1.253 0.182 
I = 0 0.389 0.376 10.22 10.79 1/8 1.256 0.180 
I = 1 0.190 0.233 10.39 13.27 1/8 1.248 0.184 

Lindsay 
Unconditional 0.272 0.317 6.74 8.10 1/8 1.187 0.170 
I = 0 0.310 0.320 7.89 9.31 1/8 1.208 0.179 
I = I 0.231 0.300 5.07 5.54 1/8 1.155 0.153 

Nevada City 
Unconditional 0.387 0.481 22.13 23.90 1/4 1.920 0.605 
I = 0 0.46! 0.460 24.67 24.61 1/4 1.984 0.619 
I = 1 0.319 0.482 18.73 22.50 1/4 1.833 0.575 

Santa Barbara 
Unconditional 0.187 0.417 15.24 18.73 1/8 1.307 0.200 
I -- 0 0.233 0.471 16.84 19.00 1/8 1.331 0.198 
I = 1 0.142 0.322 12.80 18.12 1/8 1.271 0.199 

San Diego 
Unconditional 0.200 0.376 7.86 9.64 1/8 1.209 0.174 
I = 0 0.206 0.353 8.81 10.36 1/8 1.228 0.178 
I = 1 0.196 0.397 7.00 8.89 1/8 1.193 0.168 

Scotia 
Unconditional 0.484 0.446 15.42 17.47 1/8 1.310 0.204 
I = 0 0.565 0.412 17.28 19.55 1/8 1.330 0.207 
I = 1 0.413 0.451 13.24 14.37 1/8 1.287 0.199 

Tahoe City 
Unconditional 0.343 0.467 14.68 16.94 1/8 1.304 0.198 
I = 0 0.406 0.438 15.96 17.54 1/8 1.322 0.198 
I = 1 0.289 0.484 13.16 16.10 1/8 1.283 0.196 

Ukiah 
Unconditional 0.419 0.477 15.66 !7.62 !/4 1.779 0.522 
I = 0 0.533 0.458 16.98 18.44 1/4 1.820 0.532 
I = 1 0.315 0.441 13.62 16.09 1/4 1.717 0.501 

The first row is for the unconditional model, the second row is for the conditional model given t = 
0, and the third row is for the conditional model given I = 1. 

model. It selects most often the model in which only the 
probability of a wet day ,r and the mean transformed 
intensity •* are varied with the circulation index. The 
selected model involves allowing variations in ,r for all but 
one station, frequently in/x*, sometimes in the persistence 
parameter p, but only once in the standard deviation of the 
transformed intensities o'*. Being more parsimonious, the 
BIC necessarily sometimes favors models with less param- 
eters than those chosen by the AIC. For four locations (i.e., 
Alturas, Lindsay, Santa Barbara, and San Diego), all far 

removed from the index of atmospheric circulation {see 
Figure 1), the B IC selects the unconditional model. Other- 
wise, the selected model always varies •-, sometimes 
once p, and never tr*. 

In summary, it is evident that both changes in the daily 
occurrence and intensity processes are responsible for the 
observed effects of the circulation index on the distribution 
of January total precipitation {documented in section 2}. 
Both the probability of wet day rr and the mean transformed 
intensity /x* need to be varied in most instances. In this 
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TABLE 3. Parameters Allowed to Vary in Model Selected by 
AIC and BIC for Time Series of Daily Precipitation Amounts in 

January at 13 Locations in California 

Station AIC BIC 

Alturas •r, p none 
Bakersfield •r, p •r 
Berkeley •r,/x* •r 
Big Sur •r sr 
Chico •r, 
Davis z-, p z-, p 
Lindsay z-,/x*, or* none 
Nevada City 
Santa Barbara z-, p,/x* none 
San Diego /x* none 
Scotia 
Tahoe City 
Ukiah 

AIC, Akaike's information criterion; BIC, Bayesian information 
criterion. 

regard it is important to recall that varying/x* (but not o •) 
still corresponds to changing both the mean and standard 
deviation, /x and or, of the untransformed intensities. For 
simplicity in making comparisons among stations the analy- 
ses in the next section are still based on the fully conditional 
model, in which all of the parameters of the chain-dependent 
process are allowed to vary with the circulation index. 

4. INDUCED MODEL FOR MONTHLY PRECIPITATION 

4.1. Properties of lnduced Model 

In section 3 the effects of an atmospheric circulation index 
on the time series of daily precipitation amounts have been 
modeled. One helpful way of interpreting these changes in 
the parameters of the stochastic model for daily precipitation 
is to convert them into terms of monthly total precipitation. 
For a chain-dependent process the statistical properties of a 
sum (e.g., representing monthly total precipitation) are well 
established [Katz, 1977b]. 

Let N be the number of wet days in a time period of length 
T days. Here N is a random variable, 0 -< N < T, whose 
distribution is determined by the Markov chain model (2)-(5) 
for the daily occurrence process J t. The total precipitation, 
S r say, over the time period T can be expressed as a random 
sum of the daily intensities 

Sr =X•+X2+ '" +XN. (10) 

Applying the well-known expressions for the moments of a 
random sum [Feller, i968, p. 301], the mean and variance of 
total precipitation S r are given by 

E(Sr) = Trr/x, (11) 

2) Var (St)-• T{r rtr2 + z-(1 - rr)[(1 + p)/(1 - p)]/x (12) 

[Katz, 1985]. The expression for the variance (!2) includes a 
simplifying approximation for the term involving the persis- 
tence parameter p that is quite accurate for large time period 
T (e.g., as in the case of a monthly total). 

Because the distribution of individual daily precipitation 
intensities is positively skewed (i.e., as governed by the 
power transform parameter p in (6)), the distribution of total 
precipitation S r should still be somewhat positively skewed. 

The exact distribution of S r for a chain-dependent process 
can be calculated by employing a recurrence relation [Katz, 
1977a] or through simulation. Despite the temporal depen. 
dence of a chain-dependent process, the central limit theo- 
rem still holds for a random sum (10), implying that S r has 
an approximately normal distribution for large time period •r 
[Katz, 1977b]. But this normal approximation is not very 
accurate even for monthly totals [Katz, 1977a]. 

This paper has focused so far on stochastic models for 
time series of daily precipitation amounts, conditional on an 
index of atmospheric circulation. It is revealing to combine 
these conditional models, considering an induced model for 
daily (and monthly) precipitation. It might be anticipated 
that such an induced model would have exactly the same 
statistical properties as the unconditional chain-dependent 
process (i.e., fit to all of the daily precipitation amounts 
without any conditioning on atmospheric circulation). How- 
ever, the induced model is a mixture of two chain-dependent 
processes with different parameters, and certain statistical 
characteristics could differ from those for the unconditional 
model. 

The mean and variance of total precipitation can be 
expressed as functions of the conditional means and vari. 
ances, given the circulation index I, as 

E(Sr) = E[E(Sr[I)], 

Var (St) = E[Var (srl)] +Var [E(Srl)] 

[Feller, 1971, p. 167]. Because the index I takes on only two 
possible values per month, these formulations (13) and (14} 
are particularly amenable to analysis. The expression for the 
mean (13) is quite intuitive and serves as no more than a 
check, because both the unconditional and induced models 
should generate monthly means that are essentially identical 
(depending on how the model parameters are estimated)to 
the actual sample mean of the monthly totals. 

On the other hand, the expression for the variance (14)is 
not simply a weighted average of the conditional variances 
but includes a second term that reflects the variation of the 
conditional means (this phenomenon has already been noted 
in section 2). The induced model can produce a variance for 
total monthly precipitation that differs from that for the 
unconditional model, and neither of these variances neces- 
sarily agrees with the observed ("interannual") variance of 
monthly total precipitation. Because the induced variance of 
monthly total precipitation depends upon all of the parame- 
ters of the two chain-dependent processes (see (12}!, it 
provides a stringent test of the performance of the model. 

4.2. Resttits for Induced Model 

The expressions (11) and (!2) for the mean and variance of 
January total precipitation (i.e., T = 31 days) are explicit 
functions of the parameters of the chain-dependent process. 
Specifically, the mean total precipitation depends only on 
the probability of a wet day •r and on the mean {untrans- 
formed) daily precipitation intensity/x. The variance of total 
precipitation depends on rr and/x, as well as on the persis- 
tence parameter of the occurrence process p and on the 
variance of the (untransformed) daily precipitation intensity 
tr 2. By varying the individual parameters according to the 
conditional models for daily precipitation (Table 2!, these 
expressions (11) and (12) quantify their contribution t• the 



KATZ AND PARLANGE: EFFECTS OF CIRCULATION INDEX ON PRECIPITATION 2341 

effects of the index of atmospheric circulation on the mean 
and variance of January total precipitation (already de- 
scribed in section 2). 

For most stations the changes in the probability of a wet 
day •r make a greater contribution to the effects on the mean 
of January total precipitation than do the corresponding 
changes in the mean daily precipitation intensity/•. Never- 
theless, both ,r and • are important in determining the 
magnitude of these effects. For example, if rr is varied 
between its two conditional values (Table 2) while • is held 
constant at its unconditional value, substitution into (11) 
yields a range of 66.3 mm for the mean of January total 
precipitation at Chico (or about 49% of the unconditional 
mean). On the other hand, if/x is varied while rr is held 
constant, this mean has a range of 45.0 mm (or about 33% of 
the unconditional mean). 

Likewise, the changes in the parameters of the occurrence 
process, ,r and p, and in the parameters of the intensity 
process, /x and cr ~, each make substantial contributions to 
the effects on the variance of January total precipitation. But 
for the variance the variations in the parameters of the 
intensity process are more important than those for the 
occurrence process at about half of the locations. For 
example, if rr and p are varied (Table 2) while/• and tr 2 are 
held constant, (12) yields a range of 1,588 mm 2 for the 
variance of January total precipitation at Chico (or about 
33% of the unconditional variance). If/• and (r 2 are varied 
while rr and p are held constant, this variance has a range of 
2,387 mm 2 (or about 50% of the unconditional variance). 

These conclusions concerning the relative contribution of 
the occurrence and intensity processes to the effects of the 
circulation index on the mean and variance of monthly total 
precipitation probably cannot be easily generalized to other 
climates. Nevertheless, the important finding that does gen- 
eralize is that both processes make substantial contributions. 

Besides the mean and standard deviation, the effects of 
atmospheric circulation on the shape of the distribution of 
January total precipitation can be examined through a sim- 
ulation approach (a chain-dependent process has a structure 
that is especially convenient for implementing simulation 
algorithms). Synthetic sequences, representing time series of 
daily precipitation amounts, are generated for both condi- 
tional chain-dependent processes and then summed to obtain 
an artificial monthly total precipitation. By repeating the 
simulation experiment (i.e., 1000 times for each model), 
empirical conditional distributions of total January precipi- 
tation, given the circulation index I, can be produced. 

Figure 3 summarizes the outcome of this simulation study 
for Chico. In this case the parameter values (see Table 2) are 
rr = 0.413, p = 0.334, /x* = 1.777 mm TM, and o'* = 0.515 
mm •/4 when I = 0, and sr = 0.253, p = 0.349, /x* = 1.585 
mrn I/4, and (r* = 0.509 mm 1/4 when I = 1. It is evident that 
the shape of the distribution is much less positively skewed 
when i = 0 (i.e., below normal pressure). Moreover, this 
shift in the distribution is consistent enough over the entire 
'range of possible values of total precipitation that the one 

conditional distribution (i.e., I = 0 case) is clearly "stochas- 
tically larger" than the other. That is, 

Pr {St> xlI = 0}-> Pr {St> x[l = 1} (15) 

for all x > 0 [e.g., Ross, 1983, p. !53]. Because of the limited 
number of years of observations of actual monthly total 
precipitation, these effects are more difficult to see in the 
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Fig. 3. Conditional distributions of January total precipitation at 

Chico given circulation index (I = 0 or ! = 1), derived from 
simulations of time series of daily precipitation amounts based on 
chain-dependent models. 

corresponding box plots or histograms for the real data 
(Figure 2). It would be straightforward to employ the same 
simulation approach to examine the behavior of precipitation 
statistics other than the monthly total (e.g., runs of consec- 
utive days on which the intensity exceeds a specified thresh- 
old). 

As mentioned earlier, several researchers have noted that 
stochastic models for time series of daily precipitation 
amounts tend to underestimate the observed ("interannual") 
variance of monthly total precipitation. Some have viewed 
this effect as a defect in the stochastic model which needs to 
be remedied [e.g., Gregory et al., 1993; Wilks, 1989]. Others 
have labeled this difference in variance as a measure of the 

"potential predictability" of monthly total precipitation, for 
instance, as evidence of possible climate change [K!ugman, 
1983; Madden and Shea, 1982]. In any event, this discrep- 
ancy has important implications for stochastic weather gen- 
erators (e.g., WGEN) that rely on a chain-dependent process 
to model daily precipitation [Richardson and Wright, 1984]. 

Table 4 gives the results of estimating the variance of 
January total precipitation from the different stochastic 
models for daily precipitation amounts at the 13 California 
sites. In agreement with previous studies, the unconditional 
chain-dependent process substantially underestimates the 
observed standard deviation of monthly total precipitation, 
sometimes by as much as 25% or more (Table 4 and Figure 
4). For example, at Chico the estimated standard deviation 
based on the unconditional model is 69.2 mm or about 22% 
below the observed value. The two conditional chain- 

dependent processes produce monthly variances that are 
closer to the corresponding observed values, but they still 
have some tendency to underestimate. Using (14), the 
monthly variance for the induced model can be determined. 
This induced variance is always greater than that for the 
unconditional model, usually much closer to the observed 
value (Table 4 and Figure 4). For example, at Chico the 
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TABLE 4. Standard Deviation of January Total Precipitation as Estimated From Unconditional, 
Conditional, and Induced Models for Daily Precipitation at 13 Locations in California 

Conditional Standard 
Unconditional Deviation, mm 

Standard Deviation, Induced Standard 
Station mm Deviation, mm (I = 0• •I = 1• 

Alturas 23.8 24.5 25.0 22.5 

(26.6) (26.6) (27.2) (25.0) 
Bakersfield 17.9 19.7 21.1 13.7 

(18.7) (18.7) (17.4) (16.2) 
Berkeley 65.4 72.1 67.2 61.7 

(74.4) (74.4) (66.9) (68.7) 
Big Sur 132.4 144.7 138.2 119.9 

(135.5) (135.5) (123.9) (116.2) 
Chico 69.2 86.8 80.8 52.2 

(88.6) (88.6) (82.4) (58.9) 
Davis 50.3 57.5 55.7 43.2 

(58.8) (58.8) (54.4) (47.8) 
LindsEy 33.0 38.4 40.4 22.0 

(39.5) (39.5) (42.3) (24.3) 
Nevada City 130.7 152.9 146.0 108.5 

(151.8) (151.8) (134.9) (123.8) 
Santa Barbara 68.5 76.4 83.5 51.5 

(78.7) (78.7) (80.7) (65.3) 
San Diego 35.4 36.1 38.8 32.2 

(42.7) (42.7) (43.5) (41.7) 
Scotia 96.9 115.4 110.2 78.3 

(117.3) (117.3) (108.8) (88.2) 
Tahoe City 84.8 93.4 93.5 74.1 

(113.0) (113.0) (127.6) (85.2) 
Ukiah 96.2 118.1 107.7 75.7 

(130.5) (130.5) (127.9) (86.0) 

Empirical estimates in parentheses. 

estimated standard deviation based on the induced model is 

86.8 mm or only about 2% less than the observed value. 
It might be suspected that this improvement of the induced 

model over the unconditional model only reflects the fact 
that the sampling errors in the parameter estimates of the 
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Fig. 4. Theoretical standard deviation of January total precipi- 

tation, as estimated from unconditional and induced models for dai!y 
precipitation, versus empirical standard deviation for 13 locations in 
California. 

chain-dependent process are indirectly taken into account. 
However, when the individual Januarys are randomly clas- 
sified into groups (i.e., ignoring the circulation index I), the 
standard deviation of January total precipitation estimated 
by the induced model is only slightly greater than that for the 
unconditional model. It might also be suspected that the 
underestimation of monthly variance is attributable to the 
requirement that the daily intensities be conditionally inde- 
pendent (see section 3.1). Although daily intensities do 
exhibit a slight degree of dependence (e.g., a first-order 
autocorrelation coefficient of about 0.17 at Chico), the esti- 
mated standard deviation of January total precipitation is 
again only slightly greater when this dependence is taken 
into account. 

In summary, these results indicate that the unconditional 
chain-dependent process for daily precipitation has too 
simple a structure. In effect, the induced stochastic process, 
obtained by first conditioning on the atmospheric circulation 
and then combining these conditional models, provides a 
mechanism by which the consideration of more complex 
forms of models for daily precipitation could be justified. 

5. DISCUSSION 

Unconditional and conditional chain-dependent processes 
have been fit to time series of daily precipitation amounts. 
Data for January at several locations in California are 
analyzed. The conditional models are dependent on whether 
the monthly mean sea level pressure is above or belo • 
normal, an index of large-scale atmospheric circuk:• tion. 
Through use of model selection criteria, it is established that 
the two conditional daily models generally differ b•th in 
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terms of the probability of a wet day and the mean precipi- 
tation intensity on wet days. Loosely speaking, the higher 
mean of the conditional distribution of monthly total precip- 
itation when pressure is below normal can be attributed to 
both more "storms" and more intense "storms." When 
these two conditional models are combined back into a 
single induced model for daily precipitation, a variance for 
monthly total precipitation is generated that is much closer 
to that actually observed than that generated by the original, 
unconditional daily model. 

Although this relatively simple form of circulation index 
has the advantage of permitting an analytical treatment of 
the induced model for precipitation, the approach could 
naturally be extended to consider more complex schemes for 
classifying atmospheric circulation patterns. For instance, 
the index could have more than two states and could be 

permitted to vary within the month. Another issue concerns 
the operational prediction of the statistical properties of 
daily precipitation amounts. In this regard, techniques for 
predicting the index of atmospheric circulation a month or 
more in advance could be investigated. 

Perhaps of more fundamental interest is the issue of in 
what respects the induced model for daily precipitation 
differs from the unconditional one. The theoretical proper- 
ties of this induced stochastic process could be formally 
studied. In such a way an improved stochastic model for 
time series of daily precipitation amounts could arise. More- 
over, this work would have implications concerning the 
related issue of long-range potential predictability of 
monthly total precipitation. 

APPENDIX: LIKELIHOOD FUNCTIONS 

FOR MODEL IDENTIFICATION 

This appendix outlines the general procedure for obtaining 
log likelihood functions for the various forms of chain- 
dependent processes fit to the time series of daily precipita- 
tion amounts. These likelihood functions constitute the 

goodness of fit component of the AIC and BIC (see (8) and 
(9)) for selecting the appropriate degree of conditioning on 
the atmospheric circulation index. 

Occurrence Process 

The logarithm of the maximized likelihood function, say 
M1, for the Markov chain model of the occurrence process 
(neglecting term for initial state) satisfies 

lnM1 = • nijlnPij. (AI) 
i,j = 0,1 

Here P ij is the maximum likelihood estimator of P ij and is 
given by 

Pij = nij/(nio + nil), (A2) 
where n ij denotes the number of times in the sample of 
observations of precipitation occurrences that a transition 
from state i to state j occurs (i.e., J t = i and J t+l = J, for 
some day t), i, j = 0, 1 [e.g., BillingsIcy, 1961, p. 26]. 

Intensity Process 

The logarithm of the maximized likelihood function, M2 
say, for the intensity process (neglecting constant terms) 
satisfies 

In M 2 = -(N/2) In (s*): {A31 

Here the sample mean and variance, g* and is*)2, of the 
transformed daily precipitation intensities X}, k = I, 
2, -.., N, are the maximum likelihood estimators of the 
parameters of the normal distribution /z* and {o'*) 2 [e.g., 
Lindgren, 1968, pp. 282-283]. 

Chain-Dependent Process 

The logarithm of the joint maximized likelihood function, 
M 3 say, for the chain-dependent process can be obtained 
simply by adding the individual log likelihoods for the 
occurrence and intensity processes. That is, 

In M3 = In M• + In M2. (A4) 

Similarly, the logarithm of the joint maximized likelihood 
function, M4 say, for the two conditional chain-dependent 
processes can be obtained by computing the log likelihoods 
separately for each conditional model and then adding them 
together. That is, 

In M 4 = In M3(0) + In M3(I), (A5) 

where M3(0) and M3(1) denote the likelihood function (A4) 
for the conditional chain-dependent processes given the 
atmospheric circulation index I = 0 and I = 1, respectively. 
Finally, the same basic approach can be applied when some 
of the model parameters are constrained to not vary with the 
circulation index. For instance, the estimator of the common 
variance of the transformed intensities (a*) 2 , when the mean 
of the transformed intensities is still allowed to vary with the 
circulation index, is the so-called "pooled variance" em- 
ployed in the popular two-sample t test for the equality of 
means [e.g., Lindgren, 1968, p. 393]. 
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