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Abstract— Theoretically, Kramer-Kronig (KK) receivers are 

able to fully cancel signal-signal beat interference (SSBI), which 
results from a field-modulated single-sideband (with carrier) 
transmitter being used with a direct-detection receiver. However, 
even for strong carriers, which should meet the minimum-phase 
(MP) condition, bits are frequently erroneous. In this paper, we 
simulate two methods of reducing error rates for weak carriers. 
The first is to limit the minimum value of the received signal, so 
that strong negative-going peaks are not produced by the 
logarithm function of the KK’s ‘correction path’. The second is to 
replace the square-root function in the main signal path with a 
logarithmic function. This is to allow analog processing using 
semiconductor diodes. Our numerical simulations show that 
grossly approximating the square-root function is actually 
beneficial to the system, as it reduces the power in the signal close 
to the clipping events. When both the first and second techniques 
are combined, low error rates can be obtained at 2-dB less carrier 
power than for conventional processing, and 0.25-dB better 
receiver sensitivity. When 100-km of standard fiber is included, 
the carrier can be reduced by 3 dB, and the system has a 0.18 dB 
better sensitivity, and potentially supports analog processing. This 
work suggests that there may be other improvements possible, in 
signal quality and computational load, by moving away from a 
theoretically perfect implementation of the KK algorithm. 
 

Index Terms— Optical fiber communications, single-sideband, 
direct detection, Kramers-Kronig, analog, clipping. 
 

I. INTRODUCTION 

IRECT-DETECTION is desirable for short-haul links 
because it uses compact single-photodiode receivers. 

Complex-valued modulation formats enable high spectral 
efficiencies [1], but require single-sideband (SSB) optical-field 
modulation if they are to support electronic dispersion 
compensation (EDC) [2]; unfortunately, the field modulation 
gives rise to a signal-signal beat interference (SSBI) term upon 
direct detection. Direct-Detection Optical-OFDM (DDO-
OFDM) introduced a frequency guard band for the SSBI to fall 
within, but this halved spectral efficiency [3]. This technique 
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has also been used in microwave systems [4]. 
A challenge has been to increase the spectral efficiency of 

field-modulated SSB. Strategies for DDO-OFDM included 
removing or reducing the frequency gap by: (a) increasing the 
carrier-to-signal power ratio (CSPR), so that upon detection 
SSBI becomes insignificant [5]; (b) using pairwise coding 
between high and low-frequency subcarriers, as SSBI is 
stronger at low frequencies [6]; (c) modifying the transmitted 
signal using signal-dependent phase-modulation, known as 
Compatible SSB [7], again similar to radio [8]; (d) using 
iterative decoding to predict the signal then suppress the SSBI 
[9]. Most of these require higher carrier powers or broadening 
of the signal spectrum; a full discussion can be found in [10].  

  
 

Fig. 1. Block diagram of a typical Kramers-Kronig system with optical and 
electrical signal spectra. The correction path (red) applies a phase-shift to the 
main path (blue). KK processing can produce a real or complex-valued 
passband signal carrying, for example, m-QAM symbols. Note that the first 
clipper is required because the thermal noise may take the signal negative. 

 
Kramers-Kronig (KK) optical systems [11-13], shown in Fig. 
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1, use techniques similar to Compatible SSB, but at the receiver 
[14]. These systems also require an increase in carrier power, 
as a trade-off against spectral efficiency. Although originally 
developed for wireless systems carrying audio [15], now 
exceptional data rates have been achieved for a single-
photodiode optical receiver [16]. Challenges remain, including 
the power consumption of the DSP due to oversampling [17, 
18], and its associated heat dissipation within short-haul 
pluggable optics with on-board processing. Recent work has 
shown progress in reducing the complexity of KK digital 
processing towards that of intradyne systems [19]. 

KK systems work by calculating a phase-correction signal 
from the received signal; a process that requires nonlinear 
functions (logarithms, square-roots) and Hilbert transforms. 
The logarithm amplifies the noise when the signal is close to 
zero; i.e. the noise variance becomes non-stationary, and 
compresses the noise at high levels. Although the KK 
processing can theoretically reconstruct an output similar in 
quality to a balanced-photodiode coherent receiver, it requires 
that the carrier level be increased to between 6-10 dB above the 
signal level [20]. Thus, higher optical powers need to be 
transmitted to support this carrier level, unless a local oscillator 
provides a substitute carrier at the receiver [21]. In comparison, 
DDO-OFDM operates optimally with a carrier power almost 
equal to the side-band power [22], though suffers from a 
halving of optical spectral efficiency in its simplest form.  

In this paper we firstly examine the beneficial effect of 
clipping; we show that the carrier power can be reduced by 
several dB, or the SNR reduced substantially for low CSPRs, 
for the same error rates, if the downward excursions of the 
received signal are clipped to a high minimum value (optimally 
more than several percent of the mean value of the photodiode 
signal output) before the logarithm in the KK correction path. 
This clipping limits the large negative excursions of the 
logarithm’s output when the photocurrent signal approaches 
zero, which would cause large rapid phase modulation of the 
output signal during correction. Reducing the required CSPR 
through this clipping should benefit optically amplified KK 
links by at least 1 dB in OSNR [14]. Also, it may reduce the 
required DAC resolution in some systems that use the DAC to 
generate virtual carriers [23]. This work is an extension of that 
presented at OFC 2019 [24], as it includes results for optically 
amplified systems limited by Amplified Spontaneous Emission 
(ASE), and also for transmission over 100 km of standard fiber. 

We then examine the effect of approximating the square-root 
function in the main path by a logarithmic function. The 
motivation, initially presented at ECOC 2019 [25], was that 
logarithms are easy to perform using semiconductor diodes 
(and would not require oversampling, being un-sampled), but 
the square-root is more problematic to implement. Thus, using 
simulations, we show that the square-root can be replaced by a 
logarithm. Curve fitting suggests that sqrt(x) should be replaced 
by 0.3+ln(1+x); however, simulations show that simply using 

ln(x) gives bettter error rates at low CSPRs, when used with 
strong clipping of the negative-peaks of the logarithm in the 
correction path and a high-pass filter in the main path.  

Finally, we present results assessing the dispersion penalty of 
the improved and conventional KK systems. These show that 
combining strong clipping with the ln() has a 0.52-dB 
dispersion penalty, which is slightly higher than the 0.21-dB 
dispersion penalty of all systems in the high-CSPR limit. 

Taken together, the ideas of negative-peak clipping and 
approximation of the square root teach against the received 
wisdom that KK, when implemented as theory and with 
sufficient carrier power to ensure the minimum-phase (MP) 
condition [13], should yield perfect reconstruction. An 
important lesson is that simulations can sometimes reveal 
improvements that are not obvious using mathematical analysis 
alone. 

II. IMPROVEMENTS DUE TO NEGATIVE-PEAK CLIPPING 

Removing one sideband of a double-sideband optical signal 
means that the signal’s phase is preserved upon photodetection 
for dispersion compensation [26]; the cost is that difference 
frequencies between the signal’s spectral components are no 
longer cancelled, which causes SSBI. A solution is to phase-
modulate the SSB signal, at the transmitter [7] or receiver, to 
recover what would have been the DSB signal, and cancel SSBI 
[11]. As in Fig. 1, KK receivers deduce the phase from the 
Hilbert transform of the natural logarithm, ln(), of the square-
root of the photocurrent. Because the ln() operation is highly 
nonlinear near zero, small variations of the waveform are 
stretched to become large variations. In our proposed 
implementation, shown in Fig. 2, we clip the low values of the 
waveform to a set minimum level before the ln(), and restrict 
the spectral width of its output, and also limit strong phase 
modulation of the main path. 

 

 
Fig. 2. Modified KK processing (orange and green blocks) using negative-peak 
clipping in the lower ‘correction’ path; that is, all signals below level c, become 
level c. The letters refer to the positions that the waveforms in Fig. 3 are 
collected from. The input from the photoreceiver is on the left. Signal D goes 
to carrier recovery and down-conversion, constellation plot, slicing and error 
counting. 
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to the performance of KK. With a noiseless input signal and 
sufficient carrier level, KK processing is almost exact, under 
the assumption that the Hilbert transform is calculated over 
sufficient number of samples, and the sampling rate is high 
enough to accept the distortion products of the nonlinear 
processing without aliasing [13]. However, because of the 
nonlinear processing, stationary amplitude noise on the input 
signal gives noise with time-varying statistics after the 
calculation of the logarithm.  

A. Causes of errors 

Fig. 3 (left) shows waveforms from a VPIphotonics™ 
VPItransmissionMaker™ simulation of 25-Gbaud Nyquist-
shaped single-carrier 16-QAM (raised cosine IQ filters, roll-off 
= 0.1) with a KK receiver, with 7-dB CSPR. The sideband is 
offset from the carrier by 13.5 GHz, giving a guard-band 
between the carrier and sideband. The laser linewidth was zero 
and fiber dispersion is not included at this stage. 

The receiver noise model was turned off (noiseless, green 
waveforms), then on to give a 26-dB SNR (noisy, red 
waveforms). The DC component of the photocurrent is 
preserved to ‘bias’ the sqrt() and ln(). The simulation sample 
rate was 400 GS/s. The top-row plots the input signal (M); the 
strong carrier ensures this does not fall below zero, but noise 
means that it can occasionally get very close to zero (i.e. the 
signal meets the required MP condition). The second plot is the 
natural logarithm (N), which has a deep sharp null when its 
input approaches zero. This causes fast down-up transitions on 
the Hilbert transform output (H) due to its impulse response, 
which drives the exponential function (the cosine part is shown, 
(C) over its full range, so rapidly modulates the corrected 
waveform (D is its real part) causing amplitude errors, and a 
broadening of the spectral bandwidth. 

Fig. 4 plots the constellations associated with the waveforms 
of Fig. 3, though over much longer time periods to build up 
more detail. These are obtained by down-converting the output 
of the KK processing to baseband (by mixing with inphase and 
quadrature components of a 13.5-GHz tone), low-pass filtering 
at 13.5 GHz, and sampling. For the noiseless case (green), the 
clusters are tightly packed, but with occasional spurious points 
around each cluster caused by infrequent clipping. When noise 
is included in the simulation, there are far more spurious points.  

 

 
Fig. 3. Waveforms throughout the processing chain of Fig. 2, with (26 dB SNR, 
red) and without (green) receiver noise, with insignificant clipping (c=10-12). 
Noise causes large negative extensions (red trace) at the output of the logarithm, 
N, which propagate through the correction path, H and C, to cause errors in the 
corrected waveform, D. CSPR = 7 dB, 10% roll-off shaping filter. 

 
Fig. 4. Constellations corresponding to the noiseless (green) and noisy (red) for 
26-dB SNR and 10-12 clipping. As for Fig. 3, but for many more bit periods. 
Note the large numbers of widely-spread spurious points in the noisy case. 
CSPR = 7 dB, 10% roll-off shaping filter. 

B. Constellations with negative-peak clipping 

Fig. 5 shows superimposed constellations when the 
downward spikes (such as M) of the square-root waveform are 
clipped, as in Fig. 2. Similar to Fig. 4, for low values of clipping 
(c = 0.001% of the mean, ●) some constellation points ‘fly 
away’ from the expected value, causing errors in extreme cases. 
When the clipping level is increased to a significant fraction of 
the mean level, the ‘fly-away’ points are brought closer to the 
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expected value (e.g. 1% of the mean, ●). There can be two 
reasons: (1) the negative peak of the log is reduced 
significantly, lowering the magnitudes of H and C; (2) if 
clipping affects multiple consecutive samples, these samples 
convolve with the Hilbert’s impulse response, smoothing its 
output, particularly around the center of the Hilbert’s impulse 
response, which flips sign around zero. Surprisingly, we find 
that very strong clipping is beneficial (around 10% of the mean 
level), even though the correction phase signal is strongly 
affected by this clipping, albeit only when the signal amplitude 
is low.  

Interestingly, the outer constellation clusters (in the four 
corners) have most spurious points, as also seen in [19]. This is 
because they have stronger signal vectors that, when added to 
the carrier, can cause the optical waveform to approach zero. 
Note that because the signal is frequency offset from the carrier 
(in an upper sideband), the whole constellation is effectively 
rotating before down-conversion, so each corner gets an equal 
chance of being close to zero; thus, the spurious point density 
is independent of which corner is involved. Conversely, the 
inner four points effectively have a much higher CSPR, so their 
photocurrents are less likely to approach zero, and so they have 
fewer spurious points. 

 
Fig. 5. Overlaid constellations with various clipping levels (key on right). Note 
how clipping levels close to the zero level cause some constellation points to 
fly away from the main clusters: conversely, raising the clipping level brings 
far points closer to the main clusters. These clipping levels are defined as in 
[24]; that is, after the square-root. 

C. Optimal clipping level for various SNRs 

To quantify the advantage of clipping before the logarithm, 
we performed a set of parametric sweeps to count and compute 
the Symbol Error Ratio (SER) versus clipping level. The Bit 
Error Ratio (BER) will be approximately one-quarter of the 
SER for Gray coding. We counted the symbol errors over 128K 
bits. A 30-GHz low-pass rectangular filter after the ln() mimics 
a processing sampling rate of 60 GS/s post-logarithm. 
Simulations showed this bandwidth limitation has little effect 
on the SER. 

Fig. 6 shows the plots for a carrier-to-signal-power-ratio of 7 
dB, and several values of electrical SNR, for back-to-back and 
100 km of standard single-mode fiber (16 ps/nm/km). The SNR 
was set by thermal noise in the photoreceiver model, which has 
a bandwidth of 30 GHz; the signal has bandwidth of 27.5 GHz. 
The SER reduces gradually as the clipping level is increased 
from very low values, then drops rapidly as the clipping level 
increases above 1%. The reduction is more pronounced for 
higher SNRs. At very high clipping levels, the SER increases 
dramatically again, as the clipping is frequent, causing a SER 
floor, where increasing the SNR does not improve the SER.  

The red dashed line is the required SER for KP4-FEC, which 
is 9.2×10-4, as would be used for low-latency links. This is 
equivalent to a 2.3×10-4 BER, assuming Gray coding. From the 
intersects of the curves with this line, we can see that clipping 
dramatically reduces the required SNR, from 33 dB with 10-6 
clipping, to <24 dB with 0.1 clipping. Generally, the optimal 
clipping level decreases with increasing SNRs. The 
improvement in SER due to clipping also increases with SNR. 
 Fig. 6b shows the effect of adding the dispersion of 100-km 
of fiber to the system. This dispersion is digitally compensated 
by a pair of all-pass filters in the I and Q signal paths after the 
KK processing. There is still a beneficial effect of clipping, 
though it is reduced and the KP4 threshold is not met at this 
CSPR, because there is a horizontal SER floor due to the fiber.  

Comparing Figs. 6a and 6b at a SER of 0.01 shows that the 
SNR penalty due to dispersion is 12 dB for 10-6 clipping, and 
<1 dB at optimal clipping. Thus, clipping significantly reduces 
the dispersion penalty at this CSPR. We shall explore using 
optimal CSPRs in Section III.D. 
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Fig. 6. SER versus normalized clipping level (defined as in Fig. 2, before the 
square-root). CSPR = 7 dB. The labels are SNRs. (a) Back-to-Back; (b) 100 km 
of fiber.  

D. Optimal clipping in optically amplified systems 

In optically amplified systems, the electrical noise is signal 
dependent, as one of its components results from the 
intermixing of the ASE (amplified spontaneous emission) with 
the signal and carrier [27]. Fig. 7 shows the case where ASE 
dominates (Thermal noise is disabled). The ASE has the same 
bandwidth the as the simulation, that is 400 GHz. Thus, some 
differences between this and the thermal noise situation can be 
expected, due to noise from ASE×ASE mixing. The curves are 
specified in terms of optical signal-plus-carrier to noise ratio 
(unpolarized noise measured over a bandwidth of 0.1 nm, at 
1550 nm), again with CSPR = 7 dB.  At low SERs (high 
OSNRs), the trends and optimal clipping levels are very similar 
to Fig. 6, though less pronounced, indicating that the clipping 
would also be advantageous for optically amplified systems. 
However, the SER appears to be independent of clipping level 
for SERs above 10%, and clipping below 1% (top-left region). 
Thus, amplified systems using strong-FEC and operating close 
to 10% SER, will not benefit from clipping. 

 
 
Fig. 7. Optically amplified system: SER versus normalized clipping level for 
various Optical Signal-Plus-Carrier to Noise Ratios, O(S+C)NR. The noise is 
defined by measuring the unpolarized noise over a bandwidth of 0.1 nm. 

III. REPLACING THE SQUARE-ROOT 

The initial motivation for investigating the replacement of 
the square-root by a logarithm was that semiconductor diodes 
have a convenient logarithmic relationship between voltage and 
current [25]. As the graph in Fig. 8 shows, there is a good 
correspondence between sqrt(x) and 0.3+ln(x+b) over a 
reasonably wide input range when b = 1. However, as the 
following results show, this substitution can give improvements 
in receiver sensitivity in itself, especially when b is reduced 
towards 0, with strong clipping. The 0.3 can also be ignored, as 
it is a DC term, which is removed by a high-pass filter (HPF). 

Fig. 8 shows the new KK receiver model, divided into a main 
signal path and a correction signal path. Conventionally (Fig. 1) 
both paths have a shared sqrt() function after the photoreceiver; 
however, the sqrt() in the correction path can be implemented 
by halving the output of its logarithm, so this is what we do. 
The HPF removes DC level, which we found was important to 
suppress spurious tones (spurs) at the output of the down-
conversion mixer. 
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Fig. 8. Block diagram of receiver system showing modifications (orange) under 
study. The upper graph shows how ln(x+b) approximates to sqrt(x) over a 
limited range for various values of b. Note that b = 1 gives a good fit.  
 

A power-controlled (noiseless) optical amplifier is used to set 
the receiver power in the simulation. The input to this is a 
combination of the modulated signal and carrier, with a ratio of 
CSPR, dB. The photodiode had unity responsivity and was 
followed by a 1024-Ω transimpedance amplifier and a 70-GHz 
low-pass filter representing oversampling. This transimpedance 
sets the mean level of the input to the logarithm. Reducing this 
bandwidth to 30-GHz had no effect. The signal-to-noise ratio 
(SNR) was set by the amplifier’s thermal noise of 60 pA/√Hz. 
Again, two 13.5-GHz low-pass filters were used on the inphase 
and quadrature signals before slicing. 

The output of the ln() in the main signal path was also clipped 
at -3, to represent the limited dynamic range of electronic 
circuits. Retaining these negative-going peaks of the ln(), that 
is not clipping at zero, helped signal quality, especially for low 
offsets; of course, only positive numbers would be expected out 
of the usual sqrt() function.  

A. Effect of offset, b, with minimal clipping 

To study the effect of ln() approximation of sqrt() alone, the 
effect of lower-path clipping was initially suppressed, by 
making the clipping level 10-12 of the mean value of the 
photoreceiver’s signal. A zero value would cause numerical 
errors in the ln() function, so is not used.   

Fig. 9 plots the SER versus the offset at the input to the 
natural logarithm in the main path of the system, for three 
different CSPRs. The receiver power was set to 0 dBm, giving 
35.8, 35.2 and 34.4 dB SNRs for the CSPRs of 6, 7 and 8 dB 
respectively.  Although theoretically an offset of  b = 1 has the 
best fit to the sqrt() function, when an HPF is included in the 
main path [24] the SER improves as the offset approaches zero. 
For low offsets, the nulls in the input signal receive more 
compression due to the ln() and occasionally become negative, 
whereas the usual implementation of the sqrt() stays positive. 
Of course, as the later processing of the signal mixes the 

corrected signal to baseband (and so recovers the I and Q 
components), the change in DC levels should not matter, apart 
from causing spurious (out-of-band) tones; to confirm this we 
added a variable DC offset from -1 to +3 after the sqrt() or ln(), 
and saw no difference in the results.  

When the HPF is disabled, the SER is worse close to b = 0, 
but improves as the offset approaches b = 1. As will be shown 
in Section III.C, this situation reverses when strong clipping is 
used. The SERs for the sqrt() function in the main path are also 
shown for HPF on and off. The ln() function with b = 1 gives 
similar SERs, as expected from the graph in Fig. 8. 

 
Fig. 9. SER versus main path ln(.) input offset, b, for three values of carrier-to-
signal ratio (CSPR) at 0 dBm input power, which gives very good SNRs around 
35 dB. Ovals are for sqrt(). All results have negligible (10-12) clipping in the 
correction path, so will be strongly affected by negative-peaks after the ln() in 
the correction path. 

B. Representative constellations for ln() replacing sqrt() 

Fig. 10 shows constellations for 7-dB CSPR, for b = 1 and 0 
and for the HPF active/on (DC-blocking) and inactive/off (DC 
preserved). To align with Fig. 9, the left plots are for b = 0: the 
right plots are for b = 1. The top plots are with HPF active: the 
bottom plots are for HPF inactive.  

The top-right plot (Fig. 10 (b), HPF on, b = 1) has a noise-
like spread around each QAM-symbol point. There also appears 
to more amplitude noise (radial spread) than phase noise, 
particularly in the corner points.  

The top-left plot (Fig. 10 (a), HPF on, b = 0) has much more 
tightly formed clusters, with erroneous points between them. 
Examination of the constellations for a range of offsets showed 
that the erroneous points generally move closer to the main 
clusters when the offset, b, is decreased towards zero. Note that 
the erroneous points have moved towards the origin, whereas in 
Fig. 5 that uses the sqrt(), the erroneous points generally moved 
outside the frame of the perfect constellation. This is probably 
because the ln() function, especially with b = 0, has more gain 
for low-value excursions (the slope of the curve indicates gain), 
but compresses high-level excursions by applying a lower gain. 

The lower row shows the effect of inactivating the HPF, so 
DC passes. This time, the b = 1 (Fig. 10 (d), lower-right) gives 
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the tightest constellations, albeit with the majority of erroneous 
points outside the frame of the outer constellation points. These 
outside points will cause fewer errors, as there are fewer 
thresholds to cross than within the constellation. This is why 
this case has the lowest SER in Fig. 9. With b = 0 (Fig. 10 (c), 
lower-left) the majority of erroneous points are within the frame 
of the QAM constellation, and there are approximately 50% 
more errors than when the HPF is active.  

These constellations suggest there could be other functions 
that provide greater benefits than those explored in this paper, 
particularly by placing the erroneous points outside the frame 
of the original QAM constellation, where they will cross fewer 
thresholds. 

 
Fig. 10. Constellations for 7-dB CSPR, 35.2-dB SNR, for b= 1 and 0, showing 
the improvement as the ln(x+b) approximation moves away from the sqrt() 
function when the HPF is active, The bottom row is when the HPF is inactive, 
which gives the lowest SER is when b = 1, because the points have mostly 
scattered outwards. 
 

C. Adding negative-peak clipping in correction path 

The constellations of Fig. 10 indicated that symbol-errors 
were being caused by erroneous points away from the main 
clusters. The results of Section II suggested that such points can 
be brought closer to the main clusters by strong clipping of 
negative peaks after the ln() in the correction path. Thus, we 
now investigate combining the two ideas: ln() replacing sqrt() 
and clipping in the correction path. The motivation is to identify 
whether using analog processing for the ln() functions might 
give reasonable SERs if clipping is also used. 

Fig. 11 explores the use of moderate and strong lower-peak 
clipping in the correction path. The received optical power was 
set to -4.6 dBm, giving 26.6, 26 and 25.2 dB SNRs for the 
CSPRs of 6, 7 and 8 dB respectively. As in Section II, these 
SNRs should be able to give reasonable SERs if clipping is 
used. The cases with and without the HPF in the main path are 
shown.  

For moderate clipping (1%, top figure), inactivating the HPF 
gives the best SERs, and b is optimally 1.2 (top figure, bottom 
right); the SERs are very close to those using the sqrt() with 
inactive HPF, circled in red. When the HPF is on, b is optimally 
zero, but gives poor SERs. However, if stronger clipping is used 
(30%, bottom figure), activating the HPF is now beneficial, and 
b is optimally zero. For CSPR = 8 dB, the SER of the ln() with 
b = 0 (bottom figure, left) is almost as good as to the sqrt() HPF-
off 1% clipping case (top figure, circled red). 

 In summary, the KP4 FEC threshold can be met with CSPRs 
less than 8 dB, using either:  

 1% clipping, sqrt() and HPF off 
 1% clipping, ln(), b = 1.2 and HPF off 
 3% clipping, ln(), b = 0 and HPF on. 

 
Thus, replacing the sqrt() by ln() in the main path should be 

feasible, potentially allowing analog processing. 

 

 
Fig. 11. SER versus main path ln() input offset, b, for 1% (top) and 30% 
(bottom) lower-path clipping levels (labels, CSPR, dB). Thermal noise is 60 
pA/√Hz and received signal is -4.6 dBm. The cases for High-Pass Filter (HPF) 
active (on) and inactive (off) are shown, as are the SERs using the sqrt() with 
the same clipping levels. 

 
Fig.12 compares the constellations of the ln() approximation 

with near-optimal 30% clipping and b = 0 (Fig. 11, bottom) and 
the sqrt() with 1% clipping (Fig. 11, top) for 8-dB CSPR. Both 
of these meet the KP4 FEC input BER requirements at -4.6 dBm 
receiver input power (giving 25.2-dB SNR). The most 
noticeable difference is that the more-conventional sqrt() 
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processing has more erroneous points outside of the frame of 
the QAM symbols. These have little impact on the SER as they 
do not cross symbol-decision thresholds. Increasing the 
clipping to 30% (with the sqrt), moved these points to the inner-
sides of the constellation clusters (not shown), where they 
caused more degradation of the SER. This explains why strong 
clipping of the sqrt() case causes an SER-floor in Fig. 6; that is, 
increasing the SNR did not reduce the SER in the bottom-right 
corner of Fig. 6, because the errors are caused by erroneous 
points that have moved between the QAM symbols, so cross 
thresholds. The ln() has a benefit that the signal level during 
clipping events becomes very small, so cannot contribute to the 
constellation point; thus, stronger clipping can be tolerated. 

 

 
Fig. 12. Constellations at -4.6 dBm received power and 8-dB CSPR with: (left) 
at -4.6 dBm receiver power using ln() with zero offset in the main path and 
optimal 30% clipping in the correction path; (right) sqrt() in the main path and 
1% clipping in the correction path. 
 

D. Receiver sensitivities 

The overarching question is whether the clipping and the 
replacement of the square-root by the logarithm has a 
significant positive or negative impact on the sensitivity of an 
optical receiver. An ancillary question is whether fiber 
dispersion removes any benefit. To answer this, the 
optimization tool in VPItransmissionMaker™ was used to 
determine the received optical power required to obtain a SER 
of 9.2×10-4, sufficient to support KP4 FEC.  

The results of over 80 optimization runs are shown in Fig. 
13. The dashed lines are for back-to-back, and the solid lines 
for 100 km of standard single-mode fiber (dispersion of 16 
ps/nm/km). The blue lines are for when the ln() function is in 
the main path, with b = 0 and 30% clipping. The back-to-back 
(0 km) case provides the best receiver sensitivity of all; -6.28 
dBm at 9-dB CSPR. The fiber degrades this by 0.52 dB, and 
increases the optimal CSPR to 11 dB. The conventional square-
root, but with 5% clipping (red), is the next best performer for 
back-to-back (-6.21 dBm at 9-dB CSPR), with a dispersion 
penalty of only 0.14 dB, so outperforms the ln() for 100-km of 
fiber. Reducing the sqrt() case’s clipping to 10-6 (green), 
decreases the back-to-back sensitivity slightly, to -6.09 dBm, 
and increases the optimal CSPR to 11 dB. Adding 100 km of 
fiber gives a 0.52-dB penalty and an optimal CSPR of 12 dB. 
Decreasing the sqrt() clipping to 10-12 (yellow) has a very small 
impact on performance near the optimal operating points. The 

observation that the systems converge at higher CSPRs (for a 
particular fiber length) is because all systems become more 
linear as the modulation becomes small-signal compared with 
the bias level. 

 
Fig. 13. Required receiver optical input power versus CSPR setting for a 
2.3×10-4 BER for conventional and improved KK receivers, for 0 km (back-to-
back, dashed lines) and 100-km of fiber (solid lines). The middle number in the 
legend is the clipping ratio. As low CSPRs, all systems are limited by a SER-
floor, where the target BER cannot be met using any received power. At high 
CSPRs, the performances of conventional and improved systems converge for 
a given fiber length, to a common 0.21-dB dispersion penalty (red arrows). 

IV. DISCUSSIONS 

A. Reasons for improvement 

The reduction in required CSPR is dramatic: Why should 
systems work better when they move away to conventional 
theory? The key is that this is a sampled system. The 
preliminary studies showed that strong phase modulation of the 
main path is caused by negative peaks after the logarithm in the 
correction path; the resulting wide-bandwidth distortion will be 
aliased back into the signal’s bandwidth [13], causing errors in 
the constellation.  

Our proposed methods reduce this distortion’s energy during 
extreme events (when the signal + carrier approaches the 
origin). The clipping in the correction path limits the phase 
modulation’s depth, and the new ln() in the main path 
suppresses the signal being phase modulated. Thus, there is less 
main-path signal to phase modulate, so the power in the 
distortion is lowered.  

Put simply, sampled KK fails when the signal+carrier vector 
approaches the origin, so it is better to suppress these events by 
using the ln() function, or to limit the phase modulation during 
these events using clipping. The results presented here indicate 
that a thorough investigation of these effects is warranted, 
although this is outside the scope of this present work. 
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B. Analog implementations 

The motivation for exploring the ln() function replacing the 
sqrt() was that the ln() can be implemented in an analog fashion, 
and thus does not require digital processing with high sample 
rates. Hartner et al. [28] have used a Schottky barrier diode 
(SBD), with its ln() function, in a THz wireless KK receiver 
following an optical link, where a sqrt() function was desired. 
Conversely, we propose using a SBD as a processing element 
in an optical KK receiver, as their bandwidths extend to 100’s 
of GHz [29]. It is well known that SBDs have an exponential 
relationship between current, Id, and voltage, Vd: 

  ln 1 /
d T d S

V V i I  , where IS is the saturation current 

(<< nA), η is the ideality factor (typically 1-2), and VT is the 
thermal voltage (≈26 mV). If the photocurrent is shunted into a 
parallel SBD, the circuit voltage will be the logarithm of the 
photocurrent. Alternatively, the photodiode could be forward 
biased, so could implement ln(); however, this would impact on 
its speed due to charge-carrier storage.  

Hilbert transforms can be implemented as microwave 
networks [30], integrated to reduce size. Very high-
performance mixers use Gilbert cells [31]; the complex 
exponential could be approximated by a cosine [15, 32] because 
the main path is pass-band, using a diode piece-wise linear 
function or a power-series based on squarers. The clippers 
could also use diodes, but biased to give an abrupt response. 
Integration of all analog functions would improve performance, 
but DSP could be retained for some stages, possibly by using 
independent ADCs for both paths. In this case, to reduce DSP 
complexity, Füllner et al. have recently used a reduced-
complexity Hilbert implementation using an FIR filter [33]. 

V. CONCLUSIONS 

We have shown that strongly limiting the negative peaks of 
the logarithm by clipping its input waveform is advantageous 
to Kramers-Kronig receivers (Section II). The clipping smooths 
and restricts the peak-peak swing of the Hilbert transform, and 
so reduces the depth of phase modulation of the main signal. If 
the clipping occurs of multiple samples, the high-frequency 
parts of the output of the Hilbert transform will be reduced. The 
effect of clipping is to bring erroneous points close to the main 
constellation, particularly for the outer constellation points. 
Useful reductions in the required SNR are possible, particularly 
at low CSPRs and for the error rates suitable for low-gain FECs. 
These results also show that the logarithm only has to operate 
over a limited amplitude range of say 2-3 decades, which should 
considerably simplify digital or analog implementations of the 
logarithm. This method allows a 2-3 dB reduction in optical 
carrier power (Fig. 13). 

This paper has also shown that the sqrt() function in a KK 
receiver can be replaced by a logarithm (Section III), which 
could be more energy efficient than DSP. A combination of 
negative-peak (NP) clipping in the correction path, and zero 
offset (b = 0) before the ln() in the main path gives the good 
SERs (Fig. 11); however, a HPF is required in the main path if 

strong clipping is used (Fig. 11, bottom). Alternatively (Fig. 11, 
upper), b = 1.2 gives SERs close to the conventional sqrt() 
without an HPF. When using ln(), erroneous points in the 
constellations are brought closer to the main clusters (Fig. 12). 
Thus, very high-speed Schottky barrier diodes (such as used in 
sampling heads and THz receivers) could be used in both the 
main and correction paths to implement the nonlinear functions, 
and adopting zero offset suggests that the same diode could be 
used for both paths.  

The ln() with 30% clipping system has a dispersion penalty of 
0.52 dB at the optimal CSPRs. The sqrt() with 5% clipping has 
a 0.14-dB dispersion penalty. With fiber, these systems have a 
receiver sensitivities of -5.76 and -6.07 dBm, respectively; the 
conventional KK system has a sensitivity of -5.58 dBm, but 
requires 3-dB greater CSPR. 

This benefit seen when combining the ln() and clipping may 
be because they both operate when the waveform approaches 
zero, which is an extreme event. The clipping limits the extent 
of phase modulation, pulling erroneous constellation points 
towards their rightful positions (Section II). At the same time, 
the ln() function with b = 0 suppresses the main waveform’s 
amplitude, reducing the distortion’s energy when it is phase 
modulated. Although both mechanisms may cause additional 
spread of the majority of the constellation points (as seen in Fig. 
10), it is the extreme events that dominate the error count, 
especially at reasonable SNRs. 

These results also suggest that there may be other 
improvements possible by moving away from theoretically 
perfect implementations of the KK algorithm, to accommodate 
common signal distortions in optical systems. These could be 
identified by machine learning. 
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