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Abstract

Most reconstructions of the electrostatic potential of a specimen at atomic resolution assume a thin and weakly scattering sample,
restricting accurate quantification to specimens only tens of Ångströms thick. We demonstrate that using large-angle-illumination
scanning transmission electron microscopy (STEM) – a probe forming aperture with convergence angle larger than about 50 mrad
– allows us to better meet the weak phase object approximation and thereby accurately reconstruct the electrostatic potential in
samples thicker than the order of 100 Ångströms.
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1. Introduction

Aberration correction for electron lenses has ushered in an
era in which the study of specimens through atomic-scale char-
acterisation is now routine in scanning transmission electron
microscopy (STEM). More recent innovations in atomic reso-
lution STEM include segmented detector systems [1] and fast
readout electron cameras [2, 3] which record more detailed
diffraction data for each scan position of the STEM probe.
Algorithms such as centre-of-mass differential phase contrast
(DPC) reconstruction [4–6] and ptychography [7] can translate
this experimental data into maps of the electrostatic potential
of the specimen, allowing the electromagnetic structure of a
sample to be correlated with its atomic configuration. Early
demonstrations of this include quantitative reconstruction of the
electrostatic potential for mono-layer materials at atomic reso-
lution [8, 9], materials exhibiting spontaneous polarization [10]
and quantum well structures [11].

One aspiration of these techniques at atomic resolution is
that they will allow direct study of charge redistribution due
to chemical bonding [12, 13]. However, most of the recon-
struction algorithms that have been recently applied to STEM
datasets typically make approximations such as the projection
approximation, i.e. that the object can be treated as if it were
infinitesimally thin, and the weak phase object approximation,
i.e. that image contrast is a linear function of scattering poten-
tial. These approximations are known to have limited validity
in electron microscopy [14, 15] with the consequence that the
atomic resolution reconstruction of the electrostatic potential
of samples only a few tens of Ångströms thick becomes un-
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reliable [16, 17]. In this paper we propose to overcome this
limitation using large-angle-illumination STEM [18].

Recently, a new delta-type aberration corrector was demon-
strated that allows a probe with a semi-convergence angle of 70
mrad at 300 kV [19], with 100 mrad expected in the near fu-
ture [18, 20]. These developments promise STEM probes with
a small depth of field, and have the potential to allow for speci-
men thickness measurement and dopant location with nanome-
ter precision using high-angle annular dark field (HAADF)
imaging [18].

Another advantage is that the high angle probe components
introduced with larger apertures undergo less multiple elastic
scattering compared to components of the probe aligned more
closely with a crystal zone axis [21]. A useful analogy can
be made with precession electron diffraction (PED) [22] where
the microscope beam is tilted and precessed in a circle about
the crystal zone axis. The resulting electron diffraction pattern
is considered pseudo-kinematic, meaning it is less affected by
multiple electron scattering and is thus easier to interpret. If
we apply reciprocity to draw a link between STEM and PED
then bright field STEM images recorded in detector segments
far from the zone axis should be similarly less affected by mul-
tiple scattering.

In this paper we explore the reconstruction of the crystal
potential quantitatively from simulated STEM data assuming
large-angle-illumination STEM probes and segmented detec-
tors. The method accounts for the probe propagation within the
specimen, i.e. does not make the projection approximation [8].
We demonstrate that the improvement in reconstruction is due
to the STEM images better meeting the weak phase object ap-
proximation, and that higher-order aberrations are currently the
main limitation on an experimental realisation of this technique.
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2. Reconstruction of specimen potential from STEM im-
ages

In this section we give a brief introduction to reconstruction
of the specimen electrostatic potential in STEM, a topic dis-
cussed in Refs. [8, 23, 24]. We consider two levels of approxi-
mation for the reconstruction. The first, which goes beyond the
projection approximation, assumes that the object is made up
of a number of weakly scattering planes. We will refer to this
as the multiple plane phase contrast transfer function approach.
The second reduces the first to the conventional weak phase ob-
ject and projection approximations by considering the limiting
case of an infinitesimally thin object. We show that quantitative
reconstruction for thicker objects is possible using the multiple
plane phase contrast transfer function approach, but not in the
conventional weak phase object approximation.

A single iteration (slice) of the multislice algorithm [25] for
simulation of multiple electron scattering through a thickness
∆z = t/M (where t is the total thickness of the object that has
been divided into M distinct slices) may be represented by the
following equation

ψ(r, zi + ∆z) =

∫
P(r − r′,∆z)T (r′)ψ(r′, zi)dr′ . (1)

Here P is the Fresnel free-space propagator and T is the speci-
men transmission function (which in general could be different
for different slices but which, for simplicity and being inter-
ested in crystalline samples, we will assume to all be the same),
r and r′ are 2D real space coordinates in the ith slice, and ψ(r, z)
is the electron wave function at depth z. In reciprocal space the
Fresnel free-space propagator has the form

P̂(k,∆z) = exp
[
−πik2λ∆z

]
, (2)

where k is the 2D Fourier space coordinate conjugate to r and
λ is the wavelength of the electron illumination.1 The transmis-
sion function T is given by

T (r) = exp[iΦ(r)] = exp
[
2πiλ∆zeV(r)

h2

]
, (3)

where e is the magnitude of the electron charge, h is Planck’s
constant, V(r) is the projected electron scattering potential, the
quantity we wish to reconstruct since it is directly related to the
electrostatic and magnetic fields of the sample.

For each scan position R of the focused STEM probe we
measure the intensity of the Fourier transform of the surface
wave ψ̂exit(k,R) = ψ̂(k, z = t,R) in a set of diffraction plane
detectors D j(k), where j is used to index the detectors:

I j(R) =

∫
|ψ̂exit(k,R)|2D j(k)dk . (4)

With the aim of reconstructing the projected electric potential
of the specimen from a set of STEM images I j(R), we make the

1For clarity, we use the hat or circumflex symbol to emphasize the reciprocal
space form of functions in cases where the same symbol without the hat is used
to denote the real space form.

weak phase object approximation and assume Φ(r) in Eq. (3) is
small, such that

T (r) = exp[iΦ(r)] ≈ 1 + iΦ(r) . (5)

If we substitute Eq. (5) into Eq. (1), consider M iterations of the
multislice algorithm, and ignore all terms beyond linear order
in Φ, an approximation that was considered in the original mul-
tislice paper [25], then it is possible to write the STEM image
intensity as [8]

I j(R) =
∑

k

|ψ̂illum(k)|2D j(k) + 2Re

i∑
k

χ̂ j(k)e2πik·RΦ̂(k)

 ,
(6)

with ψ̂illum(k) = ψ̂(k, z = 0,R = 0) and χ̂ j(k) defined by

χ̂ j(k) =

M∑
m=0

[ψ̂illum(k)P̂(k,m∆z)]

⊗ [P̂∗(−k,m∆z)ψ̂∗illum(−k)D j(−k)] , (7)

where ⊗ denotes a convolution. The shift to discrete notation
in Eq. (6) has been made to emphasise that it has the structure
of a linear matrix equation Ax = b. Reference [8] describes a
process to solve these linear equations using the conjugate gra-
dient least-squares (CGLS) algorithm [26]. An iteration of the
CGLS algorithm may be formulated in terms of fast Fourier
transforms, allowing for efficient reconstructions to be com-
pleted in a few seconds on a desktop computer [8].

We will show that solving Eq. (6) is a good approach to re-
constructing the electric potential of the specimen from STEM
images recorded with large angle illumination and we contrast
this approach, which assumes weak scattering but accurately
accounts for the thickness of the object, with approaches that
assume the specimen is very thin (the projection approxima-
tion). We can derive such an approach as a special case of
Eq. (6) by setting M = 1 and ∆z = 0, so that P̂(k,∆z = 0) = 1
and Eq. (7) can be approximated by

χ̂ j(k) =ψ̂illum(k) ⊗ [ψ̂∗illum(−k)D j(−k)] . (8)

The quantity χ̂ j as defined in Eqs. (7) and (8) is essentially a
phase contrast transfer function (PCTF), a mathematical oper-
ator which maps structure to STEM images within the weak
phase object approximation as discussed in detail in Ref. [27].
It is worth noting that the ψ̂∗illum(−k)D j(−k) product that ap-
pears in both these PCTFs means that in the weak phase object
approximation there is no contribution to the STEM image con-
trast from any detector region outside the bright field disk. As
such, throughout this manuscript we will set the semi-angle of
the outer edge of the outermost ring of the detector to be equal
to that of the probe-forming aperture.

Eq. (6) may be rewritten as

I j(R) =
∑

k

|ψ̂illum(k)|2D j(k) + i
∑

k

χ̂ j(k)e2πik·RΦ̂(k)

− i
∑

k

χ̂∗j(k)e−2πik·RΦ̂∗(k) . (9)

2



 Middle focus (Δf = -54 Å)
L
a
rg

e
 a

n
g

le
 i
ll
u

m
in

a
ti

o
n

 
(6

0
 m

ra
d

)

S
ta

n
d

a
rd

 i
ll
u

m
in

a
ti

o
n

 
(2

4
 m

ra
d

)
Surface focus (Δf = 0 Å)

x (Å)
-3 -2 -1 0 1 2 3

0

50

100

150

z 
(Å

)

3 2 1 0 1 2 3
3

2

1

0

1

2

3
Experiment Simulation

Ref SimExp

-3 -2 -1 0 1 2 3
x (Å)

0

50

100

150

z 
(Å

)

x (Å)
-3 -2 -1 0 1 2 3

0

50

100

150

z 
(Å

)

3 2 1 0 1 2 3
3

2

1

0

1

2

3

Ref Sim

Simulation

(ii)

-3 -2 -1 0 1 2 3
x (Å)

0

50

100

150

z 
(Å

)

(iii)
Experiment Simulation

3 2 1 0 1 2
3

2

1

0

1

2

3

Exp Ref Sim

(iii)

(iii)

(i)(a) (i)(b)

(i)(c) (i)(d)

(iii)

0

π/2

π

-π

-π/2

0

π/2

π

-π

-π/2

0

π/2

π

-π

-π/2

0

π/2

π

-π

-π/2

Freespace SrTiO3

Freespace SrTiO3 Freespace SrTiO3

Freespace SrTiO3

kx (Å-1)

kx (Å-1)kx (Å-1)

k y
 (

Å
-1

)

k y
 (

Å
-1

)
k y

 (
Å

-1
)

1

3
4 2

3

2

1

0

1

2

3

k y
 (

Å
-1

)

3 2 1 0 1 2 3
kx (Å-1)

Simulation

Ref Sim

π

π/2

0

-π/2

|ѱ|

(ii)

1

3
4 2

π

π/2

0

-π/2

|ѱ|

(ii)

1

3
4 2

π

π/2

0

-π/2

|ѱ|

(ii)

1

3
4 2

π

π/2

0

-π/2

|ѱ|

Ph
as

e 
er

ro
r

Ph
as

e 
er

ro
r

Ph
as

e 
er

ro
r

Ph
as

e 
er

ro
r

Figure 1: A comparison of reconstructions of the potential for a t = 108 Å thick SrTiO3 [001] for an α = 24 mrad probe-forming aperture semiangle (standard
illumination) focussed at (a) the middle of the specimen (∆ f = −t/2) and (b) the specimen surface and an α = 60 mrad probe-forming aperture semiangle (large
angle illumination) focussed at (c) the middle of the specimen (∆ f = −t/2) and (d) the specimen surface. A 300 kV accelerating voltage is assumed throughout.
For each, subfigure (i) compares the real-space probe in free space (no channeling; left) and for propagation through the SrTiO3 crystal (channeling; right), with
intensity and phase of the electron wave function ψ given with reference to the colorwheel to the right of the figure (in which, to enhance low intensity regions, the
intensity scale is non-linear). Subfigure (ii) shows the STEM images recorded by a set of quadrant detectors that span the angular range α/2 < β < α. Subfigure (iii)
shows a reconstruction of the potential, both in Fourier space (scatter plot) and real space (inset images). Simulated STEM images are overlayed on the experimental
STEM images in (a)(ii) and (b)(ii) as indicated by the red squares. The real space reconstructions from simulated (Sim), experimental (Exp), and reference (Ref)
potentials are inset. The reconstructions (a)(iii) and (b)(iii) are of similar quality. Whereas the reconstruction gets worse overall with larger angle illumination in the
∆ f = −t/2 case, (c)(iii), it improves significantly with larger angle illumination in the ∆ f = 0 case, (d)(iii).
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Assuming the quantity Φ(r) to be purely real (i.e. ignoring in-
elastic scattering) then Φ̂∗(k) = Φ̂(−k) and we rewrite Eq. (9)
as

I j(R) =
∑

k

|ψ̂illum(k)|2D j(k) + i
∑

k

e2πik·RL̂ j(k)Φ̂(k) , (10)

where the constrast transfer function L̂ is defined by

L̂ j(k) = χ̂ j(k) + χ̂∗j(−k) . (11)

A solution for Φ̂(k) in Eq. (10) is [23, 24]

Φ̂(k) =

∑
j L̂ j(k)FR→k

{
I j(R) −

∑
k′ |ψ̂illum(k′)|2D j(k′)

}
∑

j |L̂ j(k)|2 + a
, (12)

where a is a constant for regularization. For the present, pre-
dominently simulation-based analysis, it suffices to set a to ma-
chine precision.

Figure 1 shows some reconstructions using Eq. (12) for ex-
perimental and simulated data. Reconstructions of the potential
for the SrTiO3 crystal are shown for a 300 keV focused elec-
tron probe with 24 mrad aperture (standard illumination) fo-
cussed at the mid-plane of the specimen (∆ f = −t/2 = −54
Å) in Fig. 1(a) and the specimen surface (∆ f = 0) in Fig. 1(b),
and with 60 mrad probe forming aperture (large angle illumi-
nation) focussed at the middle of the specimen (∆ f = −t/2) in
Fig. 1(c) and the specimen surface (∆ f = 0) in Fig. 1(d). For
each, subfigure (i) compares the real-space probe in freespace
(no channeling) and for propagation through the SrTiO3 crystal
(channeling). Comparing subfigure (i) for the 24 mrad case to
that for the 60 mrad case it is seen that the low-angle compo-
nents of the probe are significantly altered through interaction
with the specimen in both cases, but for the 60 mrad case high-
angle components of the probe are minimally affected by inter-
action with the crystal. It is these high-angle components that
we demonstrate better meet the weak-phase approximation and
can be used for more accurate specimen reconstruction.

Subfigure (ii) shows the STEM images for the SrTiO3 sam-
ple recorded by a set of quadrant detectors that span the angular
range α/2 < β < α that are input to the reconstruction. Subfig-
ure (iii) shows a reconstruction of the potential from the STEM
images in (ii) using Eq. (12). The scatterplot compares the re-
constructed and reference potential in reciprocal space. Each
coloured disk is a Fourier coefficient of the reconstructed po-
tential and the difference in phase between the reconstructed
and reference potential is represented by colour. The radius of
a given coloured disk is proportional to the amplitude of that
Fourier coefficient. The radius of the black circle is propor-
tional to the amplitude of that Fourier coefficient of the refer-
ence potential. A faithfully reconstructed Fourier coefficient
will be red (meaning the reconstructed and reference Fourier
coefficients have equal phase) and the coloured disk and black
circle will have the same radius (meaning the reconstructed and
reference Fourier coefficients have equal amplitude).

The experimental data in subfigure (iii) of Figs. 1(a) and (b)
were used in a previous publication that investigated the effects
of specimen alignment on bright-field STEM imaging where,

by comparing simulated and experimental STEM images, the
specimen thickness was determined to be approximately 108
Å [28]. This is well outside what is traditionally considered
to be a valid regime for weak phase object based reconstruc-
tion of the potential. However, even with a 24 mrad probe, a
reasonable reconstruction of the low order Fourier coefficients
of the potential is possible for the probe focused at both the
middle of the sample, Fig. 1(a)(iii), and surface of the sample,
Fig. 1(b)(iii). For a 24 mrad probe forming aperture the choice
of focal condition makes little difference to the final reconstruc-
tion, for reasons that will be explained in Sec. 5. The quality
of the reconstruction is seen to deteriorate overall with a large
angle probe forming aperture and with the probe focused mid-
specimen, Fig. 1(c)(iii), though some of the Fourier coefficients
(the innermost and some high-order coefficients) are seen to im-
prove somewhat relative to Fig. 1(b)(iii). The reasons for the
general deterioration in the case of Fig. 1(c) will be explored in
detail in Sec. 5. However, a change in focal condition to the en-
trance surface, Fig. 1(d)(iii), allows faithful reconstruction of all
except the innermost Fourier coefficients. This result demon-
strates that quantitative reconstruction of specimen potential for
thick samples that are strongly scattering will become possible
with the latest generation of aberration correctors, opening up
possibilities for exploring bonding in samples that cannot fea-
sibly be made extremely thin. In the following section we shall
explore the size of the parameter space over which this holds.

3. Improvements in specimen potential reconstruction with
large probe forming apertures

To explore in more depth and over a larger range of the pa-
rameter space the idea that large probe forming apertures can
lead to better quality reconstructions, we use the `2 metric to
judge the quality of reconstructions,

`2 =

√∑
k |V̂(k) − V̂recon(k)|2∑

k |V̂(k)|2
, (13)

where V̂(k) are the Fourier coefficients of the potential used as
input to the multislice and V̂recon(k) are the Fourier coefficients
of the reconstructed potential.

The `2 metrics for reconstructions for the SrTiO3 crystal us-
ing a variety of aperture sizes, sample thicknesses, and numbers
of detector rings are plotted in Fig. 2(a). The first row of `2 fig-
ures shows reconstructions using the projection approximation
[Eq. (8)]. High quality reconstructions, i.e. low `2 values, are
only achieved for t ≤ 46 Å, consistent with previous investi-
gations [16, 17]. Improvements in the `2 metric are found for
apertures 36 mrad and larger in the reconstruction for the mid-
dle focus case if the full multiple plane PCTF and three or more
detector rings are used. If only the outer two detector rings are
used then the reconstruction tends to be worse, as evidenced by
the larger `2 values for many of the reconstructions using only
one or two rings, particularly for thicker samples (> 70 Å) and
larger probe forming apertures. We will explore the reasons for
this in later sections. Consistent improvements using the mul-
tiple plane PCTF approach are found for probe apertures ≥ 36
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Figure 2: (a) The `2 metric for reconstruction quality is plotted as a function of thicknesses t and probe forming aperture α for different numbers of detector rings
in the reconstruction (different columns) and different focal conditions and reconstruction approximations (different rows). The angular extent of the detector rings
is given by (i − 1)α/4 < βi < iα/4, where i indexes each ring. (b) Fourier space comparisons of reconstructions taken from specific cases from (a), all with α = 60
mrad and thickness t = 93 Å, using STEM images recorded by segments in the outermost detector ring (45 < β < 60 mrad) for reconstruction. The projection
approximation [Eq. (8)] is used in (i) and the multiple plane PCTF [Eq. (7)] reconstruction in (ii) both with STEM images recorded at middle defocus ∆ f = −t/2.
(iii) is the same as (ii) except that the probe is focused on the entrance surface of the specimen. The colour scale for the phase difference between the reconstructed
and simulated reference Fourier coefficients in (b) is shown at the bottom of the figure. The real space reconstructions and reference potentials (Ref) are inset.
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Figure 3: A comparison of multiple plane PCTF and multislice STEM image simulations for a SrTiO3 structure with a 300 kV accelerating voltage. The normalised
`2 metric defined in Eq. (13), but comparing the PCTF STEM image simulations ÎPCT F (k) and the multislice STEM image simulations ÎMS (k), is plotted as a
function of probe forming aperture α and specimen thickness t for a quadrant detector within each ring for (a) focus in the middle of the specimen and (b) focus
at the surface of the specimen. Each column represents a different quadrant detector, where ring i spans the angular range (i − 1)α/4 < βi < iα/4, indicated by a
diagram beneath each column title. (c) Fourier space comparisons of the (MS) and multiple plane PCTF simulations for particular cases in (b).

mrad with probe focus at the entrance surface and only using
the outer detector rings in the reconstruction.

To examine some of these trends in more detail, specific com-
parisons of expected specimen potential and reconstructed po-
tential are shown in Fig. 2(b). The reconstruction outlined in
green, Fig. 2(b)(i), is for a thickness t = 94 Å, a probe form-
ing aperture of 60 mrad, using only the outer-most detector ring
and the projected PCTF approach. As this approximation does
not incorporate the effects of probe broadening within the sam-
ple, the reconstruction is of poor quality. Counter-intuitively,
the reconstruction is made worse by taking into account the fi-
nite thickness of the sample in the reconstruction outlined in
red, Fig. 2(b)(ii), though intriguingly the low order Fourier co-
efficients are reconstructed well. As will be shown in Sec. 5,
this poor quality of reconstruction is a direct result of the PCTF
for these microscope parameters being close to zero in large re-
gions of Fourier space. However, changing the focal condition
to the entrance surface in the multiple plane PCTF approach
achieves a very good reconstruction of the specimen potential,
as shown in the yellow outline, Fig. 2(b)(iii).

In the ensuing sections we explore the reasons behind the

trends outlined in Fig. 2. In particular we note two conditions
for successful weak phase reconstruction in STEM:

1. The weak phase approach [Eq. (10)] must be a good ap-
proximation to the full multiple scattering physics cap-
tured by the multislice algorithm [Eq. (1)].

2. The STEM configuration must efficiently transfer the in-
formation about the specimen potential, i.e. the amplitude
of the PCTF cannot be small for the regions of Fourier
space of interest.

In Sec. 4 we show that the improvement in reconstruction with
larger aperture sizes is related to condition 1. In Sec. 5 we show
that this can unfortunately often come at the cost of worsening
condition 2 and that this is the cause of the poor reconstruc-
tions for the case where the probe is focused in the middle of
the specimen, for example in Fig. 2(b)(ii). However, we also
show that condition 2 is improved if an entrance surface focus
is used, allowing for optimal reconstructions such as that shown
in Fig. 2(b)(iii).
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4. Improvement in weak scattering approximation with
large angle illumination

In the previous section it was shown that a large probe form-
ing aperture could lead to better reconstructions of the specimen
potential from STEM images. In this section we unpack the rea-
sons for this improvement by exploring one of the conditions
for a good quality reconstruction of the electrostatic potential:
that a weak phase model of scattering must be a good approxi-
mation for the chosen experimental STEM geometry and spec-
imen thickness.

In Fig. 3 we compare STEM images simulated by Eq. (1), the
multislice approach that accounts for strong multiple electron
scattering, with Eq. (10), the weak phase (multiple plane PCTF)
approach. Figure 3(a) and (b) plot the `2 metric, Eq. (13), but
comparing the PCTF STEM image simulations ÎPCT F(k) and
the multislice STEM image simulations ÎMS (k), for a range of
aperture sizes, specimen thicknesses and detector rings. Fig-
ure 3(a) assumes a probe focused in the middle of the speci-
men whilst Fig. 3(b) assumes a probe focused on the entrance
surface of the specimen. For both focal conditions, a number
of consistent trends are evident: the PCTF approach is a better
approximation for larger probe forming apertures, thinner spec-
imens and for detector rings at higher angles, all factors which
make multiple scattering of the probe less significant. Specific
cases for a 93 Å thick sample are explored in more detail in
Fig. 3(c) which compares STEM simulations using the multi-
slice (MS) and PCTF approaches, using only a single quadrant
detector in ring 4, for 12 mrad (outlined in green), 36 mrad
(outlined in yellow) and 60 mrad (outlined in red) apertures.
The improvement in agreement with larger probe forming aper-
ture is clear. Also of interest is the way the PCTF approach
often does a better job of estimating lower order Fourier coef-
ficients than higher order coefficients, consistent with the low
order Fourier coefficients often being well estimated in the re-
constructions in Figs. 1 and 2, even in cases where the overall
reconstruction is poor.

Finally, we note that the `2 metric results in Fig. 3(a), the
mid-sample focus ∆ f = −t/2, and Fig. 3(b), the surface focus
case ∆ f = 0, are very similar. Thus some of the poor quality
reconstructions for the mid-plane focus condition in Figs. 1 and
2 cannot be explained by a failure of the weak phase object
approximation. Rather, we will show that they result from the
PCTFs used in these reconstructions.

5. Multiple plane phase contrast transfer functions for
large probe forming apertures

In the last section we established a trend in improvement in
the agreement between the weak phase (PCTF) scattering and
the full multiple scattering (multislice) STEM images with in-
creasing aperture size. However, the reconstructions presented
in Secs. 2 and 3 demonstrate that meeting just this requirement
does not guarantee a good reconstruction of the specimen po-
tential. In this section we investigate the second requirement for
a good reconstruction: that the amplitude of the PCTF L̂(k) be

large for the values of k of interest. Examination of Eq. (10) re-
veals that if the amplitude of L̂(k) is large for a particular value
of k then the STEM images formed using the set-up represented
by that PCTF will be sensitive to that Fourier coefficient in the
potential. This means that a reconstruction for that Fourier co-
efficient is more likely to be successful in the presence of noise
and other experimental artefacts. Conversely, if for a particular
Fourier coefficient the PCTF is very small then reconstruction
may be impossible even on noise-free simulated data.
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Figure 4: The reconstruction from Fig. 2(b) (ii) is overlaid upon a intensity plot
of the corresponding PCTF. Fourier coefficients are poorly reconstructed where
the PCTF is close to zero. The colour scale has been chosen to not conflict with
the Fourier space comparison. The scatter plot for the Fourier coefficients of
the reconstruction has has been removed in the bottom right quadrant to make
features of the PCTF more visible.

To demonstrate this, the reconstruction shown in Fig. 2(b) (ii)
(93 Å thick crystal, 60 mrad probe forming aperture and ∆ f =

−t/2 = −47 Å) is reproduced in Fig. 4 with the PCTF plotted
in the background. The colour scale has been chosen such that
the Fourier space plot of the reconstruction remains visible in
the foreground. It can be seen that well reconstructed Fourier
coefficients generally correspond to the regions of reciprocal
space for which the PCTF is large. Thus the unusual form of
the PCTF for this STEM imaging set up explains the failure
of the reconstruction for many Fourier coefficients. The reason
better reconstructions are generally seen for the probe focused
on the surface in Fig. 3(a) is thus because this configuration
leads to more favourable PCTFs.

Figure 5 shows PCTF intensities for a 60 mrad probe form-
ing aperture and different detector rings and thicknesses. Two
different focal cases are shown: middle focus and surface fo-
cus. The set of PCTFs for a given thickness and focal condition

7



(iv) Ring 4(i) Ring 1 (ii) Ring 2 (iii) Ring 3 (iv) Ring 4

(i) (ii) (iii) (iv)

(i) (ii) (iii) (iv)

(i) (ii) (iii) (iv)

Ring 1 Ring 2 Ring 3

(a) 6 Å
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max/100 max/10

Figure 5: Multiple plane PCTFs for an α = 60 mrad probe forming aperture and different detector quadrants spanning an angular range (i−4)/4α < β < i/4α, where
i is the ring number. Plots (a)-(d) cover a range of thicknesses. For each thickness (i)-(iv) consider different rings for a mid-sample focal condition ∆ f = −t/2, while
(v)-(viii) consider different rings for a a surface focal condition ∆ f = 0. For the middle focus condition, significant regions of the PCTF are close to zero for the
outer rings (especially rings 3 and 4). This situation is improved somewhat by using a surface focus. Arrows on (d) (iv) and (viii) draw attention to this fact.

are plotted on a common scale. The colour scale has been cho-
sen such that black represents values for the PCTF which are
less than 1% of the maximum (for the PCTFs of that thickness
and focal condition) and white represents values greater than
10% of the maximum. This has been done to better show re-
gions where the PCTF is vanishingly small (< 1% of the max-
imum) and that will therefore be problematic for reconstruc-
tions. These regions of the PCTF are particularly prominent
for the outer rings (rings 3 and 4) for the middle focus condi-
tion. These regions are also larger for thicker samples – see in
particular Figs. 5(c) and (d) (iii) and (iv). In Sec. 4 we identi-
fied these rings as being favourable for reconstruction from the
point of view of improving the weak scattering assumptions.
From Fig. 5 it is apparent that choosing these detector rings
comes with the trade-off that the PCTF can be sub-optimal. The
PCTFs for the surface focus condition are better, as can be seen
in the comparison of Figs. 5(d) (iv) and (viii), and this explains
the better reconstructions for the surface focus STEM condition
in Fig. 1(d)(iii).

Finally we note that, though Fig. 5 only shows PCTFs for
the 60 mrad probe forming aperture, more general conclusions
about other probe forming apertures can be drawn. If, with
reference to Eq. (2), we consider the dimensionless quantity
γ = πk2

αλt where kα is the size of the aperture in units of Å−1,
the PCTFs for probe-forming aperture / thickness combinations
that lead to the same value of γ will look identical (interpret-
ing the lateral dimensions in proportion to the aperture size
shown by the red circle). For example, the PCTF for a 60 mrad

probe and sample 5 Å thick (γ = 2.9) is similar to the PCTF
for a 12 mrad probe and sample 200 Å thick. This implies
that pushing toward larger probe forming apertures in the hope
of better reconstructions will eventually be limited by the un-
usual PCTFs that result for apertures & 60 mrad with samples
& 200 Å. This is despite the surface focus condition resulting
in more favourable PCTFs. We can also use this insight to un-
derstand why the reconstructions for a probe forming aperture
of 24 mrad, using a detector spanning α/2 < β < α with an ap-
proximately 100 Å thick sample with middle and surface focus
give similar results in Fig. 1(a) and (b). For these parameters,
γ = 9.9, which means that the relevant PCTFs would be closest
to those in Fig. 5(b). For both cases [middle focus Figs. 5(b)(iii)
and (iv) and surface focus Figs. 5(b)(vii) and (viii)] there are no
regions of reciprocal space where both the ring 3 and 4 PCTFs
are close to zero. Therefore it is the failure of the PCTF ap-
proach to approximate multiple scattering, as shown in Fig. 3 by
the similarly large magnitude of the `2 metrics for both cases,
that explains any inaccuracies of these reconstructions.

6. Challenges for experimental implementation

Previous sections have discussed the benefits and possible
limitations of using large angle probe forming apertures from a
theoretical perspective. In particular, we have shown that using
high-angle components of a large angle probe means that the
assumptions behind a weak-phase type reconstruction are better
met in STEM. In this section we discuss two aspects pertinent
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Figure 6: Reconstructions from simulated segmented detector STEM data (60
mrad probe forming aperture, 300 kV accelerating voltage) with added Poisson
noise assuming (a) 100 electrons/Å2 and (b) 10,000 electrons/Å2. Inset for
reference is a representation of what each of the segmented detector STEM
images, which are each shown masked by their corresponding diffraction plane
detector, would look like.

to an experimental application of large angle STEM: Poisson
counting (shot) noise and residual geometric aberrations of the
probe forming lens.

To investigate the effects of noise on reconstruction, Fig. 6
shows a Fourier-space comparison of the SrTiO3 unit cell po-
tential for a reconstruction from simulated STEM images that
assume an area of 10 × 10 SrTiO3 unit cells. Figure 6(a) as-
sumes an illuminating current density of 100 electrons/Å2 (low
signal, high noise) while Fig. 6(b) assumes an illuminating cur-
rent density of 10,000 electrons/Å2 (moderate signal, moderate
noise). Inset in Fig. 6(a) and (b) is a representation of what
each of the segmented detector STEM images, which are each
shown masked by their corresponding diffraction plane detec-
tor, would look like if the total number of electron counts for
the 10 × 10 SrTiO3 unit cell area were instead focused into a
single SrTiO3 unit cell. That is to say, each of the images of
the SrTiO3 unit cell gives an indication of the quality of the unit
cell averaged image input to the reconstruction procedure.

For the high noise case, Fig. 6(a), there is a significant im-
pact on the quality of the reconstruction: though the lowest or-
der Fourier coefficients are reconstructed fairly well, high-order
Fourier coefficients are reconstructed fairly poorly. This can be
understood by considering Eq. (12) for reconstruction of the
specimen phase with the experimentally measured intensity for
a STEM image given by Iexp(R) = I(R) + ε(R), where I(R)
represents the intensity of the STEM image as a fraction of the

beam current for the zero noise condition (infinite counts) and
ε(R) represents the measurement error due to noise:

Φ̂(k) =

∑
j L̂ j(k)

{
Î j(k) + ε̂(k) − FR→k

[∑
k′ |ψ̂illum(k′)|2D j(k′)

]}
∑

j |L̂ j(k)|2 + a
.

(14)

If we have white (spatially uncorrelated) noise, which is a
reasonable approximation for Poisson noise if the number of
counts is greater than about 10 electrons per probe position for
each STEM image [29], then the expectation value of ε̂(k) is the
same for all k. Thus ε̂(k), and its effects on Φ̂(k), will tend to be
proportionally less for values of k for which Î(k) is large. These
tend to be the smaller values of k, as can be seen, for example,
in Fig. 3(c). For the moderate noise case, Fig. 6(b), the recon-
struction is fairly faithful for Fourier coefficients corresponding
to coordinates with |k| < 2 Å.

Since this technique is aimed at studying thicker, more
strongly scattering objects that tend not to be so sensitive to
electron beam damage, the 10,000 electrons/Å2 case better rep-
resents the signal to noise that we would expect from a typical
experiment. Thus for typical experimental conditions noise will
not be a great impediment to a quality reconstruction.

A more serious barrier to experimental implementation of
large-angle STEM reconstruction is the minimization of resid-
ual geometric aberrations in our probe, which becomes increas-
ingly challenging for large probe forming apertures. The seg-
mented detector images for an example experimental dataset
with probe forming aperture of 40 mrad, defocus at the exit
surface of the SrTiO3 sample (∆ f = −80 Å) and an accelerat-
ing voltage of 300 kV recorded on a ARM300CF (JEOL, Ltd.)
with a delta-type corrector installed at the University of Tokyo
is shown in Fig. 7 alongside a multislice calculation with 300 Å
of three lobe aberration (C43). Simulation lets us explore the ef-
fects of residual high-order aberrations on reconstruction of the
SrTiO3 potential, which is shown in Fig. 7(c) for reconstruction
using the outer two rings of the segmented detector (which span
the angles 20 mrad < β < 40 mrad). The agreement between
experiment and simulation in Fig. 7 is qualitative at best, sug-
gesting that there are other aberrations affecting our reconstruc-
tion aside from three lobe aberration. Though the reconstructed
amplitudes of the Fourier coefficients for both experiment and
simulation in Fig. 7(c) tend to be approximately correct, the
reconstructed phase of these coefficients tends to be incorrect,
leading to reconstructions in real space that look unusual. Fu-
ture work will focus on improving instrumentation so that the
state of aberration correction is more stable, and on methods to
measure and correct high-order aberrations in real time. Cor-
rection of aberrations in post-processing of phase reconstructed
images has been demonstrated on experimental data recorded
in pixelated detector systems [30], so another approach for fu-
ture work would be to attempt a similar scheme on segmented
detector data or combine large angle probe forming apertures
with pixelated detector systems.
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Figure 7: (a) Experimental and (b) simulated segmented detector STEM data
for an α = 40 mrad probe forming aperture, 300 kV accelerating voltage and
approximately 80 Å thick SrTiO3 sample, in a representation where each are
shown masked by their corresponding diffraction plane detector. Three lobe
aberration of C43 = 300 Å was included in the simulation in (b) in an attempt
to emulate features of the experimental data in (a). (c) Reconstructions of both
experimental and simulated datasets, with real space maps inset, reveal the dele-
terious effects of aberrations on reconstructions of the potential.

7. Conclusion

Advanced detector systems in STEM microscopes, such
as segmented bright-field and fast-readout pixelated detectors,
have opened up exciting possibilities for studying the elec-
trostatic potential within samples. However, particularly for
atomic resolution studies, multiple electron scattering becomes
significant for specimens only tens of Ångstroms thick and
most reconstruction algorithms do not take into account mul-
tiple scattering. We have shown that large angle illumination
coupled with a form of contrast transfer function that better
accounts for depth-wise probe propagation can allow quanti-
tative reconstruction for thicker samples, approaching 200 Å.
This results from multiple scattering effects being somewhat di-
minished if a much larger probe forming aperture, greater than
about 50 mrad, is used. For optimum reconstructions, a probe
focussed on the surface of the sample is recommended.

Residual lens aberrations turn out to be the most signifi-
cant barrier to experimental implementation of this technique.

Though the delta-type corrector can correct up to 6th order
astigmatism [19], even very minor instabilities of the lens el-
ements lead to small aberrations that have a significant effect
on the probe for large probe forming apertures.
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