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ABSTRACT In this paper, an innovative technique to design a finite-time extended state observer (FT-ESO)
for a class of nonlinear systems is proposed. This FT-ESO aims to estimate the full state of a nonlinear
system as well as the uncertainties and/or disturbances in a finite time. First, the nonlinear model of the
system is transformed into the normal form using a diffeomorphism map. Then, as the main innovation
of this paper, the nonlinear system is transformed into a new time-varying form to achieve the finite-time
boundedness criteria of the estimation error variables using the asymptotic stability methods. Next, without
any prior knowledge about the upper bounds of the uncertainties and/or disturbances, and only based on
the output measurements, the FT-ESO is designed. In this approach, the time-varying gains of the extended
state observer are designed to converge the observation error to a neighborhood of zero while remaining
uniformly bounded in finite-time. Finally, the efficiency of the proposed FT-ESO for classes of uncertain
nonlinear systems with unknown measurement noise is illustrated by numerical simulations.

INDEX TERMS Extended state observer, finite-time observer, stability analysis, change of coordinates.

I. INTRODUCTION
A nonlinear system with uncertain dynamics and distur-
bances is the most general case in control theory, with
numerous applications such as complex systems [1], mem-
ristors [2], [3], and mechanical systems [4]–[6]. In many
applications, estimating the state variables in the presence
of uncertainties and disturbances is essential. The observer
design is one of the fundamental problems in the control
of nonlinear systems [7], [8]. A common approach is to
place sensors at the output of the system and to design an
observer algorithm to process the incomplete information
gathered by sensors and to construct a reliable estimation
of all state variables [9]. The extended state observer (ESO)
has been proposed for simultaneous estimation of unmea-
sured states, the uncertainty, and disturbances. Recently,
ESOs have been successfully applied to many real-life
systems [10].

While the finite-time convergence is desirable in practice,
a part of the existing approaches in observers leads to an
asymptotic or exponential behavior of the estimation error,
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implying the convergence of the estimation error to zero over
an infinite horizon [11].

The problem of finite-time ESO (FT-ESO) has been exten-
sively studied. However, FT-ESO with simple structures
is relatively scarce. Generally, various approaches in the
design of finite-time observers have been presented [12]–
[22]. For instance, high-gain observers using homogeneity
concepts were investigated in [12]–[16]. [12]–[14] attempted
to account for the convergence of a global high-gain state
observer, but their solutions failed in the presence of uncer-
tainties. This limitation was resolved in [4], [15], and [16].
In [15], finite-time convergence was achieved only under the
assumption of homogeneity of perturbations. In [4] and [16],
the finite-time observer was designed under known state
variables. Except [21]–[24], further development is required
in the design of the FT-ESO. In [21] and [22] a homogeneous
technique is used to design with finite-time observers. Based
on the idea of [21], the FT-ESOs proposed in [23]–[25]
with complex structures guarantee uniform convergence of
errors in finite-time. Therefore, the development of an easy
to deploy FT-ESO is still an open challenge.

Motivated by the above discussion, in this paper a simple
and straightforward alternative approach to design finite-
time observers is proposed. First, the nonlinear dynamical
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system is transformed into the normal form using a diffeo-
morphism map. Then, the transformed model of the system
is transformed again into an innovative time-varying form
to make the finite-time boundedness criteria possible using
asymptotic stability methods. The time-varying gains of the
extended state observer are designed to make the observation
error converge to a neighborhood of zero while remaining
uniformly bounded in finite-time. Although [24], [27], and
[28] have used time-varying gains, their solutions come with
structural limitations and complicated design procedures. For
instance, the proposed observer in [24] is applicable only to
systems with an exponential convergence response. Besides,
the proposed observer in [27] is applicable only to systems
with a valid response in a finite time interval. However,
in many applications, it is important to have a valid response
for an extended period. Also, the observer introduced in
[28] is applicable only to systems with no internal dynam-
ics; while, these dynamics should be explicitly considered
in the proof; since they act as uncertainties. In this paper,
an alternative FT-ESO will be presented, to ensure the robust
finite-time ultimate boundedness of the estimation errors.
In this approach, without neither any knowledge about the
upper bounds of the uncertainties and/or disturbance nor its
derivative and only based on the output, the novel FT-ESO is
designed to estimate the full state of the nonlinear system as
well as the uncertainties and/or disturbance in a finite time.
This makes our solution suitable in many real-life scenarios.
Simulation results are presented for three of the most fun-
damental systems in control theory with disturbance, uncer-
tainty, internal dynamic, and unknown measurement noise.
The efficiency of the proposed method is presented compared
to the existing approaches.

Compared to the previous research in this field, the contri-
butions of this work are as follows:

1) A novel time-varying conversion is introduced to
design an observer straightforwardly with finite-time
boundedness applying to systems with a valid response
in infinite time intervals.

2) Without any prior knowledge about the upper bound
of uncertainties and/or disturbances, and only based
on the output measurement, a novel continuous and
free of chattering finite-time extended state observer is
designed to estimate the full state of the nonlinear sys-
tem as well as the uncertainties and/or disturbances in
a straightforward manner, and with a weak dependency
on the initial conditions.

The remainder of this paper is organized as follows.
In Section II, the class of uncertain nonlinear systems is intro-
duced and relevant definitions are presented. In Section III,
the FT-ESO design is presented. A novel change of coor-
dinates is proposed to characterize the finite-time stability
of the estimation error dynamics. Based on the main the-
orem of this section, the time-varying gains are designed.
In Section IV, simulation results demonstrate the implemen-
tation of the designed FT-ESO on three uncertain nonlinear
systems. Finally, the paper is concluded in Section V.

II. PROBLEM STATEMENT
Consider the following uncertain nonlinear system [26]:

ẋ = f (t, x)+ g (t, x) [u+ d (t, x)]

y = h (t, x) (1)

where x ∈ D ⊂ Rn, u ∈ R and y ∈ R are the
state vector, the input, and the output signals, respectively.
Based on [26], d (t, x) is a bounded disturbance, f (t, x) =
fn (t, x)+1f (t, x) and g (t, x) = gn (t, x)+1g (t, x) are the
uncertain terms corresponding to the unmodeled dynamics
of the system and the input coefficients, respectively [26].
fn (t, x) , gn (t, x) and h (t, x) are known smooth functions.

In this section, first, the nonlinear dynamical system (1)
is transformed into the normal form using a diffeomorphism
map [26]. Consider that system (1) has a relative degree of
ρ and for every x0εD ⊂ R, a neighborhood � of x0 and
functions φi (t, x) for i = 1, . . . , n−ρ exist, such that themap

T (x) =



φ1 (t, x)
...

φn−ρ (t, x)

h (t, x)
Lfn(t,x)h (t, x)

...

Lρ−1fn(t,x)
h (t, x)


= [φ (t, x|9(t, x))]T : �→ Rn

(2)

is diffeomorphism on � [26], based on the Lie deriva-
tive of h (t, x) with respect to fn(t, x). If such φi (t, x) for
i = 1, . . . , n − ρ exist, according to [26], 1g (x) =
gn (t, x)12 (t, x) belongs to the null space of ∂φ

∂x . Thus,

the transformation
[
η
... ξ

]T
= T (x) satisfies the following

conditions [26]:

∂T
∂x

fn (t, x) = AT (x)− Bγ (t, x) α (t, x)

∂T
∂x

gn (t, x) = Bγ (t, x) (3)

where A =
[
0 Iρ−1×ρ−1
0 0n−ρ+1

]
∈ Rn×n,B =

[
0 . . . 0 1

]T
∈

Rn, γ (t, x) = LgnL
ρ−1
fn h (t, x) 6= 0 and α (t, x) =

−Lρfnh(t,x)

LgnL
ρ−1
fn

h(t,x)
. Therefore, based on T (x), the transformed

version of (1) can be rewritten as

η̇ = f0 (η, ξ)

ξ̇1 = ξ2

ξ̇2 = ξ3
...

ξ̇ρ−1 = ξρ

ξ̇ρ = −γ (x) α (x)+ γ (x) [u+ δ (t, x, u)] (4)
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where the internal dynamics η̇ = f0 (η, ξ) and the new
uncertain term δ (t, x, u) are defined as:

f0 (η, ξ) =
∂φ

∂x
[fn (t, x)+1f (t, x)]

δ (t, x, u) = 11 (x)+12 (x) [u+ d (t, x)]+ d (t, x) (5)

Based on [26], the smooth uncertainty 1f (t, x) satisfies
∂T
∂x1f (t, x) = Bγ (t, x)11 (x).
Assumption 1: The state variables η (internal dynamics)

as well as the state variables ξ and the input variable u
appear in the ξ− subsystem of (4). The variables η are
assumed to be measurable in the existing observers [28].
In this paper, the internal dynamics variables are considered
as unknown perturbations in the dynamics of the ξ− sub-
system. Thus, we restrict our analysis to the case that the
internal dynamics of the system is input-to-state stable (ISS)
[26], and ξ is considered as an input. Based on [26], it is
supposed that there is a Lyapunov function V (η) satisfying,
∂V (η)
∂η

∂φ
∂x [fn (t, x)+1f (t, x)] ≤ −W (η) for some positive

definite functions W (η). Therefore, in this paper, we focus
on analyzing the boundedness of ξ .

For simplicity and without loss of generality, let us define
γ̄ (x) = γ (x)− 1, thus,

ξ̇ρ = −(1+ γ̄ (x))α (x)+ (1+ γ̄ (x)) [u+ δ (t, x, u)]

= − (1+ γ̄ (x)) α (x)+ u

+ [δ (t, x, u)+ γ̄ (x) (u+ δ (t, x, u))]

= u+1eq (6)

where 1eq = −(1 + γ̄ (x))α(x) + [δ(t, x, u) + γ̄ (x)(u +
δ(t, x, u))] is the generalized disturbance (summation of
uncertainties and disturbance effects). To design the ESO,
an auxiliary variable is introduced as ξρ+1 = 1eq.
Thus,

ξ̇1 = ξ2

ξ̇2 = ξ3

...

ξ̇ρ = ξρ+1 + u

ξ̇ρ+1 = 1̇eq = S (7)

where S is an unknown variable satisfyingAssumption 2 [21].
Assumption 2: Assume that S satisfies |S| ≤ σ where

σ is a non-negative constant. The constant σ is an upper
bound for the amplitude of S. Note that the parameter σ
is not required to be known explicitly and S should just be
bounded.

III. FINITE-TIME EXTENDED STATE OBSERVER (FT-ESO)
DESIGN
In this section, the proposed FT-ESO will be presented to
estimate the state variable of the nonlinear system (4) as
well as the auxiliary variable ξρ+1. The proposed observer
is described as:

˙̂
ξ1 = ξ̂2 + g1

(
t, T́

)
× (ξ1 − ξ̂1)

˙̂
ξ2 = ξ̂3 + g2

(
t, T́

)
× (ξ1 − ξ̂1)

...
˙̂
ξρ = ξ̂ρ+1 + u+ gρ

(
t, T́

)
× (ξ1 − ξ̂1)

˙̂
ξρ+1 = gρ+1

(
t, T́

)
× (ξ1 − ξ̂1) (8)

where the time-varying gains
{
gi
(
t, T́

)}ρ+1
i=1

depend on the

constant design parameter T́ . This parameter will be designed
later to achieve the finite-time convergence.

Defining the observation error vector as e = ξ − ξ̂ , we
obtain the following error dynamics:

ė1 = e2 − g1
(
t, T́

)
× e1

ė2 = e3 − g2
(
t, T́

)
× e1

...

ėρ = eρ+1 − gρ
(
t, T́

)
× e1

ėρ+1 = S − gρ+1
(
t, T́

)
× e1 (9)

For convenience, the error dynamics (9) will be written in the
following compact form:

ėi = ei+1 − gi
(
t, T́

)
× e1

ėρ+1 = S − gρ+1
(
t, T́

)
× e1 (10)

where i = 1, . . . , ρ. To investigate the finite-time stabil-
ity of (10), the time-varying gains are designed such that
the observation errors ei approach to a small neighborhood
around zero as t tends to a finite time, i.e. error dynamics
(10) will be finite-time bounded, as defined in Definition 1.
This criterion can be found and met based on Definitions 1,
2, and Remark 1.
Definition 1 [29]: For a given positive definite matrix

function X , positive definite matrix X0, 0 ≤ a ≤ b where
a, b are positive constant and upper bound of disturbance d,
respectively; if xTXx < b, t ∈ [0,T ] whenever xT0 X0x0 ≤ a
and ‖d‖ ≤ σ > 0 then, for finite time T > 0, the system
ẋ = f (t, x, d) is said to be finite-time bounded with respect
to (a, b, σ,T ,X ,X0).
Definition 2 [30]: The system ẋ = f (t, x, d) is said to be

finite-time input-to-state stable (FT-ISS) with respect to d in
finite time T , if there exist a class KL function β and a class
K function γ , such that for the finite interval T ,

‖x‖ ≤ β (‖x0‖ , ϑ)+ γ (‖d‖) (11)

where ϑ is a time-varying function tending to infinity as t →
t0 + T . Note that in the absence of the disturbance d (t), an
FT-ISS system is finite-time stable (FTS) in time T .
It is worth noting that, a system is finite-time bounded

if, given a bound on the initial state and bounded constant
disturbances, the state remains within the prescribed bound in
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the fixed time interval. More detailed discussions about this
concept can be found in [27]–[30].
Remark 1: Consider the change of coordinates y → x as

x = ℵy, whereℵ is a positive decreasing function, converging
asymptotically to a neighborhood around zero and remain-
ing uniformly small after the fixed time t0 + T [27]. Then
according to x = ℵy, if the variable y remains finite (does not
tend to infinity), then the boundedness of x as t → t0 + T is
guaranteed.

With this background, Theorem 1 is presented in which
with neither any knowledge about the upper bounds of the
generalized disturbance 1eq nor its derivative, the observa-
tion errors will remain uniformly bounded in a finite time.
Theorem 1: For the dynamical system (4), consider the

observer (8), which yields the error dynamics (9). The obser-
vation error variables approach to a small neighborhood
around zero as t tends to a finite time T if the observer gains{
gi
(
t, T́

)}
are designed as follows:

gi = Li + ḡi,1
ρ + m+ i

2T́
(1− µ−11 )µi−11 − ḡi+1,1µ

i
1

−

i−1∑
j=1

ḡi,jµ
i−j
1 gj, for i = 1, . . . , ρ (12)

and

gρ+1 = Lρ+1 + ḡρ+1,1
2ρ + m+ 1

2T́

(
1− µ−11

)
µ
ρ
1

−

ρ∑
j=1

ḡρ+1,jµ
ρ−j+1
1 gj (13)

where,
{
ḡi,j
}
for i = 2, . . . , ρ and j = 2, . . . , ρ + 1 are given

as follows:

ḡi,j−1 = ḡi,j
ρ + m+ 1

2T́

(
1+ µ−11

)
µ−11

+ ḡi,j
i− j

2T́

(
1− µ−11

)
µ−11 + ḡi+1,j (14)

also for i = ρ + 1 one has,

ḡρ+1,j−1 = ḡρ+1,j
ρ + m+ 1

2T́

(
1+ µ−11

)
µ−11

+ ḡρ+1,j
ρ − j+ 1

2T́

(
1− µ−11

)
µ−11 (15)

where
{
ḡi,i
}
= 1 and for i < j one has

{
ḡi,j
}
= 0.

Also, the scalar coefficients {Li} for i = 1, . . . , ρ are con-
stants to be selected such that the (ρ + 1)× (ρ + 1) matrix

3 =

 −L1 Iρ
...

−Lρ+1 0

 is Hurwitz. Then, there exists a positive

constant ε > 1, such that the error dynamic (9) is FT-ISS;
and,

‖e‖ ≤ vm+1 Sup
t
‖0 (v)‖

[
εe3t ‖G (1)‖ ‖e (0)‖

+

t∫
0

e3(t−τ)µ |S| dτ

 (16)

where µ1

(
t, T́

)
, µ
(
t, T́

)
and v

(
t, T́

)
(shown as µ1, µ and

v, respectively for simplicity) are defined as µ1 =
1+e

−t
T́

2e
−t
T́

,

µ = µ
ρ+m+1
1 and v = µ−11 which are the time-varying func-

tions. Moreover, m is a design integer parameter and G (µ1)

is a lower triangular (ρ + 1)× (ρ + 1) matrix in the form of
(17), as shown at the bottom of the page. The element i, j is
given as ḡi,jµ

ρ+i−j
1 , where

{
ḡi,i
}
= 1 and

{
ḡi,j
}
= 0 for i < j.

Also, 0 (v) is defined as G (µ1)
−1, where G (µ1) 0 (v) = I

and I is the identity matrix.
Proof:

We begin this proof with the transformation ei → ωi
defined as

ωi = µ
(
t, T́

)
ei (18)

where i = 1, . . . , ρ + 1. Let us calculate the derivative of ωi
along with the error dynamic (9); one has

ω̇i =
µ̇

µ
ωi + ωi+1 − giω1, i = 1, . . . , ρ

ω̇ρ+1 =
µ̇

µ
ωρ+1 − gρ+1ω1 + µS (19)

Besides, the transformation ωi→ zi is defined as

zi =
i∑

j=1

ḡi,jµ
i−j
1 ωj (20)

Therefore,

żi =
i∑

j=1

ḡi,jµ
i−j
1 ω̇j +

i∑
j=1

ḡi,j (i− j) µ
i−j−1
1 µ̇1ωj (21)

After lengthy, but straightforward calculations, it can be
shown that

żi =
[
ḡi,1

(
ρ + m+ 1

2T́

)(
1− µ−11

)
µi−11

G (µ1) =


µ
ρ
1

ḡ2,1µ
ρ+1
1

ḡ3,1µ
ρ+2
1
...

ḡρ+1,1µ
2ρ
1

0
µ
ρ
1

ḡ3,2µ
ρ+1
1
...

ḡρ+1,2µ
2ρ−1
1

0
0
. . .

...

. . .

· · ·

· · ·

0
. . .

ḡρ+1,ρµ
ρ+1
1

0
...
...

0
µ
ρ
1

 (17)
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+ ḡi,1

(
i− 1

2T́

)(
1− µ−11

)
µi−11 − gi − ḡi+1,1µ

i
1

−

i−1∑
j=1

ḡi,jµ
i−j
1 gj

 z1 + zi+1 + i∑
j=2

[
−ḡi,j

(
ρ + m+ 1

2T́

)
×

(
1+ µ−11

)
− ḡi+1,jµ1 + ḡi,j−1µ1

+ ḡi,j

(
i− j

2T́

)(
1− µ−11

)]
µ
i−j
1 ωj (22)

where i = 1, . . . , ρ, and

żρ+1 =
[
ḡρ+1,1

(
ρ + m+ 1

2T́

)(
1− µ−11

)
µ
ρ
1

+ ḡρ+1,1

(
ρ

2T́

)(
1− µ−11

)
µ
ρ
1 − gρ+1

−

ρ∑
j=1

ḡρ+1,jµ
ρ−j+1
1 gj

 z1
+

ρ+1∑
j=2

[
−ḡρ+1,j

(
ρ + m+ 1

2T́

)(
1+ µ−11

)
+ ḡρ+1,j−1µ1 + ḡρ+1,j

(
ρ − j+ 1

2T́

)(
1− µ−11

)]
×µ

ρ−j+1
1 ωj + µS (23)

Then, by selecting the gains
{
gi
(
t, T́

)}ρ+1
i=1

according to (12)

and (13), and the parameters
{
ḡi,j
}
according to (14) and (15),

we obtain

żi = −Liz1 + zi+1
żρ+1 = −Lρ+1z1 + µS (24)

Then for convenience, we rewrite (24) in the following
compact form:

ż = 3z+ BµS (25)

By selecting the constants {Li} to make the matrix3Hurwitz,
there exists a positive constant ε > 1, such that,

‖z‖ ≤ ε
∥∥e3t∥∥ ‖z (0)‖ + t∫

0

e3(t−τ)µ |S| dτ (26)

Also, combining the transformations (18) and (20) leads to

z = µm+11 G (µ1) e (27)

whereG (µ1) is defined in (17). The inverse expression of the
transformation (27) is:

e = vm+10 (v) z (28)

According to the transformation (28), we obtain:

‖e‖ ≤ vm+1 Sup
t
‖0 (v)‖ ‖z‖ (29)

Based on the transformation (27), one has:
‖z(0)‖ ≤ ‖G (1)‖ ‖e (0)‖ (30)

where G (1) is the matrix G (µ1) in the time t = 0. Then,
by substituting (30) into (26) and subsequently substituting
this result into (29), one has

‖e‖ ≤ vm+1 Sup
t
‖0 (v)‖

[
εe3t ‖G (1)‖ ‖e (0)‖

+

t∫
0

e3(t−τ)µ |S| dτ

 (31)

As a result, since G (µ1) is a positive definite matrix for any

t ≥ 0, the greatest lower bound of G (µ1) (i.e. inf
t
|G (µ1)|)

exists, and consequently Sup
t
|0 (v)| is bounded; therefore

the right-hand side of inequality (31) (except vm+1) remains
bounded. Finally, according to Remark 1, since vm+1 is a
positive finite-time decreasing function, then clearly e tends
to the neighborhood of zero and remains uniformly bounded
in a finite time. Therefore, according to Definitions 1 and 2,
the finite-time boundedness of the error variables e and/or
FT-ISS of the error dynamics (10) are achieved. �
It is worth noting that, despite achieving the finite-time

boundedness of the estimation error e, based on term vm+1

in (31), the asymptotical stability of e is guaranteed. Based
on Theorem 1, the Hurwitz matrix 3 ensures the stability of
the designed observer. The following Remark is derived as a
sufficient condition guaranteeing its stability in a simple way.
Remark 2: According to [1], if the eigenvalues of 3 are

placed on the left side of −ρ+m+1
T́

, the right-hand side of the
inequality (31) will remain bounded.
Remark 3: For future works, according to Remark 1,

if function ℵ exactly tends to zero as t → t0 + T , the state
variable x will converge to zero as t → t0+T . Thus, accord-
ing to Theorem 1, if the time-varying function v is selected as
1
2 sign

(T−t
T

) (
1+ sign

(T−t
T

))
, (T is the convergence time),

the error vector e in (31) tends to zero as t → t0 + T .
The proposed FT-ESO (8) is theoretically easy to design

and implement. For the nonlinear system (4), its construc-
tion relies only on the selection of the time-varying gains
{Li}

ρ+1
i=1 to make the matrix 3 Hurwitz for all times. They

are functions of µ
(
t, T́

)
, and independent of choosing the

design parameter T́ . Although the estimation errors remain
finite, since the time-varying gains {Li}

ρ+1
i=1 go to large values,

in practice, the proposed FT-ESO (8) will exhibit numerical
precision limitations as time tends t → t0 + T . On the other
hand, althoughµ

(
t, T́

)
tends to infinity as t = ∞, t = ∞ (as

exactly) will not occur in practical applications. Indeed, as the
variable t becomes larger and larger, the variable µ

(
t, T́

)
asymptotically becomes larger and larger. Finally, based on
the algebraic equations of the time-varying gains {Li}

ρ+1
i=1 ,

their values are reasonably large, but not infinity. Therefore,
the proposed FT-ESO (8) is useful and practical as it is free

VOLUME 8, 2020 228293



H. Razmjooei et al.: Novel Continuous FT-ESO Design for a Class of Uncertain Nonlinear Systems

FIGURE 1. Time evolutions of state estimation of the proposed FT-ESO with d (t) = 0 and initial conditions as x1
(
0
)
= 0, x2

(
0
)
= 1 (comparative results).

of any singularity and chattering problems, with only a weak
dependency on the initial conditions.

IV. SIMULATION RESULTS
In this section, through simulations in the Simulink Mat-
lab software, three examples are provided to illustrate the
effectiveness of the proposed FT-ESO compared to prominent
existing approaches such as the homogeneous observer [21],
the higher-order exact differentiators [25], the prescribed-
time observer [27], and the modulating function-based
observer [28], and an exponential observer [24] which has
obtained better performance compared to other published
methods with exponential stability property.
Example 1: Consider the following double integrator sys-

tem, as one of the most fundamental systems in control theory
with many applications in practice [21] where only the first
state variable is measured as the output:

ẋ1 = x2
ẋ2 = u+ d (t)

y = x1 (32)

The relative degree of this system is ρ = 2, and it is in
standard normal form. Also, based on (7), x3 = d(t) is
defined as the generalized disturbance. Fig. 1, 2, and 3 illus-
trate simulation results for the proposed FT-ESO with T́ =
10,m = 1.1,L1 = 5,L2 = 10 and L3 = 15 compared to [21]
for the described systemwith the input u = sin (10t)+cos (t).
In this example, two scenarios are considered. In the first
scenario, there is no disturbance, whereas, in the second
scenario, the disturbance is set to d(t) = 1

2 (sin (t)+ cos(t))
to replicate the case presented in [21]. Fig. 1 shows the time
evolution of the states and states estimation. It shows that
the proposed FT-ESO achieves good estimation performance
as a finite-time observer. It has a smaller convergence time
(less than 0.5s) compared to leading methods (almost equal
to 0.98± 0.02 s) [21]. Fig. 2 shows the time evolution of the

TABLE 1. Comparative Results between the Performance Indices [21].

real states and estimations of these with d(t) 6= 0. It shows
that the proposed FT-ESO achieves great estimation perfor-
mance compared to [21] in terms of convergence time, even
in the presence of disturbances. Thus, although the observer
presented in [21] achieves exact convergence in the absence
of uncertainty (Fig. 1), it exhibits weaker performance in the
presence of disturbances. Comparison results of estimation
errors are presented in Fig. 3. Despite the existing distur-
bance, the error states estimation of the proposed FT-ESO is
achieved within a small neighborhood of the origin in finite
time. The small bounds of e′is (for i = 1, 2, 3) are achieved as
0.0003, 0.015 and 0.1, respectively.
The results are summarized in Table 1. A performance

index J based on the infinity norm of the vector e is defined
as J =

∫ ts
0 eT e dt , where ts = 10 is the simulation time.

Table 1 presents a significant difference between the per-
formance indices of the two observers. Although an accept-
able convergence is achieved using both observers in the first
two elements, a homogeneous observer [21] has weak perfor-
mance in the presence of disturbance; whereas the proposed
FT-ESO demonstrates superior performance in terms of the
convergence time and estimation error.

In Fig. 3, note that due to the impact of imperfections like
the time derivative of the generalized disturbance 1̇eq = S
[21], [22], it is not feasible to achieve the identity e3 ≡ 0.
Therefore, based on the boundedness result and Definition 2,
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FIGURE 2. Time evolutions of state estimation with d (t) 6= 0 with initial conditions as x1
(
0
)
= 0, x2

(
0
)
= 1x3

(
0
)
= 0.5 (comparative results).

FIGURE 3. Time evolutions of estimation errors with d (t) 6= 0 (comparative results).

the proposed FT-ESO can achieve satisfactory performances
in the presence of disturbances.

Based on (31), the convergence time T depends on the ini-
tial conditions (e1 (0) , e2 (0) , e3 (0)). However, Fig. 4 shows
that the convergence of the state estimation errors to a small
neighborhood of zero can be achieved almost regardless of the
initial
conditions.

Therefore, another superiority of the proposed FT-ESO
compared to [21] is shown. Indeed, the convergence of the
state estimation errors to a small neighborhood around zero
was achieved at a finite time, without any knowledge about
the upper bounds of the generalized disturbance, and almost

regardless of the initial conditions; so that, [21] has a less
robustness in the initial conditions assignment.
Example 2: Consider the following uncertain nonlinear

system [26]:
ẋ1 = −2x1 + x2 − x3
ẋ2 = −x1x3 − 2x2 + u

ẋ3 = −x1 + u+ d (t)

y = x3 (33)

where d (t) = sin(0.8π t) and the relative degree of the
system is ρ = 1. Thus, using a diffeomorphism map T (x) =[
η1 η2

... ξ1

]T
=

[
x1 x2 − x3

... x3

]T
and based on (2),
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FIGURE 4. Time evolutions of estimation errors with d (t) 6= 0 for three values of the initial conditions as
(
x1

(
0
)
= 0, x2

(
0
)
= 1, x3

(
0
)
= 0

)
,(

x1
(
0
)
= 0, x2

(
0
)
= 10, x3

(
0
)
= 0

)
,

(
x1

(
0
)
= 0, x2

(
0
)
= 50, x3

(
0
)
= 0

)
.

FIGURE 5. Phase-plane plot of zero dynamic.

the augmented normal form of the system is as follows:
η̇1 = −2η1 + η2
η̇2 = η1 − 2η2 − 2ξ1 − η1ξ1
ξ̇1 = ξ2 + u

ξ̇2 = S (34)

The zero dynamics are η̇ =
[
−2 1
1 −2

]
η. The characteristic

equation is s2+4s+3 that is Hurwitz. Therefore, the internal
dynamics of the system are ISS. Thus, system (34) is mini-
mumphase andAssumption 1 is guaranteed. This is presented
in the zero dynamic phase-plane (Fig. 5). On the other hand,
ξ2 = −η1+d(t) is the generalized disturbance, thus based on
the ISS result of the internal dynamic, Assumption 2 is met.

For simplicity and without loss of generality, the control
command is selected as u(t) = x1. Since the compari-
son study is not limited to the finite-time control methods,
to ensure the wideness property of the simulations, results
are shown compared to the time-varying exponential observer
[24] and the finite-time observer [25]. Fig. 6 shows the time
evolution of the states and states estimation. The proposed

TABLE 2. Comparative Results between the Performance Indices [24] and
[25].

FT-ESO with T́ = 10,m = 1.1,L1 = 5 and L2 = 10
achieves an acceptable estimation performance in the pres-
ence of disturbances and immeasurable internal dynamics in
terms of convergence time and estimation errors. It has a
smaller convergence time (less than 0.01 s) compared to [24]
(more than 0.06s), and [25] (more than 0.04s). Although it is
evident that the proposed FT-ESO has a better performance
index in terms of convergence time compared to the expo-
nential observer [24], Fig. 7 presents the estimation errors
compared to [24] and [25]. Thus, in addition to the superiority
of our solution compared to [24], it can also compete with
[25], as one of the leading works in the field. Although
significant differences between the convergence times were
not shown, further advantages of the proposed scheme are
presented in Table 2, where the performance index J based
on the error vector e is calculated for the proposed FT-ESO
compared to [24] and [25].

Although both observers achieve acceptable convergence,
significant differences between the performance indices
are achieved. The proposed FT-ESO has a smaller estimation
error (less than 3.02), compared to [24] (more than 21), and
[25] (more than 8.5). In this method the FT-ISS ruling is
guaranteed without any knowledge about the upper bounds of
the generalized disturbance, making it a suitable alternative
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FIGURE 6. Time evolutions of state estimation under initial conditions as η1
(
0
)
= −1, η2

(
0
)
= 0, ξ1

(
0
)
= 0, ξ2

(
0
)
= 1 (comparative results).

FIGURE 7. Time evolutions of estimation errors under initial conditions as η1
(
0
)
= −1, η2

(
0
)
= 0, ξ1

(
0
)
= 0, ξ2

(
0
)
= 1 (comparative results).

approach in the observer design with the valuable potential
for competition with [25].

Finally, Fig. 8 shows that convergence of the state estima-
tion errors to a small neighborhood of zero has been achieved
almost regardless of the initial conditions and without any
knowledge of the upper bounds of the generalized distur-
bance. Based on (31), by the choice of function v, the depen-
dence of convergence time on the initial value is weak. Based
on the simulation results, the FT-ISS rules are ensured.

A. ROBUSTNESS TO MEASUREMENT NOISE
In this section, simulation studies are conducted in the
sequel to further assess the strong robustness of the proposed
FT-ESO scheme to measurement noise. Assume that the

output is available as y = ξ1 = x3 + N (t); where
N (t) is the unknown measurement noise as a Band-Limited
White Noise (Refer to the Band-Limited White Noise block
in the Simulink Matlab software). Subsequently, the new
augmented normal form of the system (34) is as follows:

η̇1 = −2η1 + η2
η̇2 = η1 − 2η2 − 2ξ1 − η1ξ1
ξ̇1 = ξ2N + u

ξ̇2N = 1̇N (t, x, u) (35)

where ξ2N = 1N (t, x, u) = −η1 + d (t) + Ṅ (t) is a
new generalized disturbance. The simulation result is shown
in Fig. 9. We can see that the estimated state variables can
still track the real state variables with finite-time convergence
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FIGURE 8. Time evolutions of state estimation errors under three values of the initial conditions as
(
η1

(
0
)
= −1, η2

(
0
)
= 0, ξ1

(
0
)
= 0, ξ2

(
0
)
= 1

)
,(

η1
(
0
)
= −10, η2

(
0
)
= 0, ξ1

(
0
)
= 0, ξ2

(
0
)
= 10

)
,

(
η1

(
0
)
= −50, η2

(
0
)
= 0, ξ1

(
0
)
= 0, ξ2

(
0
)
= 50

)
.

FIGURE 9. Time evolutions of state estimations under an unknown measurement noise N
(
t
)

as a Band-Limited White Noise. (C1): Real State; (C2): State
Estimation of the Proposed FT-ESO; (C3): State Estimation of the Modulating Function-based Observer [28]; (C4): State Estimation of the Prescribed-Time
Observer [27].

and high accuracy in the presence of unknown measurement
noise without any knowledge about unknown terms. Thus
the proposed FT-ESO achieves good estimation performance
as a finite-time observer with less convergence time (less
than 0.0025s) compared to the state of the art in this field
(almost equal to 0.0035 s [28] and 10 s [27]). Table 3 presents
the performance index J based on the error vector e for the
proposed FT-ESO compared to [27] and [28].

Significant differences between the performance indices of
the proposed approach, [27] and [28] are shown in Table 3.
For instance, a comparison between the proposed FT-ESO

and [28] shows that both observers achieve acceptable con-
vergence with similar performance; but compared to the
observer of [27], the proposed FT-ESO is an alternative
approach in the design of observers with valuable potential.
Example 3:Consider the following uncertain 2-link robotic

manipulator [31]:
M (α) α̈ + F (α, α̇)+ G (α) = τ − τd +4

(
t − Tf

)
λ (t)

(36)

where α, α̇, α̈ ∈ R2 represent the position, velocity,
and acceleration of robotic joints, respectively. Moreover,
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FIGURE 10. Time evolutions of state estimation with initial conditions as x11
(
0
)
= x12

(
0
)
= 0,x21

(
0
)
= x22

(
0
)
= 1 (comparative results).

x = [α, α̇]T is considered as the state vector and thus the
robot dynamics (36) can be rewritten in state space as:

ẋ1 = x2
ẋ2 = − (M0 +1M)−1 [F + G0 + · · ·

· · · +1G+ τd +4
(
t − Tf

)
λ− τ (37)

where the matrices M ,F, and G denote the symmetric
and positive definite inertia matrix, friction vector, and
gravitational force terms, respectively. Also λ, τ, and τd
denote the unknown faults, the input torque, and an unknown
bounded external disturbance, respectively. The explicit
dynamic parameter values are given as:

M =
[
32± %cos (α2) 0

0 13.2± %

]
F =

[
0.8α̇1 + 1.2cos (3α1)
1.3α̇2 + 0.5sin (5α2)

]
G = g

[
±%

13.2α2 ± %

]
λ =

[
2cos (0.8t)
3sin (t)

]
, τd =

[
1.2sin (0.95α̇1)
0.9cos (1.7α̇2)

]
(38)

where % ∈ [0, 1] and g = 9.806m/s2 are a random vari-
able showing the model uncertainties, and the acceleration
of gravity, respectively. In this paper, it is assumed that the
unknown fault term λ is same as the disturbance term τd; but
the fault occurrence time Tf , may change stochastically with
the time profile 4

(
t−Tf

)
that is defined as:

4(t − 3) =

{
0 t ≤ 3
1− e−(t−3) t ≥ 3

(39)

where simulation results are given with Tf = 3. Also, for
simplicity and without loss of generality, the effectiveness of
the proposed FT-ESO in parameter variation is shown under
the control input torque τ = 0.

TABLE 3. Comparative Results between the Performance Indices [27] and
[28].

TABLE 4. Comparative Results between the Performance Indices under
parameter variations [21].

Fig. 10 shows the comparative results of the real states and
states estimate of the uncertain 2-link robotic manipulator
with initial conditions x11 (0) = x12 (0) = 0 and x21 (0) =
x22 (0) = 1. Also, Fig. 11 shows that, despite the existing
disturbance, unknown fault, and uncertainties, the proposed
FT-ESO with T́ = 10,m = 1.1,L1 = 5,L2 = 10 and
L3 = 15 achieves significant estimation performance as a
finite-time observer compared to [21]. Thus, the proposed
FT-ESO has valuable potential for uncertain complex sys-
tems. Although, there is no significant difference between the
convergence times for e21 and e31, under similar convergence
time, other advantages of the proposed FT-ESO compared
to [21] are listed in Table 4. The performance index J =∥∥∥∫ ts0 eT e dt

∥∥∥ based on the error vector e is defined as an
energy index of errors; where ts = 10s is simulation time.
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FIGURE 11. Time evolutions of estimation errors (comparative results).

According to Table 4, although an acceptable convergence
of both observers is achieved, there is a significant difference
between the performance indexes. Therefore, the proposed
FT-ESO has valuable potential for competition with [21].
It has a smaller estimation error index compared to [21].
Therefore, the FT-ISS ruling was guaranteed under better
ultimate bounds. An approximate solution for the finite con-
vergence time can be found in the Appendix.

V. CONCLUSION
This paper presented the design of FT-ESO for a class of
uncertain nonlinear systems. In the proposed approach, first,
the nonlinear system was transformed into the normal form
based on a special diffeomorphism conversion. Then, a novel
free of chattering ESO was designed to make the estimation
error variables uniformly bounded and/or converge to a small
neighborhood of zero at a finite-time. A novel conversion
was used to transform the estimation error dynamic to a new
coordinate as a disturbed system. This enabled us to select the
observer time-varying gains with the error variables remain-
ing uniformly bounded in finite-time. In this design process,
the convergence of the state estimation errors to a small
neighborhood of zero was achieved in a finite time, without
any knowledge about the upper bounds of the generalized dis-
turbance, and almost regardless of the initial conditions. This
illustrated the superior performance of the proposed FT-ESO.
In conclusion, both main contributions of this paper, namely,
the novel time-varying significant conversion to design the
FT-ESO straightforwardly with the finite-time boundedness
properties, and design of the continuous and free of chattering
FT-ESOwithout any prior knowledge about the upper bounds
of the uncertainties and/or disturbance were illustrated.

As future work, it is suggested to develop and to theo-
retically and practically demonstrate the effect of the mag-
nitude of the control command and unknown measurement

noise on the performance of the proposed ESO compared
to other approaches to estimate the full state of nonlinear
systems under unknown measurement noise as well as the
uncertainties and disturbance, simultaneously.

APPENDIX
In this section, an approximate solution for the finite conver-
gence time T will be obtained for the uncertain roboticmanip-
ulator system based on the self-stable region (SSR) approach
[32]. Based on the estimation error variables ei for i = 2, 3
let us define φi (e1, . . . , ei) = ėi−1 + wi |ei−1|α sgn(ei−1);
where 0 < α < 1 and wi > 1. Also, define ψ =

{e1, e2, e3s.t. |φ2 (e1, e2)| ≤ |e1|α ∩ |φ3 (e1, e2, e3)| ≤ |e2|α},
and assume that there exists (e1, e2, e3) ∈ ψ,

∀t > 0. By choosing a Lyapunov candidate function
V = 1

2

∑2
j=1 e

2
j , one has

V̇ = e1ė1 + e2ė2 (40)

According to e1, e2 conditions, four cases may occur.
Case 1(e1 > 0 ,e2 > 0): In this case, according to the

structure of ψ , it is evident that

V̇ ≤ e1ė1 + e2ė2 ≤ − |e1|α+1 (w2 − 1)− |e2|α+1 (w3 − 1)

(41)

Case 2(e1 < 0 ,e2 < 0): In this case, based on the left-hand
side of ψ as follows:

− |e1|α − w2 |e1|α sgn(e1) ≤ ė1 ≤ |e1|
α
− w2 |e1|α sgn (e1)

(42)

and

− |e2|α − w3 |e2|α sgn(e2) ≤ ė2 ≤ |e2|
α
− w3 |e2|α sgn (e2)

(43)
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one has

V̇ ≤ − |e1|α+1 (w2 − 1)− |e2|α+1 (w3 − 1) (44)

Cases 3, 4(e1 > 0, e2 < 0 and e1 < 0, e2 > 0): For these
cases, similar conditions are obtained as previous cases.

Subsequently, since wi > 1, therefore V̇ is negative
definite and the asymptotic stability of e1, e2 is achieved.
Also, based on the structure of ψ, e3 asymptotically tends to
zero. On the other hand, based on the Lyapunov function V ,
the inequality V̇ ≤ − |e1|α+1 (w2 − 1) − |e2|α+1 (w3 − 1)
can be rewritten as follows:

V̇ ≤ −c1 |e1|α+1 − c2 |e2|α+1 ≤ −c3 (2V )
α+1
2 (45)

where c1 = w2−1, c2 = w3−1 and c3 ≤ min (c1, c2) are pos-
itive constants. Then, based on the boundedness-convergence
results (i.e. V (T ) 6= 0) the finite convergence time T is
obtained as follows:

T ≤
c3 × 2

1−α
2

(1− α)

∣∣∣V 1−α
2 (0)− V

1−α
2 (T )

∣∣∣ (46)

where the convergence time T depends on the error’s initial
condition and the error’s zone-convergence. Although the
approximate upper bound of finite convergence time T is
given, since V (T ) is unknown, the specific solution of the
convergence time T has not been proved. Therefore, the zone-
convergence concept has been used for estimation.
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