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A B S T R A C T

To study quantum dynamics in the non-relativistic regime, the standard practice is to use non-relativistic quantum mechanics, instead of the relativistic theory,
because it is thought the approximate non-relativistic result is always close to the relativistic one. Here we present a theoretical argument that this expectation is not
true in general. In addition, supporting numerical evidence for the free rotor and hydrogen atom also shows the agreement between the two theories can break down
quickly. For the radial Rydberg wave packet in hydrogen atom, the breakdown can occur before spontaneous emission and thus could be tested experimentally. Our
surprising result shows relativistic quantum mechanics must be used, instead of the approximate non-relativistic theory, to correctly study quantum dynamics in the
non-relativistic regime after the breakdown time. This paradigm shift opens a new avenue of research in a wide range of fields from atomic to molecular, chemical
and condensed-matter physics.

Introduction

Relativistic quantum mechanics is an essential fundamental theory
in many fields of physics, ranging from atomic to molecular, chemical
and condensed matter physics [1]. Application of the theory to study
quantum dynamics requires the wave function solution to the time-
dependent Dirac equation. However, since few analytical solutions exist
for problems of physical interest, numerical solutions [2,3] must be
obtained but the calculations are typically computationally challenging.
Alternatively, the time-dependent probability density constructed from
an ensemble of relativistic classical trajectories is used to approximate
the relativistic quantum probability density [4–7].

In the non-relativistic regime, the standard practice is to use the
non-relativistic time-dependent quantum wave function to approximate
the relativistic wave function. However, it is not known whether the
non-relativistic time-dependent wave function and quantities derived
from it are always close approximation to the relativistic counterparts
as conventionally expected [8]. This important fundamental question in
quantum physics has not been addressed so far – the accuracy of the
non-relativistic approximation to relativistic dynamics in the non-re-
lativistic regime has only been studied in the classical context [9–15].
Here we present a theoretical argument that the non-relativistic
quantum approximation is, generally, not always close to the re-
lativistic quantum dynamics in the non-relativistic regime, and provide
supporting numerical evidence for the free rotor and hydrogen atom.

Results and discussion

The relativistic time-independent Dirac equation for an electron, in
which the rest mass energy is subtracted from the Dirac operator HD , is
given by [16,17]
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where χn and ηn are two-component spinors. The equation has positive
and negative energy solutions, where the former describes electron and
the latter describes positron [16]. Here, we focus on the typical situa-
tions in atomic to condensed matter physics where the energies in-
volved are too small to trigger electron-positron pair-creation processes
[16,18,19]. (If pair-creation processes occur, QED would have to be
used instead [16,18].) In such cases, an initial superposition of positive-
energy eigenstates, which describes the electron, remains a super-
position of positive-energy eigenstates – therefore, only the positive-
energy subspace needs to be considered for the relativistic dynamics of
the electron [16].

In the non-relativistic regime [17], the upper component of the
relativistic energy eigenstate is much larger than the lower component
for positive energy solutions, i.e.

≫χ η .n n (2)

Furthermore [16,17], χn is close to the non-relativistic energy eigen-
state φn (which is also a two-component spinor)

≈χ φn n (3)
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and the relativistic energy En is close to the non-relativistic energy εn

≈E ε ,n n (4)

where φn and εn are, respectively, the eigenfunctions and eigenvalues of
the non-relativistic Pauli operator HNR

=H φ ε φ .NR n n n
 (5)

The relativistic and non-relativistic time-dependent wave functions
are, respectively, given by

∑= −ψ t A e χ( ) (0)R n
iE t

n
ℏn (6)

∑ ∑= =− −ψ t a e φ a e e φ( ) (0) (0)NR n
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n n
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n
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where = −δ E εn n n is the small difference between the relativistic en-
ergy En and non-relativistic energy εn. For the same relativistic and non-
relativistic expansion coefficients, i.e., =A a(0) (0)n n , the relativistic
and non-relativistic initial wave functions are close since the relativistic
and non-relativistic states, χn and φn, are close. However, it is evident
from Eqs. (6) and (7) that the relativistic and non-relativistic wave
functions will not always be close to each other because of the extra
time-dependent phase-factor eiδ t ℏn , where the phase grows linearly
with time, in each term of the sum in Eq. (7) for the non-relativistic
wave function. This implies that the relativistic and non-relativistic
probability densities and expectation values will, likewise, not always
be close. This is also the case for the relativistic and non-relativistic
autocorrelation functions, where the autocorrelation function of the
wave function at time t with the initial wave function is defined as

≡ 〈 〉C t ψ t ψ( ) ( )| (0) . (8)

The relativistic and non-relativistic autocorrelation functions can be,
respectively, expressed as

∑=C t A e( ) | (0)|R n
iE t2 ℏn (9)

∑= −C t a e e( ) | (0)| .NR n
iE t iδ t2 ℏ ℏn n (10)

In the non-relativistic regime, it is also evident from the expressions
above that the two autocorrelation functions will not always be close to
each other, for the same expansion coefficients, because of the extra
time-dependent phase-factor −e iδ t ℏn in Eq. (10) for the non-relativistic
autocorrelation function, where δn is the small difference between the
relativistic and non-relativistic energies.

For the free rotor, i.e., a free electron constrained to move in a circle
of radius R, both the relativistic and non-relativistic initial expansion
coefficients are chosen to be
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where =A a| (0)| | (0)|n n
2 2 is a narrow Gaussian centered at n̄, with

variance σ1 0
2. The non-relativistic regime requires (see Methods for the

energies and eigenstates) that the principal quantum number n of these
states in the superposition satisfy ≪n m cR| ℏ| 0 . For <σ 10 , the re-
lativistic and non-relativistic initial wave functions are approximately
Gaussians in the interval π[0, 2 ] with means θ0 and n̄ℏ, variances σ0

2 and
σℏ 42

0
2, for, respectively, the angle and angular momentum [20]. In

both theories, the mean and variance of the angular position change
with time (see Methods) but the mean and variance of the angular
momentum do not. Since the relativistic and non-relativistic values are
initially the same for the mean and also variance of the angular mo-
mentum, they remain the same.

Here we present a representative example to illustrate the typical
result of comparing the relativistic and non-relativistic expectation
values and probability densities for the angular position of the free
rotor in the non-relativistic regime. Hartree atomic units are used in the
numerical calculations, where = = =m cℏ 1, 137.0359990370 [21].
Fig. 1 shows the relative difference between the relativistic and non-

relativistic values fluctuates as it grows, for the mean and variance of
the angular position. The maximum magnitude of the relative differ-
ence for the means and variances are 17% and 51%, 36% and 193%,
38% and 234% in a small time interval × × −π a u s4 10 . . (3.0 10 )6 10

centered at, respectively, time ≈ ×t a u s2.2 10 . . (0.0053 )1
14 ,

≈ ×t a u s2.1 10 . . (0.051 )2
15 , ≈ ×t a u s3.1 10 . . (0.75 )3

16 in-
dicated in the figure. Fig. 2 shows the relativistic and non-relativistic
probability densities are, correspondingly, increasingly dissimilar from
one time interval to the next, where the latter bears no resemblance to
the former in the last time interval centered at t3. The non-relativistic
wave packet for the free rotor undergoes perfect (i.e., exact) full revival
[22,23], which is seen in Fig. 2(a)–(c) since the time interval

×π a u4 10 . .6 is the non-relativistic revival time for the n̄ in this ex-
ample. In the relativistic case, for times larger than the revival time
(which is very close to the non-relativistic revival time) but much
smaller than the super-revival time ( × a u2.4 10 . .17 ), the wave
packet also undergoes full revivals but the revivals are not perfect
(Fig. 2(d) and (e)). However, at times appreciable compared to the
super-revival time, the full-revival sequence collapses (Fig. 2(f)). The
increasingly different relativistic and non-relativistic results in Figs. 1
and 2 are essentially due to the extra phase-factor −e iδ t ℏn in each
component of the relativistic wave function (Eq. (6)) compared to the
corresponding component of the non-relativistic wave function (Eq.
(7)), where the extra phase − δ t ℏn , which grows with time, is different
for different component. This also explains why the relativistic wave
packet does not revive perfectly like the non-relativistic wave packet.

For hydrogen atom, the relative difference between the relativistic
and non-relativistic energies (the formula for the energies are given in
Methods), for total angular momentum j=1/2, increases from n=1 to
n=2, but thereafter it decreases with n – see Fig. 3(a). Since the
maximum relative difference is only 0.0017%, the relativistic and non-
relativistic energies are very close for all n. Here, we focus on a su-
perposition of states, with orbital angular momentum =l 1 and total
angular momentum =j 1 2 (and, therefore =m 0l ), centered on a high
principal quantum number n̄, i.e., a radial Rydberg wave packet [24].
Furthermore, we focus on the autocorrelation function because it is
related to the ionization signal in a pump-probe experiment
[22,24–27]. The squared-amplitude of the initial expansion coefficients
in both theories are chosen to be a narrow Gaussian, with variance σ1 0

2,
centered at the high n̄. The non-relativistic autocorrelation function, Eq.
(10), can be re-written as
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where = −δ E εn n n is the small difference between the relativistic en-
ergy En and non-relativistic energy εn. Since A| (0)|n

2 is a narrow
Gaussian centered at a high n̄, the relative energy difference δ

E
n
n
is es-
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, for different n in the narrow range

centered at n̄ – see Fig. 3(a). Thus, Eq. (12) implies

≈C t C t( ) ( )NR R
' (13)

where = −t t tδ
E

' n
n
¯
¯
. Over a small time interval, tδ

E
n
n
¯
¯

is approximately
constant, therefore the non-relativistic autocorrelation function is ap-
proximately the relativistic autocorrelation function that is time shifted
by this constant – Fig. 3 illustrates this time shift for two values of n̄: 40
(Fig. 3(b) and (c)) and 300 (Fig. 3(d)–(f)), where Hartree atomic units
are used in the numerical calculations. The maximum time in the plot is

≈T ns10 80sup and ≈T ns100 800sup , respectively, in Fig. 3(b) and (c),
and ≈T ms10 2sup , ≈T ms40 7sup and ≈T ms61 11sup , respectively, in
Fig. 3(d)–(f), where Tsup is the relativistic super-revival time (which is
defined similarly as the non-relativistic counterpart [22,23]) for the
corresponding n̄. The shape of each peak of the non-relativistic squared-
amplitude autocorrelation function is close to the corresponding re-
lativistic one, but the non-relativistic peak occurs at a later time com-
pared to its relativistic counterpart. The time difference between the
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non-relativistic and relativistic peaks in each pair is 0.15 ps and 1.5 ps,
respectively, in Fig. 3(b) and (c), and 0.5 ns, 2 ns and 3 ns, respectively,
in Fig. 3(d)–(f). These time differences are close to the estimated time
shift tδ

E
n
n
¯
¯
, which increases with time for fixed n̄. For =n̄ 300, the re-

lativistic and non-relativistic peaks in each pair are time shifted dra-
matically in Fig. 3(f) – they no longer overlap, and the non-relativistic
peak occurs only after another relativistic peak has occurred after the
relativistic counterpart.

The relativistic super-revival time is several (i.e., more than two)
orders of magnitude less than the spontaneous lifetime of the Rydberg
state [23,24]. It is therefore possible to test the different non-relativistic
and relativistic autocorrelation functions for the radial Rydberg wave
packet experimentally. One possibility is to use the optical Ramsey
pump-probe method [24–27], which uses two identical laser pulses
with a time delay. For a fixed delay time, the total Rydberg population
changes with the phase of the probe pulse [26]. The amplitude of the
autocorrelation function at the delay time is measured by measuring the
rms value of the phase-dependent Rydberg population using field io-
nization, which has a detection efficiency of almost 100% [26].

In general, if the initial expansion coefficients are strongly centered
about n̄, the non-relativistic quantum dynamics is close to the re-
lativistic quantum dynamics in the non-relativistic regime for, ap-
proximately, time ≪t Tcritical, where

=T δℏ | |critical n̄ (14)

and δn̄ is the small difference between the relativistic and non-re-
lativistic energies of the state n̄. This time estimate, which is inversely
proportional to δn̄, is obtained by requiring the extra phase δ t ℏn̄ for the
dominant term in the non-relativistic Eqs. (7) and (10) to be much less
than one radian. For the hydrogen atom example,Tcritical is, respectively,

59 ns and 0.02ms for =n̄ 40 and =n̄ 300, and for the free rotor ex-
ample, Tcritical is × a u1.5 10 . .17 for =n̄ 1, which are consistent with our
numerical results.

Conclusion

Our unexpected result shows relativistic quantum mechanics must
be used, instead of the approximate non-relativistic theory, to correctly
study quantum dynamics in the non-relativistic regime after the
breakdown of the non-relativistic approximation. The breakdown time
can be estimated using Eq. (14). However, how long it actually takes for
the break down to occur would have to be specifically studied nu-
merically for each system. Such studies in the future should, for ex-
ample, include coherent control scenarios [28–30], where wave packets
are steered by light. Understanding the accuracy of the non-relativistic
laser-driven quantum dynamics relative to the relativistic theory in this
context is crucial for the experimental realizations of the coherent
control strategies.

Methods

For a free electron constrained to move in a circle of radius R, the
Dirac operator is, following Strange [31], given by

= +H c
R

αp βm cD θ 0
2

(15)

where = − ∂
∂p iℏθ θ

 is the angular momentum operator,
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Fig. 1. Comparison of the relativistic and non-relativistic expectation values for the angular position of the free rotor. In this example, the parameters for the initial
expansion coefficients in both theories are =σ 0.2710 , =θ π0 , =n̄ 1. The radius R of the electron’s circular path is 1000 a.u., thus, the mean angular momentum is
small, i.e., ≪n m cR¯ℏ 0 . (a), (b) Relative difference between the means. (c), (d) Relative difference between the variances. In all cases, the relative difference is
calculated as (non-relativistic value - relativistic value)/relativistic value.
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and 02 and I2 are, respectively, zero and identity ×2 2 matrices. Eq. (1)
can be solved exactly to yield the relativistic energy

= + − = ± ± ⋯E m c n
m c R

m c n1 ℏ , 0, 1, 2,n 0
2

2 2

0
2 2 2 0

2

(16)

and energy eigenstate ⎡
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n

n
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⎤
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χ N e 1
0n n

inθ
(17)

(a) (d) 

(b) (e) 

(c) (f) 

Fig. 2. Comparison of the relativistic and non-relativistic probability densities for the angular position of the free rotor. The comparison is for the example in Fig. 1.
(a), (b), (c) Non-relativistic probability density in a small time interval of = ×T π a u2 4 10 . .6 centered at, respectively, time ≈ ×t a u2.2 10 . .1

14 , ≈ ×t a u2.1 10 . .2
15 and

≈ ×t a u3.1 10 . .3
16 indicated in Fig. 1. (d), (e), (f) The corresponding relativistic probability densities.
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(We note that if the rest mass energy is not subtracted from the Dirac

operator in Eq. (1), the relativistic energy En does not have the − m c0
2

term, and ηn and Nn are the same except the m c2 0
2 term is replaced by

m c0
2, as given in [31].) The relativistic energy eigenstate is also the

eigenstate of the angular momentum operator, with eigenvalue nℏ. In
the non-relativistic regime, where the angular momentum is small, i.e.,

≪n m cR| ℏ| 0 [31], the relativistic energy is approximately the non-re-
lativistic energy

≈ =E n
m R

εℏ
2n n

2 2

0
2 (20)

(a) (d) 

(b) (e) 

(c) (f) 

Fig. 3. Comparison of the relativistic and non-relativistic energies and autocorrelation functions for hydrogen atom ( =l 1, =j 1 2). (a) Relative energy difference
[(relativistic energy – non-relativistic energy)/relativistic energy] versus principal quantum number. (b), (c), (d), (e), (f) Squared-amplitude autocorrelation func-
tions: relativistic (blue), non-relativistic (red), calculated using the same narrow Gaussian, with standard deviation σ1 0 where =σ 0.5050 , centered at n̄ for the
squared-amplitude of the initial expansion coefficients. In (b) to (d), the adjacent relativistic and non-relativistic peaks constitute a pair. In (e) and (f), the pair of
arrows indicates a pair of relativistic and non-relativistic peaks. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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and the χn component of the relativistic energy eigenstate, which is
≫ηn, is approximately the non-relativistic energy eigenstate φn

≈ ⎡
⎣

⎤
⎦
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e φ1
2

1
0n

inθ
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since ≈Nn π
1
2

.
For the free rotor, the relativistic mean and variance of the angular

position at time t are, respectively, given by

∑〈 〉 = +
−≠

∗
θ π

A t A t
i s r

Ω
( ) ( )

( )t
r s

r s
r s

,
(22)

∑< > − < > = − ⎡
⎣⎢ −

− − ⎤
⎦⎥

− < >

≠

∗ −θ θ π A t A t πi
s r

s r

θ

4
3

2 Ω ( ) ( )
( )

( )t t
r s

r s r s

t

2 2
2

,
2

2 (23)

where

= + − −πN N πN πNΩ 2 (1 2 )(1 2 )r r s r s,s
2 2 (24)

The non-relativistic mean and variance of the angular position are given
by the same formulae [32], except Ωr,s does not appear in the sums and

−A e(0)n
iE t ℏn is replaced by −A e(0)n

iε t ℏn for the expansion coefficient
A t( )n .

For hydrogen atom, the relativistic energy, with the rest mass en-
ergy subtracted, is given by [33]
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where n=1, 2, … is the principal quantum number, j is the total an-
gular momentum quantum number ( = − +j l l,1

2
1
2 where

= −l n0, 1, ..., 1 is the orbital angular momentum quantum number)
and α is the fine structure constant. The relativistic energy can be ex-
panded as [33]
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where the first term is the non-relativistic energy, which depends only
on n.

Acknowledgement

This work was supported by a Fundamental Research Grant Scheme
(Malaysia) FRGS/1/2013/ST02/MUSM/02/1.

References

[1] Strange P. Relativistic Quantum Mechanics – With Applications in Condensed
Matter and Atomic Physics. Cambridge: Cambridge University Press; 1998.

[2] Fillion-Gourdeau F, Lorin E, Bandrauk AD. Numerical solution of the time-

dependent Dirac equation in coordinate space without fermion-doubling. Comput
Phys Commun 2012;183:1404–15.

[3] Mocken GR, Keitel CH. Quantum dynamics of relativistic electrons. J Comput Phys
2004;199:558–88.

[4] Verschl M, Keitel CH. Relativistic classical and quantum dynamics in intense crossed
laser beams of various polarizations. Phys Rev Spec Top - Ac 2007;10:024001.

[5] Keitel CH, Knight PL. Monte Carlo classical simulations of ionization and harmonic
generation in the relativistic domain. Phys Rev A 1995;51:1420–30.

[6] Schmitz H, Boucke K, Kull H-J. Three-dimensional relativistic calculation of strong-
field photoionization by the phase-space-averaging method. Phys Rev A
1998;57:467–75.

[7] Wagner RE, et al. Classical versus quantum dynamics for a driven relativistic os-
cillator. Phys Rev A 2000;61:035402.

[8] Messiah A. Quantum Mechanics. Amsterdam: North-Holland Publishing; 1961.
Chap. XX.

[9] Bernal JD, Seoane JM, Sanjuan MAF. Global relativistic effects in chaotic scattering.
Phys Rev E 2017;95:032205.

[10] Lan BL. A proposed test of special-relativistic mechanics at low speed. Results Phys
2017;7:379–80.

[11] Liang SN, Lan BL. Accuracy of the non-relativistic approximation for momentum
diffusion. Eur Phys J Plus 2016;131:218.

[12] Liang SN, Lan BL. Accuracy of the non-relativistic approximation to relativistic
probability densities for a low-speed weak-gravity system. Eur Phys J Plus
2015;130:233.

[13] Liang SN, Borondo F, Lan BL. Newtonian versus special-relativistic statistical pre-
dictions for low-speed scattering. PLoS ONE 2012;7(11):e48447.

[14] Liang SN, Lan BL. Statistical predictions for the dynamics of a low-speed system:
Newtonian versus special-relativistic mechanics. PLoS ONE 2012;7(5):e36430.

[15] Lan BL, Borondo F. Newtonian and special-relativistic predictions for the trajectory
of a low-speed scattering system. Phys Rev E 2011;83:036201.

[16] Thaller B. Advanced visual quantum mechanics. New York: Springer-Verlag; 2005.
Chaps. 8.4 and 8.5.

[17] Dyall KG, Faegri Jr. K. Introduction to relativistic quantum chemistry. New York:
Oxford University Press; 2007. Chap. 4.6.

[18] Reiher M, Wolf A. Exact decoupling of the Dirac Hamiltonian. I. General theory. J
Chem Phys 2004;121:2037–47.

[19] Cini M. Topics and methods in condensed matter theory. Berlin: Springer; 2007.
Chap. 1.

[20] Lan BL. Bohm’s quantum-force time series: Stable distribution, flat power spectrum,
and implication. Phys Rev A 2001;63:042105.

[21] Bouchendira R. New determination of the fine structure constant and test of the
quantum electrodynamics. Phys Rev Lett 2011;106:080801.

[22] Robinett RW. Quantum wave packet revivals. Phys Rep 2004;392:1–119.
[23] Blum R, Kostelecky VA, Porter JA. The evolution and revival structure of localized

quantum wave packets. Am J Phys 1996;64:944–53.
[24] Blum R, Kostelecky VA. Long-term evolution and revival structure of Rydberg wave

packets for hydrogen and alkali-metal atoms. Phys Rev A 1995;51:4767–86.
[25] Noordam LD, Duncan DI, Gallagher TF. Ramsey fringes in atomic Rydberg wave

packets. Phys Rev A 1992;45:4734–7.
[26] Noordam LD, Jones RR. Probing Rydberg electron dynamics. J Mod Opt

1997;44:2515–32.
[27] Smith RAL, Verlet JRR, Fielding HH. Rydberg wave packets in molecules. PCCP

2003;5:3567–79.
[28] Shapiro M, Brumer P. Coherent control of molecular dynamics. Rep Prog Phys

2003;66:859–942.
[29] Ohmori K. Wave-packet and coherent control dynamics. Annu Rev Phys Chem

2009;60:487–511.
[30] Brif C, Chakrabarti R, Rabitz H. Control of quantum phenomena: past, present and

future. New J Phys 2010;12:075008.
[31] Strange P. Relativistic quantum revivals. Phys Rev Letts 2010;104:120403.
[32] Lan BL, Fox RF. Quantum-classical correspondence and quantum chaos in the

periodically kicked pendulum. Phys Rev A 1991;43:646–55.
[33] Reiher M, Wolf A. Relativistic quantum chemistry: the fundamental theory of mo-

lecular science. Weinheim: Wiley-VCH; 2009. Chap. 6.

B.L. Lan et al. Results in Physics 12 (2019) 147–152

152

http://refhub.elsevier.com/S2211-3797(18)31650-4/h0005
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0005
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0010
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0010
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0010
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0015
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0015
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0020
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0020
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0025
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0025
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0030
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0030
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0030
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0035
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0035
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0040
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0040
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0045
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0045
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0050
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0050
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0055
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0055
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0060
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0060
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0060
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0065
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0065
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0070
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0070
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0075
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0075
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0080
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0080
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0085
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0085
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0090
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0090
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0095
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0095
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0100
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0100
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0105
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0105
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0110
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0115
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0115
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0120
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0120
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0125
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0125
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0130
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0130
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0135
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0135
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0140
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0140
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0145
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0145
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0150
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0150
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0155
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0160
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0160
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0165
http://refhub.elsevier.com/S2211-3797(18)31650-4/h0165

	Breakdown of agreement between non-relativistic and relativistic quantum dynamical predictions in the non-relativistic regime
	Introduction
	Results and discussion
	Conclusion
	Methods
	Acknowledgement
	References




