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We show that the difference between the Newtonian and special-relativistic predictions for the angular
position increases linearly with time for a charged particle moving at low speed in a circular path in a
constant uniformmagnetic field. Numerical results suggest that it is possible to test the two different pre-
dictions experimentally.
� 2017 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

Recently, it was shown numerically for a dissipative bouncing
ball system that, although the speed of the ball is low and the grav-
itational field is weak, the Newtonian approximation to the chaotic
general-relativistic trajectory breaks down rapidly [1]. The differ-
ent Newtonian and general-relativistic chaotic trajectories could
be tested in the laboratory but the parameters and initial condi-
tions of the system must be known to very high accuracies so that
sufficiently accurate trajectories can be calculated for comparison
with experiment [2]. Similarly, for low-speed non-dissipative sys-
tems where gravity does not play a dynamical role, it has been
shown that the special-relativistic trajectory is not always well-
approximated by the Newtonian trajectory, regardless of whether
the trajectories are chaotic or non-chaotic [3,4]. However, these
systems are model systems [3,4], which are not realizable in the
laboratory. In this paper, we present a non-chaotic system which,
we show, could be used to test the different Newtonian and
special-relativistic low-speed trajectories.

Consider the motion of a particle, with rest mass m0 and charge
q, in a constant uniform magnetic field B, where the initial velocity
v of the particle is perpendicular to B. According to Newtonian
mechanics, the particle moves with a constant linear speed v in a
circular path of radius

rNR ¼ m0v
qB

: ð1Þ

The angular speed of the particle is also constant given by
xNR ¼ qB
m0

ð2Þ

and thus the angular position of the particle varies linearly with
time t

hNRðtÞ ¼ h0 þ qB
m0

t: ð3Þ

According to special-relativistic mechanics, the particle also
moves in a circular path with constant linear speed v. However,
the radius of the circular path is given by [5]

rR ¼ m0v

qB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=cÞ2

q ; ð4Þ

the constant angular speed is given by [5]

xR ¼
qB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=cÞ2

q

m0
ð5Þ

and thus the angular position of the particle varies linearly with
time t as

hRðtÞ ¼ h0 þ
qB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=cÞ2

q

m0
t ð6Þ

The only difference between the non-relativistic and relativistic
expressions (which are all exact) for the radius, angular speed and
angular position is in the mass term – rest mass m0 and relativistic
mass m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�ðv=cÞ2
p in, respectively, the former and latter expressions.
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Table 1
Time it takes for the difference between the non-relativistic and relativistic angular
position of a proton, which moves in a circular path in a constant uniform magnetic
field of 0.01 T, to grow to 0.1 rad for different ratio v=c. The relativistic radius of the
circular path is also given in the last column.

v=c t (sec) rR (meter)

1.00E�02 2.09E�03 3.1314066E+00
1.00E�03 2.09E�01 3.1312516E�01
1.00E�04 2.09E+01 3.1312500E�02
1.00E�05 2.09E+03 3.1312500E�03
1.00E�06 2.09E+05 3.1312500E�04
1.00E�07 2.09E+07 3.1312500E�05
1.00E�08 2.09E+09 3.1312500E�06
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At low speed, where v � c,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðv=cÞ2

q
� 1� ðv=cÞ2

2 , which is

close to one. The non-relativistic and relativistic radius and angular
speed are therefore always close to one another

rR � rNR ð7Þ

xR � xNR: ð8Þ
However, the difference between the non-relativistic and rela-

tivistic angular position grows linearly with time t

hNRðtÞ � hRðtÞ � 1
2
v2

c2
qB
m0

t: ð9Þ

The time it takes for the difference to grow to D is given by

t � 2D

ðv=cÞ2ðq=m0ÞB
: ð10Þ

This time, which increases as v=c decreases, has a power-law
dependence on v=c, with exponent �2. As an example, Table 1
shows the time it takes for the difference to grow to 0.1 rad (5.7
degree) for different v=c in the case of a proton in a 0.01 T magnetic
field. For instance, for v = 10�4c, the time is 0.348 min, whereas for
v = 10�5c, the time is 34.8 min. The relativistic radius of the pro-
ton’s circular path, which decreases as v=c decreases [see Eq.
(4)], is 3.13 cm and 3.13 mm, respectively. For comparison, for an
electron in a 10�5 T magnetic field with v = 10�5c, the time is
19.0 min and the relativistic radius is 1.71 mm. These results sug-
gest that it is possible to test the different predictions of special-
relativistic and Newtonian mechanics for the angular position of
a charged particle moving at low speed in a circular path in a con-
stant uniform magnetic field. Such a test of special-relativistic
mechanics is essentially a test of the relativistic mass formula at
low speed (v � c). In contrast, previous tests (see references in
[6]) of the relativistic mass formula based on the motion of charged
particles in electric and magnetic fields were for high speeds rang-
ing from 0.26c to 0.99c (see Table 11.2 in [6]).
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