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Abstract This paper presents the results of a study of an adverse pressure gradient
TBL (APG-TBL) at the verge of sepration and a zero pressure gradient TBL (ZPG-
TBL) developing on a flat surface from the same mean inflow conditions using the
TBL DNS code of [14, 1]. The APG-TBL DNS uses a modified wall-normal far-
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field APG boundary condition to yield the self-similar APG-TBL. The maximum
Reynolds number based on momentum thickness in the present APG-TBL DNS is
Reδ2 = 6,700. The results are compared in the light of a self-similar analysis of the
mean boundary layer equations.

1 Introduction

Adverse pressure gradient turbulent boundary layer flow (APG-TBL) is in practical
applications the norm rather than the exception and includes applications such as
the flow over aircraft wings, wind turbine blades, road vehicles, ships, and flow in
turbo-machinery and diffusers. The accurate prediction of TBL separation, a direct
consequence of APG-TBL flow, remains a significant challenge for engineering de-
sign. One of the complexities of the practical applications of APG-TBL is that the
pressure gradient is constantly changing in the streamwise direction, as for example
in the large eddy simulation of Kitsios et al. [6].

In the present study our aim is to focus our attention on the canonical flow
configuration of a self-similar TBL subjected to an APG such that the TBL is
at the verge of separation, akin to the configuration in the experimental study of
Skate & Krogstad [15]. A self-similar APG-TBL is defined as having a constant
ratio of friction velocity, uτ , to free-stream streamwise velocity, U∞, and also a con-
stant ratio of pressure velocity, UP to U∞ [10].

Previous direct numerical simulations (DNS) of APG-TBL flows include non-
self-similar separated flow [3], and self-similar APG-TBL cases at relatively low
Reynolds numbers [16] and [8]. In the present study we undertake DNS of a self-
similar APG-TBL developing on a flat surface using the TBL DNS code developed
by Simens et al. [14] and Borrell et al. [1]. The code has been modified in the wall-
normal far-field to implement the APG boundary condition (BC). The maximum
momentum based Reynolds number in the present simulations is Reδ2 = 6,700.

2 Self-similar analysis of APG-TBL

The self-similar analysis as it pertains to APG-TBl is briefly reviewed and the neces-
sary conditions for self-similar APG-TBL to exist are presented. These conditions
will be tested using the DNS data to investigate which of them are satisfied. We
assume the classical Reynolds decomposition of the dependent variables,

Ui(x, t) = ui(x)+ui(x, t)

P(x, t) = p(x)+ p(x, t),
(1)

where x = (x,y,z), the subscript i refers to the streamwise, x, wall-normal, y and
spanwise, z, directions, with respective instantaneous velocity components in these
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directions of U =U1, V =U2 and W =U3. The overlined dependent variables denote
the ensemble average of the dependent variables. The associated fluctuating com-
ponents are denoted by (u,v,w). Assuming that the mean flow is two-dimensional,
i.e.

ui(x) = ui(x,y)

p(x) = p(x,y),
(2)

then the governing equations for the mean flow are the mean two-dimensional
boundary layer equations,

∂x u+∂y v = 0

u ∂x u + v ∂y u = − 1
ρ

∂x Pe + ∂x v2 − ∂y u2 − ∂y uv + ν ∂y,y u,
(3)

where Pe(x) is the streamwise mean pressure distribution in the free-stream,
which is related to the streamwise free-stream velocity Ue(x) via Bernoulli’s equa-
tion. ∂x, ∂y and ∂y,y represent partial differentiation with respect to the indicated
subscripted independent variable.

The self-similar analysis of the mean governing equations follows the approach
initially proposed by [18], [17] and with the less restrictive assumptions suggested
by [2]. Assuming the ansatz for the dependent variables,

u(x,y) = Ue(x) + U0(x) f (η)

uv(x,y) = −Ruv(x)ruv(η)

u2(x,y) = Ruu(x)ruu(η)

v2(x,y) = Rvv(x)rvv(η)

(4)

where U0(x) is a local velocity scale yet to be determined and η ≡ y
L0(x)

. where
Lo(x) is a local length scale also yet to be determined. In (4) f (η) represents the self-
similar solution, if it exists, while ruv(η), ruu(η), rvv(η) represent the self-similar
functions that describe the relevant Reynolds stresses in (3).

The displacement thickness is defined as

δ1 ≡
∫

∞

0

(
1− u(x,y)

Ue(x)

)
dy. (5)

Substituting the ansatz yields

δ1 =

(
−U0 L0

Ue

)∫
∞

0
f (η)dη . (6)

Without any loss of generality one can define

L0(x)≡
U0 δ1

Ue
⇒

∫
∞

0
f (η)dη =−1. (7)
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the momentum thickness is defined as,

δ2 ≡
∫

∞

0

u(x,y)
Ue(x)

(
1− u(x,y)

Ue(x)

)
dy, (8)

which can be shown to be given by,

δ2 = δ1(x)
[

1 +
U0(x)
Ue(x)

∫
∞

0
{ f (η)}2 dη

]
, (9)

and yields the following relationship for the shape factor,

H ≡ δ1(x)
δ2(x)

=
1[

1 + U0(x)
Ue(x)

∫
∞

0 { f (η)}2 dη

] . (10)

Substitution of the ansatz (4) into (3) and after some algebra yields the following
mean boundary-layer x-momentum equation form

∂x (UoUe) f +
(

Uo Ue
∂xδ1
−Uo ∂xUe

)
η f ′ + 1

2 ∂x
(
Uo

2
)

f 2 − Uo
2 ∂x (Log [δ1 Ue]) F f ′

= Rvv
∂xδ1

η r′vv − Ruu
∂xδ1

η r′uu + Ruv
δ ∗1

r′uv +∂xRvv rvv−∂xRuu ruu +
ν Uo
δ ∗1

2 f ′′

(11)
where

δ ∗1 (x) ≡
δ1(x) Ue(x)

Uo(x)

δ
′
1(x) ≡

{
∂x

(
Log

[
Uo(x)

δ1(x)Ue(x)

])}−1
.

(12)

Existence of a self-similar solution f (η) requires that all x-dependent coefficients
are proportional to each other such that their ratios are independent of x, i.e. the
following relationships must be simultaneously satisfied,

1
2 ∂x

(
Uo

2
)

= c1 ∂x (Uo Ue)
(

Uo Ue
δ
′
1
−Uo ∂xUe

)
= c2 ∂x (Uo Ue)

U2
o ∂x (Log [δ1 Ue]) = c3 ∂x (Uo Ue)

Rvv
δ
′
1

= c4 ∂x (Uo Ue)

Ruu
δ
′
1

= c5 ∂x (Uo Ue)

Ruv
δ ∗1

= c6 ∂x (Uo Ue)

∂xRvv = c7 ∂x (Uo Ue)

∂xRuu = c8 ∂x (Uo Ue)

ν Uo
δ ∗1

2 = c9 ∂x (Uo Ue)

(13)
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where c1,c2, ...,c9 are constants. The first of the conditions in (13) yields

Uo(x) = K Ue(x), where K is a constant, (14)

This implies that the local velocity scale, Uo(x) is proportional to the local
streamwise free-stream velocity, Ue(x). Using (14) permits the definition of Λ as
proposed by [2]:

Λ =− ∂x(Log[Uo])
∂x(Log[δ1])

=− ∂x(Log[Ue])
∂x(Log[δ1])

= ∂xPe
ρ U2

e ∂x(Log[δ1])
=
(

Up
Ue

)2
1

∂xδ1

(15)

where Up =
√

δ1 ∂xPe
ρ

is known as the pressure velocity [10]. This allows (11) to
be written in the following form,

2
K Λ f + Λ f 2 − 1

K (Λ −1) η f ′ − (Λ −1) F f ′

=Cvv η r′vv − Cuu η r′uu − KCuv r′uv − Dvv rvv + Duu ruu − K2 Cν f ′′

(16)
where

Cuu = Ruu
U2

o

Cvv = Rvv
U2

o

Cuv = Ruv
U2

o ∂xδ1

Duu = ∂xRuu
U2

o ∂x(Log[δ1])

Dvv = ∂xRvv
U2

o ∂x(Log[δ1])

Cν = −2ν

Uo ∂xδ 2
1

(17)

must all be independent of x for a self-similar solution f (η) to exist. Since Λ

is a constant, (15) can be integrated to yield the following power-law relationship
between the streamwise free-stream velocity and the displacement thickness with
the exponent given by −Λ

−Λ ∂x (Log [δ1]) = ∂x (Log [Ue])

=⇒Ue(x) = Aδ
−Λ

1 .
(18)

This specific relationship is also a consequence of a self-similar flow. Further-
more, it can be shown that if Λ ,Cuu and Cvv are independent of x, then Duu and Dvv
must also be independent of x. Therefore, only five conditions need to be indepen-
dent of x to ensure that a self-similar flow exists, i.e. Λ ,Cuv,Cuu,Cvv and Cν must
be independent of x. These conditions can be the tested in the APG-TBL and ZPG-
TBL DNS to establish if a self-similar solution describing the mean flow can exist.
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3 Direct numerical simulation details

The DNS code solves the Navier-Stokes equations in a three-dimensional rectangu-
lar volume, with constant density, ρ , and kinematic viscosity, ν . A fractional-step
method [4, 11] is used to solve the governing equations for the velocity and pres-
sure (P) fields. Fourier decomposition is used in the periodic spanwise direction,
with compact finite differences [9] in the aperiodic wall-normal and streamwise di-
rections. The equations are stepped forward in time using a modified three sub-step
Runge-Kutta scheme [14].

The code utilises MPI and openMP parallelisation. For each MPI process the
physical domain is decomposed into streamwise regions containing all spanwise
and wall-normal points. The physical subdomain is further decomposed into wall
normal planes for each openMP thread [1]. All spatial derivatives in the spanwise
and wall-normal direction can then be calculated with no MPI message passing. To
calculate the streamwise derivatives the data is rearranged into streamwise oriented
lines [1].

The boundary conditions of the original ZPG-TBL version of the DNS code are
as follows. The bottom surface is a flat plate with a no-slip (zero velocity) BC.
The spanwise boundaries are periodic. A downstream streamwise normal plane is
copied, and mapped to the inlet BC [13] after being appropriately scaled to account
for the ZPG-TBL growth. At the wall-normal far-field boundary the spanwise vor-
ticity is zero, and the wall-normal velocity is given by

VZPG(x) =
dδ1(x)

dx
U∞ZPG , (19)

where U∞ZPG is the constant free-stream streamwise velocity, and δ1 is the displace-
ment thickness [12]. Note that wall-normal far-field wall-normal velocity represents
a suction velocity.

The numerical details of the ZPG-TBL and APG-TBL simulations are sum-
marised in table 1. The number of grid points in each of the three flow directions
is given by (Nx,Ny,Nz). The extents of the computational domain in the respective
directions (Lx,Ly,Lz) are also presented, along with the constant grid spacings in the
streamwise (∆x) and spanwise directions (∆z) and the wall-normal grid spacing at
the far-field boundary (∆y∞) and at the wall (∆ywall). Note the APG simulation has
a larger wall normal domain (Ly) and more points in this direction (Ny). This is due
to the fact that the APG-TBL expands more quickly in the streamwise direction than
the ZPG-TBL. In both simulations the Courant number was set to unity. The length
scales in table 1 are non-dimensionalised by δ99,I as viscous scaling is inappropriate
for the APG-TBL flow.
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Table 1 Numerical details of the APG-TBL and ZPG-TBL DNS.

(Lx,Ly,Lz)/δ99,I Nx×Ny×Nz (∆x,∆ywall ,∆y∞,∆z)/δ99,I
ZPG (850,40,71) 8193×315×1362 (0.10,0.0027,0.18,0.052)
APG (850,74,71) 8193×500×1362 (0.10,0.0027,0.18,0.052)

3.1 Adverse pressure gradient boundary condition

In order to implement the desired APG on the turbulent boundary layer develop-
ment an appropriate wall-normal far-field streamwise wall-normal velocity distribu-
tion needs to be specified. Since the interest of the present study is the consideration
of an APG-TBL at the point of incipient separation, we refer to the work of Mel-
lor & Gibson [10] who found that the free-stream streamwise velocity distribution
for incipient separation scales like U∞APG(x) ∝ xm where m =−0.23 and (uτ → 0).
The wall-normal far-field streamwise distribution of the wall-normal (suction) ve-
locity V∞APG(x) can be deduced from U∞APG(x) using a boundary layer streamfunc-
tion solution in the wall-normal far-field region as

V∞APG(x) = −
dU∞APG(x)

dx
[yBC−δ1(x)] +

dδ1(x)
dx

U∞APG(x) , (20)

where yBC is the wall normal position of the far-field boundary [10]. Note that for the
case of a constant streamwise velocity, i.e. the ZPG-TBL, (20) becomes equivalent
to (19).

The structure of the complete wall-normal far-field BC, V∞(x) shown in Fig. 3.1
is as follows. In the APG-TBL DNS, to allow the rescaling necessary for the inlet
BC an initial domain of a ZPG-TBL is simulated up until the streamwise position
xs = 100δ99,I , which is located after the recycling plane, by applying V∞ZPG(x) as
defined by (19). Note that δ99,I is the boundary layer thickness at the inlet. Down-
stream of the position x f = 140δ99,I the wall normal velocity V∞APG(x) given by
(20) is applied at the wall-normal far-field boundary. This results in the desired free-
stream deceleration and hence, expansion of the turbulent boundary layer. From xs
to x f the velocity V∞APG(x) is gradually introduced using a smoothing function. Fi-
nally towards the outflow of the computational domain the wall-normal velocity in
the wall-normal far-field transitions from suction (V∞(x) > 0) at xo = 760δ99,I to
blowing (V∞(x) < 0) to reduce the number of instantaneous reversed flow events
at the outflow boundary conditions and thus maintain the numerical stability of the
DNS. The streamwise functional form of the ZPG and APG wall-normal far-field
boundary conditions, V∞(x)/U∞,I , is shown in Fig. 2, where U∞,I is the free-stream
streamwise velocity at the inlet.

This wall-normal far-field BC was first implemented and tested using two-
dimensional Reynolds Averaged Navier Stokes (RANS) simulations, yielding the
appropriate self-similar velocity profiles and subsequently implemented in the DNS
code.
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Fig. 1 Schematic of the streamwise wall-normal domain and pertinant parameters of the DNS.

Fig. 2 Far-field wall-normal velocity boundary condition in the adverse pressure gradient (solid
line) and zero pressure gradient (dashed line) direct numerical simulation.

4 Results

4.1 Streamwise variation of pertinent parameters

The streamwise variation of Λ ,Cuv,Cuu,Cvv and Cν for the APG-TBL and ZPG-
TBL DNS are shown in Fig. 3 for the domain 300 < x/δ (x0) < 630. In this do-
main of the DNS, Λ ,Cuv,Cuu and Cvv are approximately constant for the APG-TBL,
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Cν has a slight streamwise decay. In contrast the ZPG-TBL shows a significant
streamwsie variation in Cuv and Cν . Given these results a self-similar flow for the
APG-TBL is only to be expected where viscous effects are negligible, that is in the
outer layer of the APG-TBL. The arrows along the x-axis in the Λ figure of Fig. 3
correspond to the streamwise locations where the wall-normal profiles for the data
shown in section 4.2 are sampled.

For a self-similar flow (10) implies that H = constant which is shown to be the
case for the APG-TBL in the corresponding streamwise variation of H in Fig. 4.
The various boundary layer thicknesses are found to vary linearly with streamwise
directions as shown in Fig. 4, which is consistent with the constant shape factor.
Figure 5 shows the variation of the free-stream velocity, Ue(x), with displacement
thickness, δ1(x) for the APG-TBL and ZPG-TBL. For a self-similar flow according
to (18), the relationship should be a power law with an exponent equal to−Λ , which
as the data in Fig. 5 indicates, is approximately satisfied for the APG-TBL DNS.

4.2 Wall-normal velocity statistics profiles

The mean streamwise velocity profiles for the APG-TBL and ZPG-TBL are shown
in Fig. 6. Fig. 6 (a) shows that the mean velocity profile scales with viscous units for
the entire profile of the ZPG-TBL, while for the APG-TBL this in not the case. The
APG-TBL does not scale in defect form either when the velocity is scaled with the
viscous velocity uτ . However, as Fig. 6 (b) and (d) show, when the APG-TBL mean
velocity is scaled with δ1 and Ue as the self-similar analysis of section 2 indicates
is required for a self-similar flow, then the scaled mean velocity profiles collapse
across the entire layer including in the viscous layer close to the wall.

Figure 7 (a), (c) and (d) show the tangential Reynolds stress profiles for the APG-
TBL and ZPG-TBL scaled in viscous units, which clearly shows the lack of scaling
using uτ and viscosity for the APG-TBL. Figure 7 (b), (d) and (f) show the tangential
Reynolds stress profiles scaled by the variables δ1 and Ue required from the self-
similar analysis, showing much better collapse of the scaled profiles across the entire
APG-TBL layer.

There are further significant differences between the tangential Reynolds stress
profiles of the ZPG-TBL and the APG-TBL. The streamwise Reynolds stress profile
has a secondary maximum in the outer layer y > δ1 in the APG-TBL, which is not
present in the ZPG-TBL. The maximum in the wall-normal Reynolds stress profile
of the APG-TBL is also located at y > δ1 in the APG-TBL and is much narrower
than the much broader peak in the ZPG-TBL that is located in the inner viscous
layer around y+ ≈ 100.

The spanwise Reynolds stress profile also has a much larger maximum at y > δ1
in the APG-TBL, with a small inner maximum near y≈ 0.1δ1. The location of this
inner maximum coincides approximately with the location of the maximum in the
ZPG-TBL spanwise Reynolds stress profile as shown in Fig. 7 (e).
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The shear Reynolds stress profiles for the APG-TBL and the ZPG-TBL DNS are
shown in Fig. 8. As in the case with the tangential Reynolds stress profiles, there is
no collapse of the APG-TBL data when scaled with viscous variables as shown in
Fig. 8 (a). However when the APG-TBL shear Reynolds stress profiles are scaled
with δ1 and Ue, then the collapse is much better as shown in Fig. 8 (b). There is also
quite a difference in the shear Reynolds stress distribution between the ZPG-TBL
and the APG-TBL. The former has a broad maximum spanning 20 < y+ < 120,
whereas the latter has a maximum in the outer layer at y≈ 0.1δ1. In the APG-TBL
there is also a secondary smaller maximum or plateau in the inner layer at y≈ 0.1δ1,
with an inflection point located in the profile between these two locations.

5 Discussion and concluding remarks

The appropriate wall-normal far-field (free-stream) boundary conditions have been
developed to simulate a self-similar APG-TBL flow. DNS of a ZPG-TBL and a
self-similar APG-TBL, with the latter not yet at the verge of separations, have been
carried out. Both simulations were started from the same mean inflow ZPG-TBL
conditions. The ZPG-TBL DNS reached a Reynolds number Reδ2 ≈ 4,107, which
is usable up to Reδ2 ≈ 4,000, while the APG-TBL reached a Reynolds Reδ2 ≈ 6,700,
which is usable up to Reδ2 ≈ 4,820.

Analysis of the DNS data base of the APG-TBL shows that the coefficients in
the appropriately scaled mean x-momentum boundary layer equations are approxi-
mately independent of the streamwise direction, except for the viscous coefficient.
This suggests that a self-similar flow, scaled with the local length scale δ1(x) and
the local velocity scale Ue(x), exists, except possibly in the viscous sublayer. The
mean velocity and Reynolds stress profiles scaled by these variables, which show
quite good collapse across the entire boundary layer of the APG-TBL, support this
notion.

It is pertinent to make a few remarks with respect to “BIG DATA” as the DNS
of the APG-TBL presented in this paper clearly falls into this category. Staring with
some details regarding the APG-TBL DNS: each restart point in time of the DNS
requires four files for the fluid velocity vector field and the pressure, amounting to
approximately 90 GB of storage for each instant in time of the simulation. Given
that it is desirable to store at least 1000 or possibly more of these statistically in-
dependent fields for turbulence structure analysis and to determine the statistical
characteristics of the turbulence structures, it is self-evident that the storage require-
ments for one simulation very quickly reaches requirements in the 100s of TB.

In addition to these storage requirements, the other point that needs to be noted is
that this simulation, which is quite typical, was conducted non-locally from where
the researchers are located, i.e. in this case the majority of the simulation was con-
ducted in Germany using the Supermuc Petascale System in Munich, while the re-
searchers setting up the simulation and monitoring it were located in Melbourne
Australia. Furthermore, the DNS fields could not be stored in Germany and had



Title Suppressed Due to Excessive Length 11

to be transferred using the internet to Melbourne, Australia using the internet. In
this instance this was done using standard scp or rsync commands. However, better
and more parallel methods of international big data movement need to developed
and implemented, in particular, if this data is to be shared with national and the in-
ternational research community as the demand for open access sharing increases.
One possible approach is to use BitTorrent peer-to-peer file sharing technology, an
example of this approach is BioTorrents [7].

One observation is the necessity to collaborate with computer system scientists
on these issues of BIG DATA access around the world and how to design robust
and efficient web-portals to allow for BIG DATA access and distributed BIG DATA
post-processing and visualisation. It seems that many tools for these operations have
already been developed by computer scientists, but what seems to be missing is the
implementation within our discipline, due to a lack of awareness and/or knowledge
of these on our behave and a lack of awareness and/or knowledge of our require-
ments by computer scientists. The only way for us to progress on these issues is
to make linkages and discuss our BIG DATA issues with the computer scientists -
“BIG DATA” is a multi-disciplinary problem.
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Fig. 3 Streamwise variation of Λ ,Cuv,Cuu,Cvv and Cν for the APG-TBL and ZPG-TBL DNS.
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Fig. 4 Variation of boundary layer parameters with streamwise direction for the APG-TBL and
ZPG-TBL DNS.
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Fig. 6 Streamwise mean velocity profiles, APG-TBL, ZPG-TBL, [5]. (a) and (c)
scaled using vsicous units, (b) and (d) scaled using outer scaling using δ1 and Ue with (c) and (d)
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Fig. 7 Tangential Reynolds stress profiles APG-TBL, ZPG-TBL, [5]. (a), (c) and (e)
scaled using viscous units; (b), (d) and (f) scaled using outer scaling using δ1 and Ue. Note that
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locations indicated in Fig. 3 by the arrows.
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