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Abstract

Kim and Vu made the following conjecture (Advances
in Mathematics, 2004): if d� log n, then the random d-
regular graph G(n, d) can asymptotically almost surely
be “sandwiched” between G(n, p1) and G(n, p2) where
p1 and p2 are both (1 + o(1))d/n. They proved this
conjecture for log n � d 6 n1/3−o(1), with a defect in
the sandwiching: G(n, d) contains G(n, p1) perfectly, but
is not completely contained in G(n, p2). Recently, the
embedding G(n, p1) ⊆ G(n, d) was improved by Dudek,
Frieze, Ruciński and Šileikis to d = o(n). In this
paper, we prove Kim–Vu’s sandwich conjecture, with
perfect containment on both sides, for all d� n/

√
log n.

For d = O(n/
√

log n), we prove a weaker version of
the sandwich conjecture with p2 approximately equal
to (d/n) log n, without any defect. In addition to
sandwiching regular graphs, our results cover graphs
whose degrees are asymptotically equal. The proofs rely
on estimates for the probability that a random factor of
a pseudorandom graph contains a given edge, which is
of independent interest.

As applications, we obtain new results on the prop-
erties of random graphs with given near-regular degree
sequences, including Hamiltonicity and universality in
subgraph containment. We also determine several graph
parameters in these random graphs, such as the chro-
matic number, small subgraph counts, the diameter,
and the independence number. We are also able to char-
acterise many phase transitions in edge percolation on
these random graphs, such as the threshold for the ap-
pearance of a giant component.

1 Introduction

Random graph theory is one of the most important
subjects in modern graph theory. Besides the rich
theory in its own field of study, random graphs have
many connections and applications in the general area of
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in full at [14].
†Research supported by ARC DE170100716,

ARC DP160100835 and NSERC.
‡Research supported by ARC DP170103687.

combinatorics. Many existence results in graph theory
are proved by using and modifying random graphs.
Today, random graphs are widely used in computer
science, engineering, physics and other branches of
sciences.

There are many random graph models. The most
classical models G(n, p) and G(n,m) were introduced
by Erdős and Rényi [10, 11] more than half a century
ago. The binomial model G(n, p) retains each edge of
the complete graph Kn independently with probabil-
ity p. The uniform model G(n,m) is simply G(n, p) con-
ditioned on having exactly m edges. In other words,
G(n,m) is the random graph on n vertices and m edges
with the uniform distribution. These two models are
the best studied and understood. The independence
between the occurrence of the edges makes G(n, p) a
relatively easier model compared to many others, for
analysing its properties and for analysing algorithms on
G(n, p). Some algorithms depend on the degrees of ver-
tices, and unavoidably the algorithms need to “expose”
the degrees of the vertices as the algorithms proceed.
For instance, the peeling algorithm [12, 17] for obtain-
ing the k-core of a graph repeatedly deletes a vertex
whose degree is below k.

An important property of G(n, p) and G(n,m) is
that, by conditioning on the degree sequence of G(n, p)
or G(n,m) being d = (d1, . . . , dn), the resulting random
graph is exactly G(n,d), the uniformly random graph
with given degree sequence d. For the special case where
d = (d, . . . , d) for some constant d, that is the random
d-regular graph, we simply write G(n, d).

The model G(n,d) is among the most important in
the study of random graphs and large networks. It is
often referred to as the Molloy–Reed model [26] in the
network community. Unlike for G(n, p), probabilities
of events in G(n,d) such as two vertices u and v
being adjacent are highly non-trivial to compute. The
most common methods of analysis of G(n,d) are the
configuration model [2] for constant or slowly growing
degrees, the switching method [23] for degrees bounded
by a small power of n, and the complex-analytic method
[16,24] for very high degrees; see also the detailed survey
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by Wormald [31].
Nevertheless, many questions that deserve an af-

firmative answer remain open for G(n,d) because the
methods listed above have severe restrictions. For in-
stance, is G(n,d) Hamiltonian? What is the chromatic
number of G(n,d)? What is the connectivity of G(n,d)?
Using highly non-trivial switching arguments and enu-
meration results for d-regular graphs, these particular
questions were answered [6, 20] for G(n, d). Using sim-
ilar techniques it may be possible to work out the an-
swers for the more general model G(n,d). However, it
will be desirable to have simpler approaches.

This is the motivation of the sandwich conjec-
ture, proposed by Kim and Vu in 2004. They conjec-
tured that for every d � log n, the random d-regular
graph can be sandwiched between two binomial ran-
dom graphs G(n, p1) and G(n, p2), the former with av-
erage degree slightly less than d, and the latter with
average degree slightly greater. The formal statement
is as follows. Recall that a coupling of random variables
Z1, . . . , Zk is a random variable (Ẑ1, . . . , Ẑk) whose
marginal distributions coincide with the distributions of
Z1, . . . , Zk, respectively. With slight abuse of notation,
we use (Z1, . . . , Zn) as a coupling of Z1, . . . , Zk.

Conjecture 1.1. (Sandwich Conjecture [19])
For d � log n, there are p1 = (1 − o(1))d/n and
p2 = (1 + o(1))d/n and a coupling (GL, G,GU ) such
that GL ∼ G(n, p1), GU ∼ G(n, p2), G ∼ G(n, d) and
P(GL ⊆ G ⊆ GU ) = 1− o(1).

The condition d � log n in the conjecture is
necessary. When p = O(log n/n), there exist vertices
in G(n, p) whose degrees differ from pn by a constant
factor. Therefore, Conjecture 1.1 cannot hold for this
range of d. For log n � d � n1/3/ log2 n, Kim
and Vu proved a weakened version of the sandwich
conjecture where G ⊆ GU is replaced by a bound on
∆(G \ GU ) (see the precise statement in [19, Theorem
2]1). Note that this weakened sandwich theorem already
allows direct translation of many results from G(n, p) to
G(n, d), including all increasing graph properties such
as Hamiltonicity.

An immediate corollary of the sandwich conjecture,
if it were true, is that one can couple two random regular
graphs G1 ∼ G(n, d1) and G2 ∼ G(n, d2) such that
asymptotically almost surely (a.a.s.) G1 ⊆ G2, if d2 is
sufficiently greater than d1. In fact we conjecture that
such a coupling exists as long as d2 > d1. However,
the weakened versions of the sandwich conjecture, as
proved in [19] and [8], are not strong enough to imply

1Vu has confirmed that ∆(GU \G) in their theorem is a typo
for ∆(G \GU ).

the existence of such a coupling, even when d2 is much
greater than d1.

Conjecture 1.2. Let 0 6 d1 6 d2 6 n− 1 be integers,
other than (d1, d2) = (1, 2) or (d1, d2) = (n− 3, n− 2).
Assume d1n and d2n are both even. Then there exists
a coupling (G1, G2) such that G1 ∼ G(n, d1), G2 ∼
G(n, d2), and P(G1 ⊆ G2) = 1− o(1).

Remark 1.1. This conjecture or some variant of it has
already been the subject of speculation and discussion
in the community, but we haven’t found any written
work about it. The case when d1 = 1 and 3 6 d2 6
n− 1 is simple, since almost all d2-regular graphs have
perfect matchings, which follows from them being at least
(d2−1)-connected [6,20]. Generate a random d2-regular
graph G2. If G2 has any perfect matchings, select one at
random; otherwise select a random 1-regular graph. By
symmetry, this gives a random 1-regular graph which is
a subgraph of G2 with probability 1− o(1).

The two binomial random graphs in Conjecture 1.1
differ by o(d/n) in edge density. This gap gives enough
room to sandwich a random graph with more relaxed
degree sequences. We propose a stronger sandwich
conjecture stated as Conjecture 1.3 below.

Given a vector d = (d1, . . . , dn) ∈ Rn, let rng(d)
stand for the difference between the maximum and
minimum components of d. Denoting ∆(d) = maxj dj ,
we can also write rng(d) = ∆(d)+∆(−d). If d(G) is the
degree sequence of a graph G, we will also use notations
∆(G) = ∆(d(G)) and rng(G) = rng(d(G)).

Definition 1.1. A sequence d(n) ∈ {0, . . . , n − 1}n is
called near-regular as n→∞ if

rng(d(n)) = o(∆(d(n))) and

rng(d(n)) = o(n−∆(d(n))).

Conjecture 1.3. Assume d = d(n) is a near-regular
degree sequence that ∆(d) � log n. Then, there are
p1 = (1− o(1))∆(d)/n and p2 = (1 + o(1))∆(d)/n and
a coupling (GL, G,GU ) such that GL ∼ G(n, p1), GU ∼
G(n, p2), G ∼ G(n,d) and P(GL ⊆ G ⊆ GU ) = 1−o(1).

In this paper, we confirm Conjecture 1.3 for all near-
regular d where ∆(d) = Θ(n), or ∆(d) � n/

√
log n

and rng(d) = O(∆(d)/ log n), which also confirms
Conjecture 1.1 for d � n/

√
log n. For other near-

regular degree sequences, we prove a weaker sandwich
theorem, with perfect containment on both sides but
with p2 roughly d log n/n.
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1.1 Discussion of the previous work Recently,
Dudek, Frieze, Ruciński and M. Šileikis [8] improved
one side of Kim and Vu’s result, GL ⊆ G, to cover
all degrees d such that log n � d � n and also
extended it to the hypergraph setting. In particular,
this new embedding theorem allows them to translate
Hamiltonicity from binomial random hypergraphs to
random regular hypergraphs.

Extending the results of [8] to d = Θ(n) requires
new proof methods. As explained later, see Question 1
in Section 2, a key step towards proving the sandwich
conjecture by our approach is to estimate, to a desired
accuracy, the edge probability in a random t-factor of a
graph S, where t is a degree sequence. To embed G(n, p)
inside G(n, d), for d = o(n), it is sufficient to consider S
that is close to a complete graph, and t whose maximum
component is o(n). The edge probabilities can be
estimated using a rather standard switching argument,
which has already appeared in several enumeration
works, e.g. [23]. However, if we wish to embed G(n, p)
inside G(n, d) where d = Θ(n), we need to consider S
and t where S is no longer a nearly complete graph,
and components of t are all linear in n. The switching
method fails in this case.

The reader might suspect that the defect in Kim–
Vu’s coupling may be amended by choosing p2 of
slightly greater order than d/n because ∆(G \ GU ) is
quite small. However, Kim–Vu’s coupling argument
fails to provide perfect upper containment unless p2

is approximately 1. This may look rather surprising
and anti-intuitive. To explain this we give a brief
overview of the coupling construction proposed by Kim
and Vu, which is essentially the same construction in
Dudek, Frieze, Ruciński and M. Šileikis [8], and which
we also partially adopt for our purposes, see Section 2
for more details. The three graphs GL ∼ G(n, p1),
G ∼ G(n, d) and GU ∼ G(n, p2) are constructed in
parallel. Uniformly random edges from Kn are added to
all of the three graphs, where with a small probability an
edge may be rejected in the construction of GL, and the
rejection probability in G is even smaller. This ensures
the containment GL ⊆ G ⊆ GU and works well until
near the completion of the construction of G. However,
the last few edges to be added to G are highly correlated
so most edges uniformly chosen from Kn have to be
rejected. This forces GU to be almost a complete graph
(if we aim at a perfect upper containment). This paper
gives the first result with perfect embedding of G(n,d)
inside a binomial random graph of similar density.

1.2 Sandwich theorem Throughout the paper we
assume that d is a realisable degree sequence, i.e. G(n,d)
is nonempty. This necessarily requires that d has
nonnegative integer coordinates and even sum. All
asymptotics in the paper refer to n → ∞. For two
sequences of real numbers an and bn, we say an = o(bn)
if bn 6= 0 eventually and limn→∞ an/bn = 0. We say
an = O(bn) if there exists a constant C > 0 such
that |an| 6 C |bn| for all n. We write an = ω(bn)
or an = Ω(bn) if an > 0 always and bn = o(an) or
bn = O(an), respectively. If both an and bn are positive
sequences, we will also write an � bn if an = o(bn),
and an � bn if an = ω(bn). Our contribution towards
Conjecture 1.3 is given by the following theorem.

Theorem 1.1. Assume d = d(n) ∈ Nn is a near-
regular degree sequence. Then there is a coupling
(GL, G,GU ) such that GL ∼ G(n, p1), GU ∼ G(n, p2),
G ∼ G(n,d) with

(1.1) P(GL ⊆ G ⊆ GU ) = 1− o(1),

where d, p1 and p2 satisfy the following conditions.

(a) If ∆(d) = O(log n) then p1 = 0 and p2 = n−1+ε,
for any fixed ε ∈ (0, 1).

(b) If log n � ∆(d) = o (n) then p1 = (1 − o(1))
∆(d)
n

and p2 > n−1+ε for any fixed ε ∈ (0, 1), and

p2 � ∆(d)
n

logn
log∆(d) log n

∆(d)
.

(c) If ∆(d) = Ω(n) then p1 = (1 − o(1))
∆(d)
n

and

p2 = (1 + o(1))
∆(d)
n

.

(d) If, in addition, we assume rng(d) = O
(
∆(d)
logn

)
,

then (a) holds for any p2 � log3 n
n log logn

, (b) holds

without the condition p2 > n−1+ε, and (c) holds
for ∆(d)� n/

√
log n.

As explained below Conjecture 1.1, a tight sandwich
for random regular graph with d = O(log n) does not
exist. From the above theorem, we get that G(n, d) ⊆
G(n, p2) a.a.s. with p2n ≈ log3 n for this range of d,
but we believe a tighter embedding should be possible.
In fact, the values of p2 in the above theorem can
be improved in all cases by expressions in terms of
rng(d), using the more precise bounds of Theorem 4.1 in
Section 4.1. In addition, Theorem 4.1 provides sharper
bounds on the probability in (1.1). This extra precision
can be useful in transfering properties of random graphs
from G(n, p) to G(n,d); see Section 4.3.
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Remark 1.2. We believe that rng(d) = o(n − ∆(d))
in the definition of near-regular sequences can be sig-
nificantly relaxed for Theorem 1.1 to hold. However,
it is not possible to remove this restriction completely.
This condition is only used in the proof of the sand-
wich theorem where all components of d are asymptotic
to n. In this case ∆(d)/n ∼ 1 and thus we can set
p2 = 1. It is sufficient to prove that we can find coupling
G(n, 1− o(1)) ⊆ G(n,d). Perhaps people are tempted to
guess that the edge probability between any two vertices
is 1 − o(1) in G(n,d) for such d and thus a coupling
can be possible. This is not true. Let d be such that its
complement follows a power law with exponent between
2 and 3. It is implied by [13, Lemma 3] that for such d,
there exist pairs of vertices for which the edge probability
between them is o(1). Hence, it is not possible to embed
G(n, 1 − o(1)) into G(n,d). More examples of d which
don’t allow such an embedding can be found in [15].

Theorem 1.1 directly implies a weaker version of
Conjecture 1.2.

Corollary 1.1. There is a coupling (Gd1 , Gd2) such
that Gd1 ∼ G(n, d1), Gd2 ∼ G(n, d2) and

P(Gd1 ⊆ Gd2) = 1− o(1), if

• d1 = O(log n) and d2 � log3 n/ log log n; or

• log n� d1 � n and d2 � d1
logn
log d1

log n
d1

; or

• d2 − d1 = Θ(n).

We prove Theorem 1.1 in Section 4. It follows from
several coupling results embedding a binomial random
graph into G(n,d), focussing on different ranges of∆(d).

Using our new sandwich theorem we deduce many
new results for G(n,d). Some of these results essentially
rely on the tight containment on both sides of the
sandwich. We prove several a.a.s. properties of G(n,d)
such as Hamiltonicity and universality in subgraph
containment. We determine several graph parameters
of G(n,d), such as the chromatic number, the small
subgraph counts, the diameter, and the independence
number. We also characterise many phase transitions
in edge percolation on G(n,d), including the threshold
for the appearance of a giant component. These new
results are presented in Section 3.

2 From embedding to sandwiching

Instead of constructing a sandwiched 3-component cou-
pling G(n, p1) ⊆ G(n,d) ⊆ G(n, p2) simultaneously, we
will embed G(n, p) into G(n,d) where d is near-regular,
and to ∆(d)/n. We will consider three cases in terms of
the range of ∆(d): sparse, dense, and co-sparse, which
correspond to, roughly speaking, sublinear ∆(d), linear
∆(d) and n − ∆(d), and sublinear n − ∆(d) respec-
tively. An embedding theorem (Theorem 4.1) which
confirms that a coupling G(n, p) ⊆ G(n,d) a.a.s. exists
is presented in Section 4.1. To prove Theorem 1.1 we
will apply Theorem 4.1 to embed G(n, p1) into G(n,d)
and embed G(n, 1 − p2) into G(n, (n − 1)1 − d). Then
we construct a 3-component coupling with G(n, p1) ⊆
G(n,d) ⊆ G(n, p2) by “stitching” the above two cou-
plings together. The detailed proof of Theorem 1.1 is
given in Section 4.2.

To prove our embedding theorem, we will use a
procedure called Coupling( ) which constructs a joint
distribution of (GL, G) where GL ⊆ G a.a.s. and
their marginal distributions follow G(n, p) and G(n,d)
respectively. The procedure is given in Figure 1.

2.1 The coupling procedure Procedure Cou-
pling( ) takes a graphical degree sequence d, a posi-
tive integer I and a positive real ζ < 1 as an input,
and outputs three random graphs Gζ , G, G0, all on
[n], such that G ∼ G(n,d) and Gζ ⊆ G0. Roughly

speaking, the procedure constructs (Gζ
(t), G(t), G0

(t))
by sequentially adding edges to the three graphs, and
Gζ

(t) ⊆ G(t) ⊆ G0
(t) is maintained up to step I. The

outputs Gζ and G0 of Coupling( ) will be Gζ
(I) and

G0
(I), ignoring some technicality. The output G will be

a “proper” completion of G(I) into a graph with degree
sequence d. For a careful choice of I and ζ, procedure
Coupling( ) typically produces an outcome that Gζ ⊆ G
and G \ G0 is “small”. Moreover, if I is chosen ran-
domly according to a suitable distribution, which we
specify later in this section, then Gζ ∼ G(n, pζ) and
G0 ∼ G(n, p0), where pζ ≈ p0 for small ζ > 0. (See the
definition of pζ in (2.2).) Even though we only need the
coupling (GL, G) with GL = Gζ for our purposes, it will
be convenient to include G0 in our coupling construc-
tion in order to deduce certain properties of G required
for our proofs.

In rare cases, Coupling( ) calls another procedure
IndSample( ) (this happens when certain parameters be-
come too large). Procedure IndSample( ) also generates
three random graphs Gζ ∼ G(n, pζ), G ∼ G(n,d) and
G0 ∼ G(n, p0) but the relation Gζ ⊆ G is not a.a.s.
guaranteed. In fact, G will be independent of (Gζ , G0).
The main challenge will be to show that the probability
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Procedure Coupling(d, I, ζ):

Let M
(0)
ζ , G(0) and M

(0)
0 be the empty multigraphs on vertex set [n].

For every 1 6 ι 6 I:
Uniformly at random choose an edge jk from Kn;

M
(ι)
0 = M

(ι−1)
0 ∪ {jk};

If jk ∈ G(ι−1) then
G(ι) = G(ι−1);

M
(ι)
ζ = M

(ι−1)
ζ with probability ζ,

M
(ι)
ζ = M

(ι−1)
ζ ∪ {jk} with probability 1− ζ;

If jk /∈ G(ι−1), define η
(ι)
jk = 1− P(jk ∈ G(n,d) | G(ι−1))

maxjk/∈G(ι−1) P(jk ∈ G(n,d) | G(ι−1))
;

If η
(ι)
jk > ζ then Return IndSample(d,M

(ι−1)
ζ ,M

(ι−1)
0 , ι, I, ζ);

Otherwise, generate a ∈ [0, 1] uniformly randomly;

If a ∈ (ζ, 1] then G(ι) = G(ι−1) ∪ {jk} and M
(ι)
ζ = M

(ι−1)
ζ ∪ {jk};

If a ∈ [η
(ι)
jk , ζ] then G(ι) = G(ι−1) ∪ {jk} and M

(ι)
ζ = M

(ι−1)
ζ ;

If a ∈ [0, η
(ι)
jk ) then G(ι) = G(ι−1) and M

(ι)
ζ = M

(ι−1)
ζ ;

For ι > I + 1, while G(ι−1) has fewer edges than G(n,d) repeat:
Pick an edge uv /∈ G(ι−1) with probability proportional to P(uv ∈ G(n, d) | G(ι−1)),
G(ι) = G(ι−1) ∪ {uv};

Assign G = G(ι).

Return (Gζ , G,G0), where Gζ CM
(I)
ζ and G0 CM

(I)
0 .

Procedure IndSample(d,Mζ ,M0, ι, I, ζ):

Let M
(ι−1)
ζ = Mζ and M

(ι−1)
0 = M0; and let G be a random graph sampled from G(n,d).

For every ι 6 τ 6 I:
Uniformly at random choose an edge jk from Kn;

M
(τ)
0 = M

(τ−1)
0 ∪ {jk};

M
(τ)
ζ = M

(τ−1)
ζ with probability ζ.

M
(τ)
ζ = M

(τ−1)
ζ ∪ {jk} with probability 1− ζ;

Return (Gζ , G,G0) where Gζ CM
(I)
ζ and G0 CM

(I)
0 .

Figure 1: Procedures Coupling( ) and IndSample( ).

for Coupling( ) to call IndSample( ) is rather small.
If M is a multigraph, we write G CM if G is the

simple graph obtained by suppressing multiple edges in
M into single edges. With a slight abuse of notation,
we write jk ∈ G(n,d) for the event that jk is an edge
in a graph randomly chosen from G(n,d). All graphs
under consideration are defined on [n] and thus we

can treat graphs as subsets of
(

[n]
2

)
. Thus H ⊆ G is

equivalent to E(H) ⊆ E(G). If X ⊆ Kn, we write
P(jk ∈ G(n,d) | X) for the probability that jk is an
edge in G where G is randomly chosen from G(n,d)
conditioned on X ⊆ G.

The details of procedures Coupling( ) and IndSam-
ple( ) are shown in Figure 1. Note that Coupling( ) con-
sists of two loops indexed by a contiguous sequence of
values of ι. When we refer to “step ι” or “ι iterations”,

we refer to the point in Coupling( ) where ι has that
value, regardless of which of the two loops we are in.

Our next lemma verifies that Gζ and G0 output by
Coupling(d, I, ζ) have the desired distributions if I is
an integer drawn from a Poisson random variable with a
properly chosen mean. (With a slight abuse of notation,
we write I ∼ Po(µ), but note that the argument passed
to Coupling( ) is not a random variable but a single
integer drawn from the distribution Po(µ).) Denote by
N =

(
n
2

)
the number of edges in Kn.

Lemma 2.1. Let I ∼ Po(µ) and (Gζ , G,G0) be the
output of Coupling(d, I, ζ). Then G0 ∼ G(n, p0) and
Gζ ∼ G(n, pζ), where

(2.2) p0 = 1− e−µ/N and pζ = 1− e−µ(1−ζ)/N .
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Note. pζ = p0 if ζ = 0.

Proof. By the definition of Coupling( ) and IndSam-
ple( ), whether IndSample( ) is called or not, the con-
struction for Gζ and G0 lasts exactly I steps. In each
step 1 6 ι 6 I, an uniformly random edge jk from Kn

is chosen. Then jk is added to M
(ι)
0 always, and jk is

added to M
(ι)
ζ with probability 1− ζ.

Let e1, . . . , eN be an enumeration of the edges of
Kn. For 1 6 z 6 N , let Xz denote the number of times
that edge ez is chosen during these I iterations. Clearly,

P(Xz = 0) =
∞∑
m=0

e−µ
µm

m!
(1− 1/N)m

= e−µ+µ(1−1/N) = e−µ/N .

Moreover, the probability generating function for the
random vector X = (Xz)z∈[N ] is∑

j1,...,jN

P(X1 = j1, . . . , XN = jN )xj11 · · ·x
jN
N

=
∞∑
m=0

e−µ
µm

m!

(∑
16j6N xj

N

)m
= exp

(
−µ+ µ

(∑
16j6N xj

N

))
=

∏
16j6N

exp
(
− µ
N

+
µxj
N

)
.

This implies that the conmponents of X are indepen-
dent. Hence, each edge of Kn is included in G indepen-
dently with probability P(Xz > 1) = 1 − e−µ/N . This
verifies that G0 ∼ G(n, p0).

Next we consider the distribution of Gζ . By the
construction of Coupling(d, I, ζ), for every 1 6 ι 6 I,

the chosen edge ez is added to M
(ι)
ζ with probability

1 − ζ. Let Yz denote the multiplicity of ez in M
(I)
ζ .

Observe that the distribution of Y = (Yz)z∈[N ] is
similar to the distribution of X but with I replaced
by I ′ ∼ Bin(I, 1 − ζ). It is also straightforward to
verify that I ′ ∼ Po(λ′) where λ′ = µ(1 − ζ). Thus, we
conclude that Gζ ∼ G(n, pζ).

If G ∼ G(n,d) and m 6 1
2

∑
j dj = |E(G)|, let

G(n,d,m) denote the probability space of all subgraphs
of G containing exactly m edges with the uniform
distribution. In the next lemma, we verify the marginal
distribution of G(ι) during the coupling procedure.
Define m(ι) to be the number of edges in G(ι).

Lemma 2.2. Suppose IndSample( ) was not called dur-
ing the first ι iterations of Coupling( ).Then G(ι) ∼
G(n,d,m(ι)).

Proof. With a slight abuse of notation, let G(ι) be
the graph where edges are labelled with [m(ι)] in the
order that they are added by Coupling( ). We will
prove by induction that G(ι) has the same distribution
as the graph obtained by uniformly labelling edges in
G(n,d,m(ι)) with [m(ι)]. This is obviously true for
ι = 1.

Without loss of generality, assume G(ι−1) has m(ι)−
1 edges and has the claimed distribution, and assume
that G(ι) contains m(ι) edges. Let L(G(ι−1)) be the
set of edge-labelled graphs with degree sequence d
which contain G(ι−1) as an edge-labelled subgraph.
For every jk /∈ G(ι−1), let L(G(ι−1), jk) be the set
of edge-labelled d-regular graphs in L(G(ι−1)) which
contains jk as an edge labelled with [m(ι)]. Define
U(G(ι−1)) and U(G(ι−1), jk) similarly except that edges
not in G(ι−1) are not labelled. Since every graph in
U(G(ι−1), jk) corresponds to exactly (M −m(ι))! edge-
labelled graphs in L(G(ι−1), jk), and every graph in
U(G(ι−1)) corresponds to exactly (M −m(ι) + 1)! edge-
labelled graphs in U(G(ι−1)), where M = 1

2

∑n
j=1 dj , we

have

|U(G(ι−1), jk)|
|U(G(ι−1))|

= (M −m(ι) + 1)
|L(G(ι−1), jk)|
|L(G(ι−1))|

.

Since

|U(G(ι−1), jk)|
|U(G(ι−1))|

= P(jk ∈ G(n,d) | G(ι−1)
)
,

it follows that |L(G(ι−1), jk)|/|L(G(ι−1))| is propor-
tional to P(jk ∈ G(n,d) | G(ι−1)). Hence, the random
graph G(ι) also has the claimed distribution.

The above immediately implies the statement of
the lemma for the non-edge-labelled G(ι), since there
are exactly m(ι)! ways to label edges of G(ι) for any
realisation of G(ι) with m(ι) edges.

Lemma 2.2 immediately yields the following corol-
lary.

Corollary 2.1. If (Gζ , G,G0) be the output of
Coupling(d, I, ζ), then G ∼ G(n,d).

Thus, procedure Coupling(d, I, ζ) with I ∼ Po(µ)
always produces a random triple of graphs with suitable
marginal distributions. Next, we need to choose param-
eters µ and ζ in such a way that pζ approximate the
density of G(n,d) reasonably well and the probability
of Gζ 6⊆ G is small. Note that Gζ ⊆ G could only be vi-
olated when IndSample( ) is returned in which case Gζ
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and G are generated independently. Thus,

P(Gζ 6⊆ G)

6 P
(
IndSample( ) was called during

execution of Coupling( )
)

= P
(
∃ι 6 I − 1 : η

(ι+1)
jk > ζ

)
(2.3)

6 P
(
∃ι 6 I − 1 :

minjk/∈G(ι) P(jk ∈ G(n,d) | G(ι))

maxjk/∈G(ι) P(jk ∈ G(n,d) | G(ι))
< 1− ζ

)
.

For each 0 6 ι 6 I − 1, define

S(ι) = Kn −G(ι),

and let g(ι) be the degree sequence of G(ι). Denoting
by G(t) the set of spanning subgraphs of G with degree
sequence t, we get that

(2.4)

P(jk ∈ G(n,d) | G(ι))

=
|{G ∈ Kn(d) : G(ι) ∪ {jk} ⊆ G}|
|{G ∈ Kn(d) : G(ι) ⊆ G}|

=
|{G ∈ S(ι)(d− g(ι)) : jk ∈ G}|

|S(ι)(d− g(ι))|
.

Thus, (2.3) and (2.4) motivate the following question.

Question 1. Let St be a uniform random t-factor
(spanning subgraph with degree sequence t) of a graph S.
Under which assumptions on S and t, one can guarantee

P(z ∈ St)

P(z′ ∈ St)
≈ 1

for any two edges z, z′ of S?

Having an accurate estimate of the above probabil-
ity ratio is crucial in our approach towards solving the
sandwich conjecture, and tightening the density gap be-
tween the two binomial random graphs that sandwich
G(n,d). We are able to solve Question 1 for dense S (for
both sparse and dense t), and also for sparse S with t
that is sparse relative to S (i.e. ∆(t) = o(∆(S))). This
is sufficient to prove Theorem 4.1, the embedding the-
orem. Addressing Question 1 for sparse S with dense
t relative to S would allow us to resolve the sandwich
conjecture completely.

2.2 Proof techniques for the embedding theo-
rem The proof of Theorem 4.1 is given in [14, Sec-
tion 6], with some technical components presented in
Sections 7 and 8 in [14]. The proof of Theorem 4.1 is
given separately for different ranges of the density of
S and t. The parameters µ and ζ in procedure Cou-
pling(d, I, ζ) with I ∼ Po(µ) will be chosen differently
in each case.

To prove the sparse case of Theorem 4.1, when
∆(d) = o(n), it is sufficient to answer Question 1
for S that is very close to Kn (which means that the
complement of S is sparse), and sparse t. The answer
follows from an enumeration result of McKay [23]. The
proof of Theorem 4.1(a) is straightforward given [23]
and is presented in [14, Section 6.1].

In the dense case of Theorem 4.1, when ∆(d)
and n − ∆(d) are roughly linear, we want to answer
Question 1 for dense S and dense t. We will estimate
the edge probabilities by enumerating dense t-factors of
a dense graph, using a complex-analytic approach which
is presented in detail in Section 7 of [14]. Here, we just
give a quick overview. Given S, the generating function
for subgraphs of S with given degrees is

∏
jk∈S(1 +

zjzk). Using Cauchy’s integral formula, we find that
the number N(S, t) of t-factors of S is given by

N(S, t) =
1

(2πi)n

∮
· · ·
∮ ∏

jk∈S(1 + zjzk)

zt1+1
1 · · · ztn+1

n

dz1 · · · dzn.

We will derive an asymptotic expression of N(S, t) using
a multidimensional variant of the saddle-point method.
The integral is split into two parts. The first part cor-
responds to the neighbourhood of saddle points. Us-
ing the Laplace approximation, we need to estimate the
moment-generating function of a polynomial with com-
plex coefficients of an n-dimensional Gaussian random
vector. To do this, we apply the general theory based
on complex martingales developed in [16]. The second
part consists of the integral over the other regions and
has a negligible contribution.

Estimating both parts of the integral is highly non-
trivial and this analysis was previously done in the
literature only for the case when S is the complete graph
Kn or not far from it, see [1, 16, 24, 25]. Extending
these results to a general graph S required significant
improvements of known techniques. Our enumeration
result (see [14, Theorem 7.1]) gives an asymptotic
value of N(S, t) for S such that every pair of vertices
have Θ(∆2(S)/n) common neighbours and under some
technical conditions on t. We also investigate the
connection between the random graph St and the so-
called β-model which belongs to the exponential family
of random graphs. We show that the probability of
containing/avoiding a prescribed small set of edges is
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asymptotically the same for both models (see Section 7
and Theorem 7.10 in [14]). Recall that for our coupling
construction we only need probabilities to contain one
edge. However, [14, Theorems 7.1 and 7.10] are of
independent interest and, in particular, they extend
previously known results even for the case S = Kn.

In the co-sparse case of Theorem 4.1, when n −
∆(d) = o(n), we need to address Question 1 for t that is
sparse relative to S (for both dense and sparse S). The
novel and technical analysis in this case is to estimate
edge probabilities of a random t-factor of S when S
is sparse and pseudorandom, and t is sparse relative
to S. We will use the switching technique under a set
of pseudorandom properties for S. We give a quick
introduction to the switching method here, and refer the
readers to the detailed description and analysis in [14,
Section 8]. Assume we want to estimate the probability
that a random t-factor of S contains an edge jk where
jk ∈ S. Consider the set U1 of t-factors of S which
contain jk and the set U2 of t-factors of S which do
not contain jk. We will define a “switching” operation
which switches an element T in U1 into another element
T ′ in U2. The switching operation is defined as follows.
Take an alternating walk in S from vertex j to k with
a pre-specified odd length `, such that the first edge is
not in T and the second edge is in T and so on. This
walk together with the edge jk forms an alternating
circuit. We require that the walk is chosen such that the
corresponding circuit does not contain repeated edges
in S. Now we swap all edges in the walk from T to
S \ T and vice versa. This produces a t-factor in U2. If
we estimate the number of ways to perform a switching
on a given element of U1, and the number of ways to
perform the inverse of a switching on a given element
of U2, then the ratio |U1|/|U2| can be obtained from the
ratio of these two numbers, which immediately produces
the probability that a random t-factor of S contains jk.

The switching method has been extensively applied
to enumerating t-factors of a very dense graph S (mostly
the complete graph). If S is an (almost) complete
graph then the number of switchings do not depend
(much) on the structure of S and the analysis is much
simpler. For sparser S, it is necessary to impose some
pseudorandomness conditions for the switching method
to have a chance of success, as otherwise there may not
be any valid switchings. For dense S, it is sufficient to
choose small `. Switching a small number of edges helps
with the control of errors arising from the switching
analysis. As we are dealing with S as sparse as having
maximum degree of polylogarithmic order, we need to
switch up to log n edges simultaneously, since there
might be no shorter alternating walks between two
specified vertices. To our knowledge, this is the first

time that the switching argument is applied to analyse
a random subgraph of a graph as sparse as in our case.
The sparsity requires innovative treatment for both the
design of the switching, and its analysis.

3 Translation from G(n, p) to G(n,d)

Our sandwich theorem allows translation of many re-
sults from binomial random graphs to random graphs
with specified near-regular degree sequences. Some of
the translations can already be obtained from a one-
sided sandwich, e.g. the monotone properties. Other
translations require sandwiching on both sides. We give
a few examples below.

3.1 Translation of a.a.s. properties It is well
known that for p � log n/n, G(n, p) is a.a.s. Hamil-
tonian. This immediately implies the Hamiltonicity of
random graphs of near-regular degrees.

Theorem 3.1. (Hamiltonicity) Assume d is near-
regular and ∆(d) � log n. Then a.a.s. G(n,d) is
Hamiltonian.

The following universality property follows from [7,
Theorem 1.1].

Theorem 3.2. (Universality) Let k > 3 be a fixed
integer. Assume d is near-regular and ∆(d) >
Cn1−1/k log1/k n for a sufficiently large constant C.
Then a.a.s. G(n,d) is H(n, k)-universal, where H(n, k)
denotes the set of graphs on [n] with maximum degree
at most k. i.e. for G ∼ G(n,d),

P(∀H ∈ H(n, k),∃H ′ ⊆ G s.t. H ′ ∼= H) = 1− o(1).

3.2 Translation of graph parameters

Theorem 3.3. (Chromatic number)
(a) Assume that d is near-regular and ∆(d), n−∆(d) =

Θ(n). Then a.a.s.

χ(G(n,d)) ∼ n

2 logb n
, where b =

1

1− ∆(d)
n

.

(b) Assume d is near-regular. If rng(d)� ∆(d)/ log n,
and either log n · log3 log n � ∆(d) � n/ log n
or n/

√
log n � ∆(d) � n, then χ(G(n,d)) ∼

∆(d)/2 log∆(d).

Proof. The chromatic number of χ(G(n, p)) is deter-
mined by [4] if p, 1 − p = Θ(1). Consequently part (a)
follows by Theorem 1.1(c). To prove part (b) we need
more precise bounds from Theorem 4.1 so the proof is
postponed to Section 4.3.
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Concentration of the number of small subgraphs
in G(n, p) follows by [28], which immediately gives the
following:

Theorem 3.4. (Subgraph counts) Let H be an ar-
bitrary graph of fixed order. Assume d is near-regular
and ∆(d) = Θ(n). Let XH denote the number of sub-
graphs of G(n,d) that are isomorphic to H. Then a.a.s.

XH ∼
n|V (H)|

|Aut(H)|

(
d

n

)|E(H)|

,

where Aut(H) is the automorphism group of H.

Let diam(G) denote the diameter of G. The
diameter of G(n, p) [3, Theorem 6, Corollaries 7 and 8]
gives the diameter of G(n,d) as follows:

Theorem 3.5. (Graph diameter) Suppose d is
near- regular with ∆(d)� log3 n.

(a) If ∆(d)2/n > (2+ε) log n for some fixed ε > 0 then
a.a.s. diam(G(n,d)) 6 2.

(b) If ∆(d) < n2/3, let D0 be the minimum integer

D such that ((1− ε)∆(d))
D
> 2n log n for some

fixed ε > 0 and all sufficiently large n. Then a.a.s.
log∆(d)(n− 1) 6 diam(G(n,d)) 6 D0.

Proof. Parts (a) follows directly from [3] and Theo-
rem 1.1(b). For part (b), by Theorem 1.1(b), a.a.s.
G(n, (1 − ε/2)∆(d)/n) can be embedded into G(n,d),
where ε is a fixed constant such that ((1− ε)∆(d))D0 >
2n log n for all sufficiently large n. By [3] and not-
ing that graph diameter is a non-increasing function,
a.a.s. diam(G(n,d)) 6 diam(G(n, (1 − ε/2)∆(d)/n)) 6
D0. We also have the trivial lower bound that
diam(G(n,d)) > log∆(d)(n − 1). Our assertion follows.

Remark 3.1. A recent paper by Shimizu [29]
(SODA’18) determined the diameter of G(n, d) for
d ∼ βnα where β and α are positive constants. Our
Theorem 3.5 recovers this result except when 1/α is an
integer, in which case Theorem 3.5(b) yields a 2-point
concentration. However, our result covers a much
richer family of degree sequences. It holds for slightly
non-regular degree sequences, and it does not restrict the
degrees to be of form βnα. If ∆(d) = exp(Ω(

√
log n)),

then part (b) typically yields a 1-point concentration,
and only for very specific values of ∆(d) does it yield a
2-point concentration.

Let α(G) denote the independence number of G, i.e.
the order of the maximum independent set in G.

Theorem 3.6. (Independence number) Suppose d
is a near-regular degree sequence.

1. If ∆(d), n−∆(d) = Θ(n), then a.a.s.

α(G(n,d)) ∼ 2 logb n, where b =
1

1− ∆(d)
n

.

2. If rng(d)� ∆(d)/ log n, and either
log n log3 log n� ∆(d)� n/ log n or
n/
√

log n� ∆(d)� n then a.a.s.
α(G(n,d)) ∼ 2n log∆(d)/∆(d).

Proof. By Theorem 1.1(b,c), there exists p = (1 −
o(1))∆(d)/n such that a.a.s. G(n, p) can be embedded
into G(n,d). Since α(G) is a non-increasing function
of G, α(G(n,d)) 6 α(G(n, p)), which is asymptotic to
2 log1/(1−p) n if p, 1−p = Θ(1) by [5], and is asymptotic
to 2n log pn/pn if 1� pn� n by [9].

On the other hand, α(G(n,d)) > n/χ(G(n,d)). By
Theorem 3.3, we immediately obtain the matching lower
bound for α(G(n,d)), which completes the proof of our
assertion.

3.3 Translation of phase transitions A graph
property Γ has threshold f(n) in G(n, p) if

lim
n→∞

P(G(n, p) ∈ Γ) =

{
0, if p� f(n),

1, if p� f(n).

We say Γ has a sharp threshold f(n) in G(n, p) if for
every fixed ε > 0,

lim
n→∞

P(G(n, p) ∈ Γ) =

{
0, if p < (1− ε)f(n),

1, if p > (1 + ε)f(n).

The concept of (sharp) threshold extends naturally to
other random graph models such as G(n,m), G(n, d) and
G(n,d) where d is near-regular.

Let H be a fixed graph. Define

d(H) =
|E(H)|
|V (H)| − 1

d∗(H) = max
H′⊆H:|V (H′)|>2

d(H ′).

Graph H is said to be strictly balanced if d(H ′) < d(H)
for every proper subgraph H ′ of H with at least 2
vertices. The threshold of the emergence of an H-factor
in G(n, p) for strictly balanced H is determined in [18,
Theorem 2.1] to be n−1/d(H)(log n)1/|E(H)|. An upper
bound for the threshold of the emergence of an H-factor
in G(n, p) is obtained in [18, Theorem 2.2] for general
graph H. These results immediately yield the following.
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Theorem 3.7. (H-factors) Let d be a near-regular
degree sequence. For every ε > 0,

• if H is strictly balanced,

P(G(n,d) has an H-factor)

→


0, if ∆(d) < n1−1/d(H)−ε;

1, if ∆(d) > n1−1/d(H)+ε

and n ≡ 0 (mod |V (H)|).

• for any general graph H,

P(G(n,d) has an H-factor)→ 1,

if ∆(d) > n1−1/d∗(H)+ε and n ≡ 0 (mod |V (H)|).

Theorem 3.8. (Percolation on G(n,d)) Assume d
is near-regular and ∆(d) = Ω(n). Let G ∼ G(n,d)
and Gp be the subgraph of G obtained by independently
keeping each edge with probability p. Let Q be a
monotone property and let th(Q) denote a (sharp)
threshold function of Q in G(n, p). Then (n/∆(d)) ·
th(Q) is a (sharp) threshold function of Q in Gp.

We give one example of Theorem 3.8. A giant com-
ponent in G(n, p) is a component of size linear in n. De-
termining the sharp threshold of the emergence of a gi-
ant component in G(n, p) is a remarkable benchmark re-
sult in random graph theory. The emergence threshold
of a giant component in other random graph models has
also been extensively studied. For instance, the emer-
gence threshold of a giant component in Gp is known to
be 1/(d−1) in the special case where G ∼ G(n, d) where
d > 3, following from a sequence of results [20, 21, 27].
Theorem 3.8 extends this result to near-regular degree
sequences where ∆(d) = Ω(n).

Corollary 3.1. (Giant component) Assume d is
near-regular and ∆(d) = Ω(n). The emergence of a
giant component in Gp has a sharp threshold 1/∆(d).

4 The embedding theorem and proof of
Theorem 1.1

4.1 Embedding G(n, p) into G(n,d)

Theorem 4.1. (The embedding theorem) Let d =
d(n) ∈ Nn be a degree sequence and ξ = ξ(n) > 0 be
such that ξ(n) = o(1). Denote ∆ = ∆(d). Then there
exists a coupling (GL, G) with GL ∼ G(n, p) (where p is
specified below) and G ∼ G(n,d) for the following three
cases.

(a) Sparse case. Assume

rng(d) 6 ξ∆ and ξn > ∆� ξ−3 log n.

Then there exists p = (1−O(ξ))∆/n such that

P(GL ⊆ G) = 1− e−Ω(ξ3∆) > 1− n−c,

for any constant c > 0

(b) Dense case. Assume n rng(d) 6 ξ∆(n − ∆) and
n − ∆ � ξ∆ � n/ log n. Then there exists
p = (1−O (ξ))∆/n such that

P(GL ⊆ G) = 1− e−Ω(ξ3∆) = e−ω(n/ log3 n).

(c) Co-sparse case. Assume

(4.5)
rng(d)
n−∆ = O(σ) and n−∆

n
log n

n−∆ = o(σξ)

for some positive σ = σ(n) such that

(4.6) ξn� nσ � log3 n
log2 logn

.

Then there exists p = 1−O(ξ) such that

P(GL ⊆ G) = 1− e−Ω(ξn1−σ logn) > 1− n−c,

for any constant c > 0.

The proof of Theorem 4.1 can be found in the
full version of this paper [14]. The probability bounds
of Theorem 4.1 are almost tight in many cases. In
particular, they are tight up to an additional log2 n in
the exponent for (a) with ξ > 1/ log n, always for (b)
and for (c) with nσ = log3 n; see the proposition below.

Proposition 4.1. Assume d is d-regular, i.e. all com-
ponents equal to d, and (d, ξ) satisfies one of the con-
ditions in Theorem 4.1(a,b,c). Let (GL, G) be any cou-
pling such that GL ∼ G(n, p), G ∼ G(n, d). Then,

P(GL ⊆ G) 6 1− e−Θ(ξd).

Proof. Note that for any coupling (GL, G) where GL ∼
G(n, p) and G ∈ G(n, d),

1− P(GL ⊆ G) > PG(n,p)(v1 has degree greater than d)

= P(Bin(n− 1, p) > d+ 1).

Using the assumptions of Theorem 4.1(a,b,c) and omit-
ting uninteresting technical details, we get that the
probability on the right hand side above is always at
least e−Θ(ξd).
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4.2 Proof of Theorem 1.1 Now we prove that
Theorem 1.1 follows from Theorem 4.1. Let d′ =
(n− 1)1− d.

For part (a), noting that Kn − G ∼ G(n,d′), and
Kn − GU ∼ G(n, 1 − p2), it is sufficient to prove that
we can a.a.s. embed G(n, 1 − p2) inside G(n,d′). Fix
an arbitrary ε > 0 and let ξ = n−1+ε. Let σ =
ε/2. It is straightforward to see that all conditions in
Theorem 4.1(c) are satisfied by our choice of ξ and σ.
Then a.a.s. G(n, 1−Cξ) can be embedded into G(n,d′)
for some C > 0. Part (a) now follows as this holds for
any ε > 0.

Assume that additionally we have rng(d)/∆ =
O(log log n/ log n). Then set

σ =
3 log log n− 1.5 log log log n

log n

ξ � log3 n

n log log n
.

It is easy to check that all conditions for Theorem 4.1(c)
are satisfied. Hence, a.a.s. we can embed G(n, 1 −
Cξ) into G(n,d′) for some constant C > 0. Con-
sequently, we can embed G(n,d) into G(n, p2) where
p2 � log3 n/n log log n. This proves the first claim in
part (d).

For part (b), we will show that a.a.s. we can embed
G(n, p1) into G(n,d), and embed G(n, 1 − p2) into
G(n,d′). Then, let π be the first coupling, which embeds
G(n, p1) into G(n,d), and π′ be the second coupling that
embeds G(n,d) into G(n, p2). We can now stitch π and
π′ together to construct a coupling (GL, G,GU ), where
GL ∼ G(n, p1), G ∼ G(n,d) and GU ∼ G(n, p2). First
uniformly generate G ∈ G(n,d). Then, conditional
on G, generate GL under π and generate GU under
π′. This yields (GL, G,GU ) with the desired marginal
distributions. Moreover, a.a.s. GL ⊆ G ⊆ GU .

To embed G(n, p1) into G(n,d) we will apply The-
orem 4.1(a). By the assumption on ∆(d), there exists
ξ = o(1) satisfying both conditions in Theorem 4.1(a).
Hence, there exists p1 = (1 − o(1))∆(d)/n such that
a.a.s. G(n, p1) can be embedded into G(n,d). To em-
bed G(n, 1 − p2) into G(n,d′) we will apply Theo-
rem 4.1(c). Fix ε > 0 and assume that ξ > n−1+ε

and ξ � ∆(d)/n log(n/∆(d)). Set σ = ε/2. The near-
regularity of d implies (4.5). Moreover, condition (4.6)
is satisfied as ξn > nε � nσ. By Theorem 4.1(c), a.a.s.,
G(n, 1 − Cξ) can be embedded into G(n,d′). Part (b)
follows now as ε > 0 can be chosen arbitrarily.

If in addition we have
rng(d)/∆(d) = O(log log n/ log n), then set

σ = max

{
3 log log n− 1.5 log log log n

log n
,

log∆(d)

log n

}

and assume ξ � nσ−1 and ξ � ∆(d)
σn log n

∆(d) . Then all

conditions in Theorem 4.1(c) are satisfied for d′. Thus,
we can embed G(1− p2) into G(n,d′) with

p2 � max

{
log3 n

log log n
,
∆(d)

n

log n

log∆(d)
log

n

∆(d)

}
.

This proves the second claim in part (d) by noting that
the second term in the maximum function is always of
an order that is at least of that of the first term.

For (c), as in (b), it is sufficient to embed G(n, p1)
into G(n,d) and embed G(n, 1− p2) into G(n,d′). First
consider the case that n −∆(d) = Ω(n). By the near-
regularity of d there exists ξ = o(1) which satisfies all
the conditions in Theorem 4.1(b) for both d and d′.
Hence, there exists p1 = (1 − o(1))∆(d)/n such that
we can a.a.s. embed G(n, p1) into G(n,d). Also, we
can a.a.s. embed G(n, p′) into G(n,d′) for p′ = (1 −
o(1))∆(d′)/n. Taking p2 = 1 − p′ = (1 + o(1))∆(d)/n
completes the proof for this range of ∆(d). Next,
consider ∆(d) such that n − ∆(d) = o(n). We simply
set p2 = 1 in this case, and thus, it is sufficient to embed
G(n, p1) into G(n,d). By the near-regularity of d, both

rng(d)/(n − ∆(d)) and n−∆(d)
n log n

n−∆(d) are o(1) for

d in this range. Hence, there exists σ, ξ = o(1) which
satisfy all conditions in Theorem 4.1(c). Hence, a.a.s.
we can embed G(n, 1−o(1)) into G(n,d). This completes
the proof for part (c).

Finally we prove the last claim in part (d). Assume
that n/

√
log n � ∆(d) 6 n/2 and additionally that

rng(d) = O(∆(d)/ log n). We have already shown that
G(n, (1 − o(1))∆(d)/n) can be embedded in G(n,d) by
(b,c). Next we will prove that G(n, p′) can be embedded
in G(n,d′) for some p′ = 1 − (1 + o(1))∆(d)/n which
then completes the proof for part (d). Let ξ = 1/

√
log n.

Then both conditions in Theorem 4.1(b) are satisfied.
Hence, we have the embedding for p′ = (1−O(ξ))(n−
∆(d) + rng(d))/n = 1 − (1 + o(1))∆(d)/n + O(ξ +
rng(d)/n) = 1 − (1 + o(1))∆(d)/n, where the error
O(ξ+rng(d)/n) in the last equation is absorbed because
of the condition on the range of ∆(d).

4.3 Proof of Theorem 3.3(b) In this section we
use the bounds of Theorem 4.1 to complete the proof of
Theorem 3.3.

First consider the case that rng(d) � ∆(d)/ log n
and log n log3 log n � ∆(d) � n/ log n. Then there
exists ξ = o(1/ log∆(d)) such that both conditions
in Theorem 4.1(a) are satisfied. Hence, there exists
p = (1 + O(ξ))∆(d)/n such that a.a.s. G(n, p) can be
embedded into G(n,d). Thus, a.a.s.

χ(G(n, p)) 6 χ(G(n,d))

6 χ(G(n, p)) +∆(G(n,d)− G(n, p)) + 1.

700
Copyright © 2020

Copyright for this paper is retained by authors

D
ow

nl
oa

de
d 

02
/2

5/
20

 to
 1

30
.1

94
.1

47
.1

82
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



By the choice of ξ and [22], it follows that ∆(G(n,d)−
G(n, p)) = o( ∆(d)

log∆(d) ), and thus

χ(G(n,d)) ∼ χ(G(n, p)) ∼ ∆(d)

2 log∆(d)
.

Next, assume rng(d) � ∆(d)/ log n and
n/
√

log n � ∆(d) � n. Take ξ = 1/
√

log n.
Then both conditions in Theorem 4.1(b) are satisfied
for both d and d′. Hence, there exist

p1 = (1−O(ξ))
∆(d)

n
= (1− o(1))

∆(d)

n
p2 = 1− (1−O(ξ))∆(d′)/n

=
∆(d)

n
+O(ξ) = (1 + o(1))

∆(d)

n

such that G(n,d) can be sandwiched between G(n, p1)
and G(n, p2). Our theorem follows as the chromatic
number for both G(n, p1) and G(n, p2) are asymptotic

to ∆(d)
2 log∆(d) by [22].

References

[1] A. Barvinok and J. A. Hartigan, The number of graphs
and a random graph with a given degree sequence,
Random Structures & Algorithms, 42 (2013) 301–348.

[2] B. Bollobás, A probabilistic proof of an asymptotic
formula for the number of labelled regular graphs,
European J. Combin., 1 (1980) 311–316.

[3] B. Bollobás, The diameter of random graphs, Trans.
American Math. Soc., 267 (1981) 41–52.

[4] B. Bollobás, The chromatic number of random graphs,
Combinatorica, 8 (1988) 49–55.

[5] B. Bollobás and P. Erdős, Cliques in random graphs,
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