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Abstract The ability to understand and predict how thermal, hydrological,
mechanical and chemical (THMC) processes interact is fundamental to many
research initiatives and industrial applications. We present (1) a new Thermal–
Hydrological–Mechanical–Chemical (THMC) coupling formulation, based on
non-equilibrium thermodynamics; (2) show how THMC feedback is incorporated
in the thermodynamic approach; (3) suggest a unifying thermodynamic framework
for multi-scaling; and (4) formulate a new rationale for assessing upper and lower
bounds of dissipation for THMC processes. The technique is based on deducing
time and length scales suitable for separating processes using a macroscopic finite
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time thermodynamic approach. We show that if the time and length scales are
suitably chosen, the calculation of entropic bounds can be used to describe three
different types of material and process uncertainties: geometric uncertainties,
stemming from the microstructure; process uncertainty, stemming from the correct
derivation of the constitutive behavior; and uncertainties in time evolution, stem-
ming from the path dependence of the time integration of the irreversible entropy
production. Although the approach is specifically formulated here for THMC
coupling we suggest that it has a much broader applicability. In a general sense it
consists of finding the entropic bounds of the dissipation defined by the product
of thermodynamic force times thermodynamic flux which in material sciences
corresponds to generalized stress and generalized strain rates, respectively.

17.1 Introduction

The Earth is a complex system in which non-linear feedbacks lead to critical point
phenomena. Classical modelling and simulation approaches are based on forward
prediction of basic scenarios without any, or with only limited, capability to
comprehensively assess the multitude of dissipative patterns emerging from
nonlinear, multi-scale non-equilibrium thermodynamic feedbacks. Moreover, in
classical mechanical and fluid dynamic modelling of Earth processes the variable
time is often neglected. Processes are deemed to occur at a very slow, geological
pace, therefore in most cases kinetic energy does not play a role. Hence, it is
thought that classical dynamics does not apply and the mechanical framework can
be reduced to an isothermal, quasi-static case where time is replaced, for instance,
by the position of a reference point. For fluid flow modelling, steady state solutions
are often sought without considering chaotic time evolution or system transients.
Chemical modelling likewise is classically reduced to equilibrium thermody-
namics; that is, time is assumed to be infinite. Through these assumptions we are
throwing overboard all insights into the natural processes underpinning localiza-
tion phenomena, which require modelling of the slow dynamics underpinning the
creation of dissipative patterns that we can see in nature. It follows that by
explicitly solving for time-dependent dissipative processes, the newly emerging
methods for thermo-hydro-chemo-mechanical-chemical THMC modelling have
the potential to deliver a new class of predictive models that can accurately
describe the slow dynamic processes that we see in nature. The next step would be
to recognize the value of slow dynamic time-dependent data from dissipative
processes at multiple scales in order to nudge THMC solutions forward into the
actual dynamic state occupied by the modeled natural system. Such cross-scale
inversion is beyond the current aim of the formulation presented here. An
extension of the present theory for data compaction and data assimilation is found
elsewhere [1]. In this chapter we aim to deliver the basic non-equilibrium ther-
modynamic framework for multi-scale THMC data assimilation. We also explain
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explicitly how recently postulated extremum principles for dissipative processes
[2] can be applied to coupled THMC modelling.

17.2 Non-equilibrium Thermodynamic Approach
for THMC Coupling

17.2.1 The Role of Irreversible Entropy Production

The theory of thermodynamics covers the energetics of THMC processes. In the case
of classical thermodynamic equilibrium it is assumed that the energy fluxes have
relaxed to some form of equilibrium, that is, the system is assumed to have been given
sufficient time to home in on an energy attractor such that time-dependent terms in the
energy balance equations can be neglected. Here, we summarize the key ingredient
of such time-dependent terms that appear as additional feedback parameters in the
energy equation of non-equilibrium thermodynamic approaches. We assume
familiarity with basic thermodynamic concepts and refer to our earlier work [2] and
references cited therein for more in-depth thermodynamic formulations.

We first define the irreversible entropy production by using the concept of
generalized stress and generalized strain rate on a given volume element to cal-
culate their product. This product is the internal power of a given volume element,

~Sir ¼ ~Wdiss ¼
Z

Fdiss
ij vdiss

ij dV � 0 ð17:1Þ

where Fdiss
ij is the generalized stress and vdiss

ij the generalized strain rate [3]. The
generalized stress corresponds to a thermodynamic force and the generalized strain
rate corresponds to a thermodynamic flux. In a purely mechanical problem gen-
eralized stresses and strain rates are the classical stresses and strain rates. In the
more general case the thermodynamic force can for instance be a pressure dif-
ference, a temperature difference, a difference in chemical potentials, and electrical
potential. The conjugate thermodynamic fluxes can be a volume change, a heat
change, a change in chemical species and electrical current. The work rate is
denoted by ~Wdiss. The use of the tilde instead of the overdot for time derivatives is
to emphasize that the work rate is an incomplete differential of time. This leads to
uncertainties due to the inherent path dependence of the time integration.

According to the second law of thermodynamics the constraint for time evo-
lution is that for the thermodynamic reference volume under consideration Sir is
always positive or equal to zero. It is possible that the system does not obey the
laws of thermodynamics but rather obeys the laws of statistical mechanics, if the
reference volume for the energy consideration is too small. For now we consider
that the reference volume is large enough to employ the laws of thermodynamics
where Sir is bound by two entropic bounds, the minimum and maximum of irre-
versible entropy production, respectively, which we will come back to later.
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We emphasize first the role of the irreversible entropy production on assessing
the overall behavior of a dissipative system. The important role of the irreversible
entropy production is that it appears as an additional source term in the energy
equation. In Earth Sciences we are dealing with multi-physics mechanical prob-
lems for which the role of the irreversible entropy production is well understood
[4–7]. We find that the deforming system forms a new dissipative pattern if it
breaches a critical mechanical dissipation level or a critical rate of entropy pro-
duction. This critical level of entropy production forms an attractor of the par-
ticular multi-physics feedback system [8] and we propose here a method for
deriving estimates of entropic bounds of the system and thereby an estimate of the
uncertainty of the thermo-mechanical system.

In order to derive these bounds we need to address the problem of time inte-
gration of Eq. (17.1). We consider entropy production of a far from equilibrium
system over a predefined time scale. This time scale can be derived through
consideration of the concept of finite time thermodynamics [9]. Finite-time ther-
modynamics is developed from a macroscopic point of view (with heat conduc-
tance, friction coefficients, overall reaction rates) rather than based on a
microscopic knowledge (with phonons, yielding of asperities on contacts, local
chemical reactions) of the processes involved. In order to assess this macroscopic
behavior a critical aspect is that the system has to be given sufficient time for the
development of the material attractor that is derived from the boundary value
problem of the material volume under consideration. In Earth Sciences the multi-
physics problem is often defined by a thermal (T), hydro (H), mechanical (M) and
chemically (C) coupled system.

For THMC coupling, a natural time scale is defined by the availability of a
thermodynamic force such as (T) a temperature difference, (H) a pressure differ-
ence, (M) an applied force or (C) a difference in chemical concentration. The so
defined finite-time provides a link to a finite length scale of the dissipative
mechanism and the possible emergence of a dissipative structure. In the geome-
chanical problem the time scale is often given by the inverse of the background
strain rate and the corresponding length scale is given by the diffusive length scale.
Since the diffusivities of THMC in many Earth Science problems are orders of
magnitude apart, we can simplify fully coupled modelling of the non-equilibrium
thermodynamic processes by the selection of spatial dimensions and their asso-
ciated diffusive or convective time and length scales over which the dissipative
structures develop.

For THMC coupling the thermodynamic force can either be:

• (T) a temperature difference
• (H) a pressure difference
• (M) an applied force
• (C) a difference in chemical species concentration

and the thermodynamic flux can be a:

• (T) a heat flow
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• (H) a fluid flow
• (M) a velocity
• (C) a chemical flux.

The explicit forms of these equations will be described in the next two sections.

17.2.2 Balance Laws for Thermodynamic Forces

The general framework for thermodynamic forces and fluxes was described in
Coussy [10], Poulet et al. [11], Regenauer-Lieb et al. [2] and Karrech et al. [12] to
mention a few. In this section we summarize the basic local forms of these
equations of conservation of thermodynamic force that read:

qCp _T þ qf Cf
pviTi þ qT

i;i ¼ rT ð17:2aÞ

1
M

_pþ b_eii þ qf
i;i ¼ rf ð17:2bÞ

r0ij;j � bp;i ¼ 0 ð17:2cÞ

u _ca þ uvi � ca
i þ qa

i;i ¼ ura a ¼ 1; 2. . . ð17:2dÞ

where e.g.: qT
i;i ¼

P
i

oq
oxi
:

We use compact index notation with implicit summation. The subscripts i and
j denote the directions of space. The superscripts f, T and a denote respectively the
fluid phase, temperature and chemical species. Equation (17.2a) spells out the
conservation of energy and where qCP is the overall volumetric heat capacity of the

solid-fluid mixture, qCf
P is the volumetric heat capacity of the fluid content, miTi

accounts for the advective thermal contribution, qi
T is the conductive heat flux and rT

is the volumetric heat source. In the geomechanical problems it is often identified as
shear heating being a driving force for emergence of dissipative structures. Equation
(17.2b) derives from the conservation of fluid mass and describes the pore pressure
evolution. In the first transient term of this equation, 1=M ¼ U=Kf þ 1=N, where U
is the matrix porosity, Kf is the fluid bulk modulus, and N is the Biot modulus. The
second transient term describes the effect of the rate of volume change (denoted by
_eii) on the pressure variation, the third term represents the fluid flux and the right

hand side term denotes the fluid source. Equation (17.2c) represents the conservation
of momentum, which involves the effective stress tensor r0ij as well as the fluid pore
pressure p, and the Biot coefficient b (see Coussy [10]). Equation (17.2d) is similar to
(17.2b), it represents the mass transfer of chemical concentrations ca with the cor-
responding concentration flux, qa

i and sources ra.
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17.2.3 Balance Laws for Thermodynamic Fluxes

The system of Eq. (17.2a–d) is ill-posed and requires additional constraints which
derived from the framework of thermodynamics [10]. These constraints are often
identified experimentally in order to relate the thermodynamic fluxes to their
corresponding forces. In this chapter, we limit ourselves to the following classical
first order relationships for isotropic media:

qf
i ¼ �kTi þ hot ð17:3aÞ

qf
i ¼ �

j
lf

p;i þ hot ð17:3bÞ

_r0ij ¼ Cep
ijkl _eij þ hot ð17:3cÞ

qa
i ¼ �1aca

;i þ hot 8a ð17:3dÞ

Equation (17.3a) represents Fourier’s law where k is the thermal conductivity.
Higher order terms (hot) may need to be considered for special cases. In Fourier’s
law, for instance, higher order terms are necessary when the finite speed of the
phonons must be considered leading to a relativistic heat wave equation. In Earth
Sciences this is most often neglected owing to the large time scales considered and
the lack of THMC cross coupling (e.g. Dufour effect and Sorret effect in Fick’s
law). Equation (17.3b) describes Darcy’s law, where j is the rock permeability and
lf is the fluid viscosity. Equation (17.3c) represents the incremental relationship
between effective stresses and matrix deformation with a Jacobian tensor Cep

ijkl.
Similar forms were used to describe the mass flux using Fick’s law (17.3d), where
1a is the chemical diffusivity of the chemical species ca.

17.3 THMC Feedbacks and Dissipative Patterns

THMC feedbacks manifest themselves in the formation of dissipative patterns.
A well known pattern is the one that is caused by chemical feedbacks [13].
However, dissipative patterns are much more widespread in geological applica-
tions and well known throughout all of the THMC couplings in geology [14].
There is a succinct relationship between the dissipative pattern and its length
and time scale which can be identified from Eqs. (17.2a–d) and (17.3a–d). This
relationship is known as the diffusive scaling length.

li ¼ 2
ffiffiffiffiffiffi
git
p ð17:4Þ

where the index i, refers to the diffusional process identified in Eq. (17.3a–d) and
the diffusivity g to the corresponding diffusion coefficient, that is, the thermal,
pressure, mechanical and chemical diffusivities, respectively. This equation offers
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the identification of space–time coupling for a particular feedback process and its
associated dissipative pattern. An explicit example for the identification of time
and length scales for a simple thermal–mechanical coupling problem can be found
in [15]. It is a fundamental relationship that separates out the space–time con-
tinuum of THMC couplings of thermal, hydrological, mechanical and chemical
feedbacks. We know that thermal diffusivities of rocks are of the order of 10-6 m2/s
while chemical diffusivities are easily ten orders of magnitude lower. Therefore,
there is a hierarchy of scales for a given geological time scale. Even when con-
sidering the square root relationship between length and time scale there should be
enough separation of scales of THMC feedbacks to clearly identify the dominant
dissipative feedback mechanism for a given geological time scale. We will use this
scale separation to recommend a multi-scale framework in the next chapter.

17.4 Thermodynamic Framework for Multi-Scaling

The link between time scale, length scale and diffusivity allows us to define a
multi-scale framework for non-equilibrium thermodynamics processes. We first of
all define a relevant time scale for THMC coupling, which by way of the diffusive
length scale Eq. (17.4) directly defines the associated length scale.

For this, we need to extend the second law of thermodynamics so that it applies
to finite systems observed for finite times. This formulation is known as the
‘‘fluctuation theorem’’ [16]. We can derive the time-scale necessary for separation
of scales from the fluctuation theorem of thermodynamics:

P ~Sir ¼ A
� �

P ~Sir ¼ �A
� � ¼ eAt ð17:5Þ

The fluctuation theorem simply states that for any dissipative process the
probability P of positive entropy production over that of negative entropy pro-
duction increases exponentially with time. That is to say, for infinite time, we can
expect the process to evolve to a state of maximum dissipation characterized by a
new dynamic quasi-steady state. Since we are dealing with finite systems we can
use the fluctuation theorem to define a time scale where the system approaches that
of an infinite time system for the particular dissipation mechanism under con-
sideration. In the case of simple thermal–mechanical coupling the most probable
dynamic attractor of the dissipative pattern is the maximum of entropy production
[8]. An extension to all THMC diffusive processes is natural and allows us to
define a complete multi-scale framework for non-equilibrium thermodynamics.

The simple assumption is that if the diffusivities of the individual feedback
processes are far enough apart we can consider a macro-time/spatial scale for
which the micro-system is approaching its maximum entropy, that is, it behaves in
a similar manner as for infinite time (Fig. 17.1). For the micro-system we can
obtain a solution by minimizing the stored (potential) energy, whereas for the
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macro-system we still have to solve the full time dependent energy equation under
the constraint of the second law of thermodynamics [9]. Repeating this process
over the different length scales in nested calculations, we can in theory obtain a
full assessment of the THMC dissipative pattern.

Complexities arise for similar diffusivities with overlapping scales, which
prompt the requirement for an explicit fully coupled treatment of the various
dissipation mechanisms. In forthcoming contributions, we will introduce a method
to deal with the upscaling of such more general systems. In simple cases, we can
assume that for the time scale of the longer-term geological process the smaller
scale geological feedback process has converged and the basic dynamic attractor
for each length scale can be found.

17.5 Upper and Lower Bound Approach

Before we deal with uncertainties from the time integration of Eq. (17.1), stem-
ming from the dissipative force, we consider a simpler system where a conser-
vative force does work on the thermodynamic system independent of its path. That
implies that the system recovers it original state after removal of the conservative
force. The time derivative of the work is hence a complete differential, which does
not depend upon the path.

_Wcons ¼
Z

Fcons
ij vcons

ij dV ð17:6Þ

Macroscale

Microscale

maximum
entropy
method

minimum
potential energy
method

t(macro) >> t(micro)

l(macro) >> l(micro)

Fig. 17.1 The different diffusivities of the THMC feedback processes in geological applications
allow a clear separation of scales. If such a separation of scales is given and one is interested in
the macroscopic behavior, one can describe the micro-system by solving the minimum Helmholtz
or Gibbs free energy (minimum potential energy method) or the macroscale by explicitly solving
the time-dependent energy equation under the constraint of maximum dissipation (maximum
entropy method) [10]
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where Fcons
ij denotes the conservative force and vcons

ij the rate of displacement. The
force can hence be described as a gradient of a potential function and be described
in the framework of equilibrium thermodynamic since there is no time dependent
dissipation. Equation 17.3a–d simply becomes:

rij ¼ Celastic
ijkl eelastic

ij ð17:7Þ

Let us now consider in addition a microstructure as shown in Fig. 17.2 where
the matrix property is described by Eq. (17.7) and the pore space is assumed to
have no mechanical strength. For this problem an asymptotic computational
homogenization method has been devised [17] whereby through a stepwise
increase in microstructural cell size the apparent material property can be derived
asymptotically. The material property (e.g. Young’s modulus) is found to be
consistently overestimated (stronger) for the choice of a displacement boundary
condition (constant thermodynamic flux) while the property is consistently
underestimated through the choice of a traction boundary condition (constant
thermodynamic force).

Using variational extremum principles the above described boundary value
problem of the asymptotic homogenization technique can be shown to always
deliver an absolute lower bound for a constant force boundary while a constant
displacement boundary problem always gives an absolute upper bound of the work
done. When the volume is sufficiently large the two bounds are the same [18]
(Fig. 17.3).

It is curious to note that these limit theorems on upper and lower bounds
initially have been developed for the more complicated case of dissipative elasto-

Microstructural cell size
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Fig. 17.2 Modified after a plenary lecture by Robert L. Taylor, University of Berkeley,
California, on ‘‘Computational Mechanics Today’’ 2008. We have extended the approach by
considering combinations of constant thermodynamic force and constant thermodynamic flux as
shown in Table 17.1. We propose this method as a new thermodynamic homogenization
procedure
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plastic systems to overcome the problem of lack of uniqueness of predicted
velocity fields in incomplete semi-analytical solutions [19] of rigid-plastic con-
tinua. They were later on generalized to elasto-plastic cases and the method was
called limit analysis design. These elasto-plastic solutions were derived for the
time independent, isothermal situation where the derivation of the constitutive
laws were constrained by the postulate of maximum entropy production [20]. The
interested reader can find a good review on the origin of the principle of maximum
entropy production elsewhere [21].

17.6 Entropic Bounds for Time Dependent Processes

The choice of entropic bounds to deal with the non-uniqueness of the velocity field
in elasto-plastic continua and the uncertainty of the material heterogeneity in
elastic continua lays the theoretical ground for the time dependent non-isothermal
Earth Science THMC problem. The generalized thermodynamic process according
to Eq. (17.1) leads to an additional uncertainty owing to the path dependence of the
integration of the deformational work. We have already discussed the definition of
the relevant ‘‘finite time thermodynamic’’ time for the generalized process and
have shown the importance of the coupling between the irreversible entropy
production and the diffusion of the entropic source term in Eq. (17.4). We have
also shown that the fluctuation theorem defines a maximum of the irreversible
entropy production if the time scale is sufficiently long. It remains to show how to
derive the minimum of the entropy production. This minimum of entropy pro-
duction can also be derived by the theory of ‘‘finite time thermodynamics’’ through
variational principles, or alternatively, optimal control theory. It is in fact defined

Fig. 17.3 A typical result for computational homogenization of the elastic modulus from our
laboratory. Note that for small subvolumes the asymptotic trend oscillates and in severe cases
(not shown here) the lower bound (pressure BC) predicts a higher modulus than the upper bound
(displacement BC). When this is the case the laws of thermodynamics break down and the
problem has to be dealt with by a statistical mechanics approach
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by the optimal path where the system delivers the maximum rate of available work

to its exterior _W
ext
max.

_W
ext
max = max _Wext

tðiÞ � _Wext
tðf Þ � T0

Z tðf Þ

tðiÞ
_Stotdt

" #
ð17:8Þ

where _Stot is the total entropy production, i.e. the sum of the irreversible entropy
production inside the control volume plus the entropy flux through its boundaries
and the time interval is defined by t(i) - t(f) where i and f stand for initial and final
configurations. The entropic bounds for the generalized time dependent process is
therefore given by the minimum entropy production (Eq. 17.8) and the maximum
entropy production (Eq. 17.5).

17.7 Upper and Lower Bounds of Dissipation
in THMC Processes

While Fig. 17.1 provides the basis for dealing with multi-scale THMC problems
we have so far only used Eq. (17.4) to identify an empirical thermodynamic ruler,
which is the length scale of the thermodynamic feedback underpinning the
intrinsic dissipative patterns. This can at best be understood as semi-quantitative
guidance of scale separation. This is because the fluctuation theorem does not
allow us to specify quantitatively how close we are to the maximum entropy
production for a given time scale and a certain number of degrees of freedom and
the diffusion length-scale is only calculated in 1-D. In order to assess this quan-
titatively, we have to give up the macroscopic view and explicitly calculate the
fully coupled THMC problem, that is, solve the five basic conservation equations,
conservation of mass, conservation of linear momentum, conservation of angular
momentum, conservation of energy, and the explicit formulation of the entropy
production under the constraint of the second law of thermodynamics.

In order to quantify whether our calculations have converged such that they can
deliver homogenized values as input parameters for the THMC coupled problems
at the next larger scale we make use of the thermodynamic upper and lower bound
principles first postulated in Regenauer-Lieb et al. [2]. Table 17.1 spells out what
these boundary conditions are.

Note that our choice of neglect of higher order terms in the thermodynamic
fluxes in Eq. (17.3a–d) was based on the vast separation of diffusional length
scales in Earth Science problems. This does not intrinsically rule out complex
nonlinear coupling required to identify dynamic attractors. We have been able to
show that thermodynamic bounds (maximum and minimum entropy production
defined by the product of thermodynamic force times flux) can be employed to
address the non-uniqueness problem arising from non-linear interactions [2]. This
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approach has so far only been used as a method in continuum mechanics [22] for
isothermal dissipative processes where stresses (resp. forces) and strain (resp.
displacements) are applied alternatively to obtain converging solutions representing
the responses of structures (Fig. 17.2). The extension to coupled non-equilibrium
THMC problems is natural and involves the use of thermodynamic duals to esti-
mate the responses of materials and structures as specified in Table 17.1.

17.8 Conclusions

We have presented here a basic non-equilibrium thermodynamic framework for
multi-scale THMC coupling. We have derived from this formulation a basic 1D
diffusive scaling length for the formation of dissipative patterns stemming from
non-equilibrium thermodynamic feedback. Considering the separation of diffu-
sivities of THMC systems we have identified a wide separation of scales of the
dissipative structures beginning with chemical feedback at sub-mm level, to fluid
flow feedbacks from meters to hundreds of meters, to thermal feedback from
hundreds of meters to kilometer scale and mechanical feedbacks operating at all
scales but particularly at coarse scales. The introduction of finite time thermody-
namics and the fluctuation theorem allows an application of the second law of
thermodynamics to finite systems observed for finite times. It spells out the
probability of entropy production from a macroscopic view. Based on this for-
mulation we have developed suitable energy solution methods for macro- and
microstates for a given macroscopic process time scale (Fig. 17.1). We have also
introduced a new homogenization method (Table 17.1) for coupled THMC solu-
tions for convergence of the upper and lower bounds of dissipation.
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Table 17.1 Boundary conditions to obtain upper and lower bounds of dissipation

Upper bound (constant thermodynamic flux) Lower bound (constant thermodynamic force)

T Constant heat flow Constant temperature difference
H Constant fluid flow Constant pressure difference
M Constant velocity Constant force
C Constant chemical flux Constant difference in chemical concentration
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