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In this Letter we show that the vortex lattice structure in the Bose-Fermi superfluid mixture can undergo
a sequence of structure transitions when the Fermi superfluid is tuned from the BCS regime to the BEC
regime. This is due to the difference in the vortex core structure of a Fermi superfluid in the BCS regime
and in the BEC regime. In the BCS regime the vortex core is nearly filled, while the density at the vortex
core gradually decreases until it empties out in the BEC regime. Therefore, with the density-density
interaction between the Bose and the Fermi superfluids, interaction between the two sets of vortex lattices
gets stronger in the BEC regime, which yields the structure transition of vortex lattices. In view of the recent
realization of this superfluid mixture and vortices therein, our theoretical predication can be verified
experimentally in the near future.
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Vortices play a fundamental and important role in super-
conductors and superfluids. In a type-II superconductor, as
first discussed by Abrikosov, a magnetic field can penetrate
into the superconductor and form a triangular lattice [1].
Stable quantized vortices are also a hallmark of the super-
fluidity, as extensively studied in the helium superfluids [2,3]
and recently in cold atomic gases [4–7], and triangular vortex
lattices have been observed in both the atomic Bose con-
densate [4–6] and the Fermi superfluid across the BEC-BCS
crossover [8]. The vortex lattice has also been studied in the
two-component atomic BEC [9–12]. It has been predicted
that, due to the repulsion between atoms in the different
components, vortex cores in one component try to avoid
overlapping with these in the other component, which leads
to a sequence of structure transitions of the vortex lattices
as the repulsion increases, and eventually yields two sets of
staggered rectangular lattices [9,10]. This phenomenon was
later observed experimentally [13].
Another important late development in the superfluidity

study is the realization of a Bose-Fermi superfluid mixture
[14–17]. In this system, bosons form a weakly interacting
Bose condensate. Spin-1=2 fermions formaFermi superfluid
that can be tuned from the BCS regime to the BEC regime by
a Feshbach resonance. This interesting system has drawn lots
of theoretical attention recently [18–25]. In the BEC limit
the system is a mixture of a molecular BEC and an atomic
BEC, and therefore, the situation is similar to the two-
component BEC studied before. However, the situation can
be very different in the BCS side; it is the pairing order
parameter that vanishes at the vortex core while the fermion
density remains finite there. This is strongly in contrast to the
BEC limit where both the order parameter and the density

vanish simultaneously at the vortex core. Since the inter-
action between bosons and fermions is the density-density
interaction, this difference will manifest itself significantly
in determining the vortex lattice structure. The goal of this
Letter is to study the vortex lattice structure of the Bose-
Fermi superfluid mixture for various parameters, in particu-
lar, when the interaction between fermions varies across the
BEC-BCS crossover. Recently, vortices have been success-
fully generated in the Bose-Fermi superfluid mixture [16];
therefore, our prediction can be verified by the ongoing
experiments in near future.
Theory framework.—The basic framework of our theory

works as follows.
(i) We consider a uniform system with fixed chemical

potentials. That means we consider a two-dimensional
isotropic trap with frequency ω rotated with a rotational
frequency Ω. In practice, ω is larger than the Ω that gives
rise to a residual trapping potential. This residual potential,
together with the trapping potential along the third z
direction, can be treated by the local density approximation
and we will not discuss this explicitly here in this work. For
a uniform system, there is a unique relation between the
chemical potential of the bosons or fermions (μb or μf) and
the bulk density of the bosons or fermions (denoted by nb
or nf). At the mean-field level, for bosons, μb ¼ gbbnb,
and for fermions, the relation between μf and nf is given by
the BEC-BCS crossover mean-field theory, as we will show
below. Here, gbb ¼ 4πℏ2abb=mb is the interaction strength
between bosons (mb is the mass of bosons and abb is the
s-wave scattering length between bosons).
(ii) We take the lowest Landau level approximation. With

this approximation, we can use the Jacobi theta function as
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the variational wave function for describing vortex lattices
in the order parameters of both superfluids (that is, the
condensate wave function φ for the Bose superfluid and
the pairing order parameter Δ for the Fermi superfluid)
[1,9,26]. The advantage of using the Jacobi theta function is
that, as we will show explicitly later, when the parameters
of the vortex density and the unit vectors of the lattice are
given, the entire function forms of φ and Δ are determined
analytically. For the rotational frequencyΩ, it can be shown
that the vortex density is 2MΩ=h [27]. Here, since there is
no phase coupling but only density coupling between the
two superfluids, the vortex density still obeys this relation,
with the mass M being either the boson mass or the twice
the fermion mass. Therefore, the ratio of the vortex density
between two superfluids depends on the mass ratio and the
rotational frequency of the two superfluids.
(iii) We determine the vortex lattice structure by min-

imizing the total free energy. Here, the major assumption
is that the local free energy density as a function of ΔðrÞ
and φðrÞ takes the same form as the bulk system. This
assumption works when the distance between vortices, or
equivalent to say, the scale at which the order parameters
varies, is much larger than the interparticle distance. Such a
requirement is usually fulfilled in the current experiments.
Taking the experiment in Ref. [16] as an example, the
typical distance between vortices is 20–50 μm while the
interatomic distance is around 0.2–0.5 μm. Under such an
assumption, the total free energy contains three parts;
F ¼ F b þ F f þ F bf. F b is the free energy for bosons
alone at the mean-field level, and with the lowest Landau
level approximation, the single-particle energy becomes a
constant and F b is given by [9,26]

F b ¼
Z

d3r

�
2πℏ2abb

mb
n2bðrÞ − μbnbðrÞ

�
; ð1Þ

where nbðrÞ ¼ jφðrÞj2 is the density of bosons. The free
energy of fermion F f is a function of ΔðrÞ, and will be
discussed in detail below. Finally, F bf describes the
density-density interaction between bosonic and fermionic
atoms as

F bf ¼
2πℏ2abf
mbf

Z
d3rnbðrÞnfðrÞ; ð2Þ

whereabf is the s-wave scattering length between the bosons
and the two different spin components of the fermions, and
it is taken to be independent of the fermion spin, as in the
case of experiments [14–17], and mbf is the reduced mass
between a boson and a fermion atom. Here, the key is to
determine the local density distribution of the Fermi super-
fluidnfðrÞ asΔðrÞ varies.Once all these relations are known,
the total free energy can be uniquely determined byφðrÞ and
ΔðrÞ. As we have discussed in (ii), since now φðrÞ andΔðrÞ
are uniquely determined by the vortex lattice vectors, by

minimizing the free energy, one can determine the entire
lattice structure for both superfluids.
Some required relations for the Fermi superfluid.—As

discussed above, to calculate the free energy, we need to
know (a) F f as a function of Δ, and (b) nf as a function of
Δ. And for the convenience of later calculations, we need
these relations in an expansion form as

F f ¼ EFðα0 þ α1Δ2 þ α2Δ4 þ � � �Þ; ð3Þ

nf ¼ n0fðβ0 þ β1Δ2 þ � � �Þ; ð4Þ

where kF ¼ ð6π2n0fÞ1=3 is the Fermi momentum, EF ¼
ℏ2k5F=ð15mfπ

2Þ and EF ¼ ℏ2k2F=ð2mfÞ are the energy
density for the free Fermi gas and the Fermi energy,
respectively, and will be taken as energy units hereafter,
wheremf is the mass of the fermion atoms.Δ ¼ Δ=Δ0, and
Δ0 is the bulk gap value. Here, what we need to do is to
determine α0;1;2 and β0;1 as a function of −1=ðkFasÞ, and
we determine them by fitting the numerical results from the
BEC-BCS crossover mean-field theory, as shown in Fig. 1.
More details about the expansion can be found in the
Supplemental Material [28].
The mean-field theory for the BEC-BCS crossover

contains the gap and the number equations as follows:

mf

4πℏ2as
¼

X
k

�
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵk − μÞ2 þ Δ2

p −
1

2ϵk

�
; ð5Þ

n0f ¼
X
k

1

2

�
1 −

ϵk − μffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵk − μÞ2 þ Δ2

p
�
; ð6Þ

where ϵk ¼ ℏ2k2=ð2mfÞ and as is the s-wave scattering
length between fermions. From Eqs. (5) and (6), we can
determine the value of the bulk gap Δ0=EF and μ=EF as
functions of −1=ðkFasÞ, which can be found in many
references [29] and therefore we will not display them here.
For any given −1=ðkFasÞ, fixing μ and varying Δ in the

FIG. 1. The expansion coefficients α0;1;2 in Eq. (3) (a) and β0;1
in Eq. (4) as functions of −1=ðkFasÞ
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range 0 < Δ < Δ0, the lhs of Eq. (6) gives the fermion
density nf=n0f as a function of Δ=Δ0. By fitting this
function, one obtains the expansion (4) and the coefficients
β0;1 as functions of −1=ðkFasÞ, which is shown in Fig. 1(b).
As one can see, in the BCS regime, β0 ≈ 1 and β1 ≈ 0,
which means that the density remains a constant even when
the order parameter Δ vanishes at the vortex core. Toward
the BEC side, β0 decreases and β1 increases. Eventually,
in the BEC regime, β0 ≈ 0 and β1 ≈ 1, which means that the
density is proportional to the order parameter square and
vanishes simultaneously with the order parameter at the
vortex core. We note that this difference plays an important
role in the later conclusion of the vortex lattice structure
transition across the BEC-BCS crossover.
The free-energy is given by

F f ¼
X
k

h
ðϵk − μÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðϵk − μÞ2 þ Δ2

q i
þ Δ2

gf
; ð7Þ

where

1

gf
¼ −

mf

4πℏ2as
þ
X
k

1

2ϵk
: ð8Þ

For a given μ, Δ0 minimizes this free energy, while if
one varies Δ, the lhs of Eq. (7) gives F f=EF as a function
of Δ=Δ0. Again, by fitting this function, one obtains the
expansion (3) and the coefficients α0;1;2 as functions of
−1=ðkFasÞ are shown in Fig. 1(a). Here, α2 represents the
interaction between pairs, which is peaked at the unitary
regime and decreases toward the BEC side.
Jacobi theta function as variational wave functions.—

The vortex lattice is described by a two-dimensional
complex wave function whose zeros form a lattice (here
we only consider a simple Bravais lattice), and we denote
the two lattice vectors as b1 ¼ ax̂ and b2 ¼ aðux̂þ vŷÞ.
vc ¼ a2v denotes the area of a unit cell and 1=vc corre-
sponds to the vortex density. With the help of the first kind
of Jacobi theta function, such a wave function Ψ can be
constructed and has been used since the very early study of
the vortex lattice in a type-II superconductor by Abrikosov
[1] and has been also successfully applied to study a two-
component BEC [9]. More details can be found in the
Supplemental Material [28].
Up to a Gaussian normalization factor, the Fourier

transformation of jΨj2 is [28]

jΨj2 ¼ 1

f0

�X
K

fKeiKr

�
e−r

2=σ2 : ð9Þ

Here, we denote two reciprocal lattice vectors K1 ¼
2πb2 × ẑ=vc ¼ ð2π=aÞðx̂ − uŷ=vÞ and K2 ¼ −ð2π=b2Þŷ=
v, andK ¼ mK1 þ nK2, where m and n are both integers.
And

fK ¼ ð−1Þmþnþmne−vcjKj2=ð8πÞ
ffiffiffiffiffi
vc
2

r
: ð10Þ

One can see from here that once u, v, and vc (or
equivalently a) are given and the lattice structure is fixed,
fK is also fixed and the entire function form of Eq. (9) is
determined. A⊥ ¼ πσ2 is the size of the cloud in the xy
plane, considering a uniform system, and in the limit
σ → ∞ (in practice σ2 ≫ vc), it is easy to show thatR
d2rjΨj2 ¼ 1. The integration of

R
d2rjΨj4 is denoted

by I=ð2A⊥Þ and

I ¼
X
K

���� fKf00
����
2

: ð11Þ

Now we take the ansatz for ΔðrÞ and φðrÞ as

ΔðrÞ ¼ Δ0

ffiffiffiffiffiffi
A⊥

p
Ψf; φðrÞ ¼

ffiffiffiffiffiffiffi
n02D

q
Ψb; ð12Þ

where n02D is the two-dimensional density of the bosons, and
relates to the mean boson density n0b via n

0
b ¼ n02D=A⊥. Ψf

and Ψb have the same function form as Ψ discussed above,
but they generally can have a different lattice structure
described by two different sets of parameters fuf; vf; vfcg
and fub; vb; vbcg, respectively, and correspondingly, different
reciprocal lattice vectors denoted by Kf and Kb, and
different f functions denoted by ffK and fbK, respectively.
If and Ib denote Eq. (11) with fK being ffK and fbK,
respectively. Finally, the integration

R
d2rjΨfj2jΨbj2 is

denoted by Ibf=ð2A⊥Þ, where

Ibf ¼
X
KK0

ffKf
b
K0

ff0f
b
0

e−iK·r0δðKþK0Þ; ð13Þ

where r0 is the relative displacement between the two lattices.
Minimization of the free-energy.—Based on the afore-

mentioned properties of Ψ, the terms proportional to jΨfj2
or jΨbj2 simply contribute a constant to the free energy,
and only the terms proportional to jΨfj4, jΨbj4, or
jΨfj2jΨbj2 depend on the lattice structure parameters.
In F f, the term is

EFα2

Z
d3r

����ΔðrÞΔ0

����
4

¼ V
2
EFα2If; ð14Þ

where V is the total volume of the system. In F b, the
term is

2πℏ2abb
mb

Z
d3rjφðrÞj4 ¼ V

2

2πℏ2abb
mb

ðn0bÞ2Ib: ð15Þ

And finally in F bf, the term is
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2πℏ2abfn0fβ1
mbf

Z
d3r

����ΔðrÞΔ0

����
2

jφðrÞj2

¼ V
2

2πℏ2abfn0fn
0
bβ1

mbf
Ibf: ð16Þ

Now we introduce two dimensionless parameters

gb ¼
2πℏ2abb
mbEF

ðn0bÞ2; gbf ¼
2πℏ2abf
mbfEF

n0fn
0
b: ð17Þ

Then, to determine the vortex structure, we only need to
minimize the following free-energy density

F ¼ α2If þ gbIb þ gbfβ1Ibf: ð18Þ

This is a key equation for this work. Then, a quite
straightforward numerical evaluation will yield the lattice
structure for different interaction parameters.
Results.—As discussed above, the ratio of the vortex

density between the two superfluids is MbΩb=ð2MfΩfÞ,
where Mb;f are the masses of the boson and fermion,
and Ωb;f are the rotational frequencies of the boson and
fermion. Here, for simplicity, we consider two cases.
First, for example, for Ωb ¼ Ωf, and Mb=Mf ¼ 87=40,

the ratio of vortex densities can be approximated by 1∶1. In
this case, the interaction between the Bose and the Fermi
superfluids [i.e., the Ibf term in Eq. (18)] always locks the
structure of the two sets of the vortex lattice to be identical.
This is because, when K and K0 match each other, the
cosðK · r0Þ term in Eq. (13) can always lower the energy by
choosing r0 properly.
For identical lattice structures, If ¼ Ib, and therefore the

structure only depends on the ratio α ¼ gbfβ1=ðα2 þ gbÞ.
When α ≪ 1, the If and Ib terms are dominant, which
favors two sets of triangular lattices (denoted by “T”), while
when α increases, Ibf becomes dominant, and it will drive a
sequence of structure transitions: first to a rhombic lattice
(denoted by “Rh”), and then to a square lattice (denoted by
“S”) and eventually to a rectangular lattice (denoted by
“Re”). As shown in Fig. 2(a), we find that α increases
monotonically from the BCS side to the BEC side, when gb
and gbf are fixed at typical experimental values. Hence, this
exactly manifests the physics mentioned at the introduc-
tion; i.e., these two sets of vortex lattices interact stronger in
the BEC regime. As shown in Fig. 2(b), a sequence of
structure transitions are driven by tuning −1=ðkFasÞ.
Similar physics is shown alternatively in Fig. 3, where

the phase diagrams for the vortex lattice are plotted in terms
of gb and gbf for various fixed values of −1=ðkFasÞ. In
Figs. 3(a) and 3(b), the system is in the BEC side and it is
easier for gbf to drive structure transitions. In Fig. 3(a),
a reasonable value of gbf can even drive the system into
the rectangular lattice (Re) regime. At the unitary regime

[Fig. 3(c)] and the BCS regime [Fig. 3(d)], it becomes more
and more difficult to drive the phase transition and most
of the regime of the phase diagram is occupied by the
triangular lattice (T) phase.
Second, for Ωb ¼ Ωf, Mb=Mf ¼ 23=6, the ratio of the

vortex density is approximated by 2∶1, whose results are
shown in Figs. 2(c) and 2(d). In this case, two parameters,
α ¼ gbfβ1=gb and β ¼ α2=gb, are needed. Two distinct
lattice structures are identified. In the BCS limit, each
lattice is triangular and they are decoupled and mismatched.
In the BEC limit, fermions form a rectangular lattice and
bosons form a diamond lattice, and the two lattices are

FIG. 2. Vortex lattice structure in the BEC-BCS crossover of
the Fermi superfluid. (a) α ¼ ḡbfβ1=ðα2 þ ḡbÞ vs −1=ðkFasÞ, and
the arrows label the transitions from the triangular lattice (T)
to the rhombic lattice (Rh), and Rh to the square lattice (S), as
shown in (b). (c) α ¼ ḡbfβ1=ḡb and β ¼ α2=ḡb vs −1=ðkFasÞ, and
the arrow labels the transition from a mismatched triangular
lattice (T) to a coupled rectangular-diamond lattice (Rt), as shown
in (d). The solid dots represent vortices in a Bose superfluid and
the open circles represent vortices in a Fermi superfluid, and their
ratio is 1∶1 for (a) and (b) and 2∶1 for (c) and (d). Here, we have
taken ḡb ¼ 0.14, ḡbf ¼ 0.08 for (a) and (b), and ḡbf ¼ 0.13 for
(c) and (d).
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locked. The calculation can be generalized to other vortex
densities.
Final remarks.—Finally, we shall remark that the

phenomenon discovered here is a direct manifestation of
different characters of the Fermi superfluid in the BCS and
the BEC side, and therefore, it is a unique phenomenon to
this new superfluid mixture. Because various approxima-
tions have been implemented in order to obtain the results
without involving heavy numerics, our phase diagram is
not quantitatively accurate but the qualitative feature is
quite robust due to the generic feature of the underlying
physics. Given the experimental progress on this system,
our work will stimulate more experimental efforts in
investigating this system.
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