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The transfer of embankment stresses towards pile heads in piled embankments is attributed to the
mechanism known as soil arching. Three-dimensional physical models of piled embankments were built
to simulate this mechanism. The progressive settlement of subsoil beneath an embankment was
modelled and paused at increments of displacements to allow synchrotron X-ray computed tomography
to be performed on the models. Image correlation techniques were then applied to the reconstructed
volumes to obtain evolving three-dimensional displacement and strain fields. The strain fields show
localised (shear bands) and diffuse failure modes occurring above pile heads within the embankment
fill. These failure surfaces are seen to progressively develop as the subsoil undergoes settlement.
The displacement fields also show the formation of a plane of equal settlement developing at a height
above the pile heads, known as the critical height. The critical height is dependent on the height
at which the failure surfaces propagate into the embankment fill, and a method is proposed to
calculate the maximum height of failure surfaces based on the observed kinematics. The full-field
kinematics provide fundamental insight into the soil arching mechanism that develops within
piled embankments.
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INTRODUCTION
Load transfer platforms (LTPs) are commonly built above
the pile heads within piled embankments to facilitate load
transfer and reduce both total and differential settlements.
LTPs typically comprise a high-quality granular material
and geosynthetic reinforcement. When a geosynthetic is used
within LTPs, the load transfer towards the pile heads is
mostly the result of two mechanisms: soil arching and mem-
brane actions. Only the soil arching mechanism, without the
influence of geosynthetic reinforcement, will be investigated
in the current paper.
Soil arching is the redistribution of loads towards or away

from a structure due to its relative movement to the soil
(Evans, 1983). Within piled embankments, the relative move-
ment between the consolidating soil beneath an embankment
and the stiffer pile heads causes shear stresses to develop
within the overlying LTP granular material. These shear
stresses result in the transfer of loads towards the pile heads
and a reduction in stress acting on the surface of the subsoil.
Soil arching models are used in the design of piled

embankments to estimate the vertical stress distribution
between pile heads, geosynthetic reinforcement (if present)
and subsoil. The trend in most soil arching models is to
assume a stress distribution or failure surfaces that span
between pile heads. The shape of these distributions
and surfaces typically take the form of hemispherical
arches (e.g. Hewlett & Randolph, 1988) or triangular

wedges forming between pile heads (e.g. Rogbeck et al.,
2003). However, the assumption regarding the shape of the
soil arching mechanism is often not based on any observed
soil kinematics; rather a mechanism is assumed that matches
the results of load measurements recorded at a small number
of discrete locations within a physical model.
Physical modelling of piled embankments has been

undertaken to observe kinematics of soil arching in two-
dimensional plane strain models (Hewlett & Randolph,
1988; Low et al., 1994; Hong et al., 2007; Jenck et al.,
2007; Chen et al., 2008; Rui et al., 2016a; Cui et al., 2017).
However, the three-dimensional behaviour of soil arching in
piled embankments was not captured in these studies. To
overcome this limitation, Eskişar et al. (2012) conducted
X-ray computed tomography (CT) imaging on a small-scale
piled embankment model, which provided the first three-
dimensional images of the soil arching in a piled embank-
ment. Eskişar et al. (2012) relied upon changes in soil density
to observe zones of soil arching, which were identified
as volumes (voxels) of lower X-ray attenuation within the
CT volumes. This testing observed the soil within the zone
of arching to undergo dilatant behaviour. However, due
to the size of the voxels (1� 0·293� 0·293 mm), failure
surfaces (or strain localisations) were not evident in the
CT volumes.
This paper details the monochromatic synchrotron X-ray

CTscanning undertaken on small-scale model piled embank-
ments to obtain high-resolution images to investigate
the failure mechanism governing soil arching in those
piled embankments. The settlement of the subsoil within
the models was paused at increments to allow images to be
collected. Image correlation techniques were then applied to
pairs of CT volumes to obtain three-dimensional displace-
ment and strain fields. The findings are used to provide
insight into phenomena observed in piled embankments,
such as the progressive development of soil arching (King
et al., 2017b) and the formation of a plane of equal settle-
ment at some height above the pile heads, known as the
critical height (Naughton, 2007).
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BACKGROUND
It is worth noting that soil arching within piled embank-

ments refers to the load distribution towards the pile heads
as a result of subsoil settlement. Although the term ‘arching’
is used, there is no evidence to suggest that any physical
arch develops between pile heads within the LTP granular
material. This appears to be a continuous point of confusion
and is likely to be the reason why many soil arching models
have adopted a failure surface with an arch-like shape. Under
small amounts of subsoil settlement, when the LTP granular
material above the pile heads is undergoing elastic defor-
mation, the stress distribution may resemble an arch-like
shape (Rui et al., 2016b) – although with increasing subsoil
settlement (LTP granular material deforming plastically),
localisations of strain have been shown to develop, which do
not resemble an arch-like shape (Eskişar et al., 2012; Girout
et al., 2014).

Some piled embankment arching models require an
understanding of the failure mechanism within the LTP
granular material above the pile heads so that failure surfaces
can be assumed. The arching model adopted in Nordic
guidelines for reinforced soil and fills (Rogbeck et al., 2003)
implies that a triangular failure surface develops between pile
heads at an angle of 75° to the horizontal, as shown in
Fig. 1(a). However, this arching model assumes no stresses
develop along the failure surface. As such, the resulting stress
acting on geosynthetic reinforcement and subsoil is estimated
as being the weight of soil below the assumed failure surface.

Terzaghi (1943) studied soil arching above a yielding
trapdoor, where it was shown that for a perfectly smooth
trapdoor the shear pattern that developed around the edge of
a support adjacent to a lowering trapdoor was similar to the
general bearing failure of a shallow foundation, although
vertically mirrored. This resulted in two failure surfaces
propagating from the edge of the trapdoor. However, to
develop a mathematically simple model, Terzaghi (1943)
assumed vertical failure planes and estimated the stress acting
on the trapdoor resulting from the shearing along these
planes. Russell & Pierpoint (1997) assumed a cohesionless
soil and extended the Terzaghi model to incorporate the
three-dimensional geometry of piled embankments, as shown
in Fig. 1(b). Filz et al. (2012) made a further modification to
consider arching only below a plane of equal settlement
(critical height) within the embankment, which has been
incorporated into their load–displacement compatibility
(LDC) design method. A similar frictional model is used
by the French (ASIRI (IREX, 2012)) guidelines, with the

added option for users to implement an alternative arching
model with truncated cone failure surfaces.
In recent years, models that incorporate the principles of

limit equilibrium have found increasing popularity, particu-
larly given their adoption in the British (BS 8006 (BSI,
2010)), German (EBGEO (DGGT, 2011)) and Dutch
(CUR226 (SBR CURnet, 2016)) national guidelines. To
derive a solution for the stress applied to the surface of a pile
head using limit equilibrium methods, an assumption
regarding the failure surfaces and the stress distribution
along the failure surfaces should be made (Chen, 1975). One
of the early limit equilibrium arching models that is still
widely used is the Hewlett & Randolph (1988) arching
model. In their experimental study, Hewlett and Randolph
performed physical model tests of small-scale piled embank-
ments, using both two-dimensional plane strain and three-
dimensional arrangements. In tests where moist sand was
used to model the LTP granular material, post-test examin-
ation of the underside of the sand embankment revealed the
formation of ‘stable’ arches. Based on the observations from
their tests, a model was developed where it was assumed that
three-dimensional hemispherical ‘vaults’ formed between
piles, a two-dimensional section of which is shown in
Fig. 1(c). The limit equilibrium of stresses within these
vaults was analysed to estimate the load transfer towards pile
heads from soil arching. However, given that the stable arch
was only observed in tests with moist sand, this is likely to
have been a result of soil suction (apparent cohesion) rather
than an indication of failure surfaces.
Given the number of existing soil arching models that

assume failure surfaces, it is essential for the kinematics of
the soil within LTPs to be well understood. To date, physical
modelling has not been able to show the failure mechanism
associated with soil arching in piled embankments in three
dimensions with sufficient resolution to observe localisations
of strain. The objective of the current paper is to investigate
the three-dimensional failure surfaces that develop within
LTP granular material above pile heads.

METHOD AND MATERIALS
Small-scale models
Two small-scale model piled embankments (Fig. 2) were

designed and constructed to study the soil arching mechan-
ism that develops within piled embankments. The models
were designed to be as small as possible. In doing so,
monochromatic X-rays could penetrate the sample of sand
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Fig. 1. Assumed failure surfaces adopted in arching models proposed by: (a) Rogbeck et al. (2003); (b) Russell & Pierpoint (1997); (c) Hewlett &
Randolph (1988)
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and produce high-resolution images without significant
imaging artefacts. The first of the models comprised four
circular piles (made from aluminium) arranged on a square
grid with a centre-to-centre pile spacing, s, of 45 mm and pile
head diameter, d, of 15 mm, resulting in a replacement area
ratio, α=Ap/A, of 0·087, where Ap is the area of the pile head
and A is the area of the pile unit cell. The second model
comprised circular piles (made from polyvinyl chloride
(PVC)) arranged on an equilateral triangular grid with
s=40 mm, d=12·6 mm and α=0·09. Thus, similar replace-
ment ratios were achieved between the two models.
In both models, the piles penetrated through a displace-

ment-controlled plate (settlement plate), which was initially
positioned level with the pile heads. The settlement plate was
mechanically lowered at a rate of 0·1 mm/min to simulate the
settlement of soft clay beneath an embankment. CT scans
were conducted at settlement plate displacement increments
of approximately 0·5 mm to study the progressive develop-
ment of the load transfer arising from soil arching. The
settlement plate was kept stationary during CTscanning. The
apparatus allowed the settlement plate to be lowered between
scans while on the CT rotation stage, which enabled the
models to stay in position between CT scans. The settlement
plate was lowered in each test to a total displacement of at
least 4 mm, with imaging performed at increments until the
final displacement was reached.
Surrounding the piles and settlement plate was a smooth

outer shell made from polycarbonate, which provided con-
finement to the fine-grained sand. Given that it is not

possible to create a perfectly axisymmetric model comprising
multiple piles, there may be some boundary effects from the
outer shell boundary. To account for this, only the central
region of the models – that is, the volume of sand between
piles and not between piles and outer shell – has been
analysed. The sand was prepared by air pluviation within
each model. In the case of dense samples, sand was pluviated
in layers approximately 20 mm thick and densified by
holding a vibratory element against the side of the outer
shell. An overburden pressure of about 6 kPa was applied
to the sand surface after a sample 100 mm high had been
prepared. Four samples were prepared and tested as part
of this study, which may be summarised as

(a) SQR-D, a dense sample (Dr = 95%) within the
square model

(b) SQR-MD, a medium dense sample (Dr = 62%) within
the square model

(c) EQT-D, a dense sample (Dr = 94%) within the
equilateral triangle model

(d ) EQT-MD, a medium dense sample (Dr = 64%) within
the equilateral triangle model.

Surface roughness testing of the pile heads was undertaken
using a stylus profiler. The measured pile head maximum
roughness, Rt, defined as the vertical height between a
maximum and minimum on a surface profile over a length of
approximately the average sand particle diameter, D50, was
between 15 and 20 μm. The corresponding normalised
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Fig. 2. Model layouts and dimensions for: (a) square model; (b) equilateral triangle model
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roughness ratios, Rn (which is expressed as Rn =Rt/D50), are
between 0·083 and 0·11.

LTP material
The load transfer platform material usually comprises

well-compacted, high-quality granular material. This
material possesses a high peak friction angle and exhibits
dilatant behaviour until critical state shearing is achieved.
The most common particle size for the granular material
within LTPs is of gravel size (Wachman et al., 2009; Briançon
& Simon, 2017; King et al., 2017a). To ensure geometrical
similitude between model and prototype, the ratio of average
grain size to pile head should be maintained, such that the
following expression is satisfied

dp
D50;p

¼ dm
D50;m

ð1Þ

where subscripts m and p denote model and prototype,
respectively. In satisfying equation (1), soil in both model
and prototype undergoes equivalent relative displacement
within strain localisations (Stone & Wood, 1992). Thus,
sand above the pile heads will experience similar stages
of mobilised friction and dilation angles in both model
and prototype. Further discussion is given by King et al.
(2018) on particle size effects in small-scale model piled
embankments.

The material used in the present study to model the LTP
granular material is a fine-grained silica sand used exten-
sively for physical modelling over the past three decades
within Australia. Direct shear box testing was undertaken to
determine the peak friction angle, ϕp, and maximum dilation
angle, ψmax, under low stresses in both dense and medium
dense dry samples. The tests were performed under a normal
stress of 8·2 kPa and corrected for using the method
described by Lehane & Liu (2013) for shear box testing
at low stress levels. The properties of this sand are presented
in Table 1. For the square and triangular model pile
head diameters, the resulting d/D50 ratios are 83 and 69,
respectively. Assuming a typical prototype enlarged pile
head diameter of 0·8 m, the prototype average grain
sizes that would result in similar d/D50 ratios to those of the
model would be between 9·6 and 11·6 mm (i.e. a medium
grain-sized gravel).

The tests in the present study were conducted at 1g as
there is no technique currently available to measure three-
dimensional displacement fields of granular material within

a geotechnical centrifuge. Thus, it is not possible to achieve
the same stress conditions within the model material that
would be experienced within a prototype. Although the stress
gradient is not accurately modelled in the small-scale tests,
the soil state, which is a combination of stress level and
density, can be modelled approximately. The state parameter,
as defined by Been & Jefferies (1985), is the difference
between the current void ratio, e, of a soil and the void ratio
of the soil at critical state at the same mean effective stress, p′.
It has been shown experimentally that the state parameter
can describe the deviatoric behaviour of soils over a range
of densities and stresses (Been & Jefferies, 1985; Sladen &
Oswell, 1989).
Samples were prepared at approximately two different

densities, dense (e=0·52) and medium dense (e=0·61), while
maintaining the same stress conditions in all tests. As a result,
the two densities tested possessed equivalent state parameters
to dense prototype granular material under two different
stress conditions. The dense samples had an equivalent state
parameter to the same dense sand material at the base of a
shallow prototype embankment (p′� 5 kPa). Based on the
slope of the critical state line for the sand, λ=0·029 (Chow
et al., 2018), the medium dense samples prepared within the
model possessed an equivalent state parameter to a dense
sand at the base of a relatively high prototype embankment
(p′� 90 kPa).

Image collection and analysis
Experiments were conducted using the imaging and

medical beamline (IMBL) at the Australian synchrotron
(Australian Nuclear Science and Technology Organisation
(ANSTO), Victoria, Australia). X-ray CT imaging was
performed using monochromatic light with energies in the
range of 60–70 keV. The imaging undertaken collected 1800
radiographs per scan rotated around 180°. The dimensions of
the radiographs measured 89 mm wide and at least 60 mm
high, well above what was required for a plane of equal settle-
ment to form above the pile heads. The radiographs were
reconstructed using the software package X-Tract (Gureyev
et al., 2011; Hall et al., 2013), with a standard filtered
back-projection algorithm. The reconstructed CT volumes
comprised voxels measuring 35� 35� 35 μm. No filters were
applied to the CT volumes prior to implementing digital
volume correlation (DVC) analysis. Further details of the
experimental set-up and imaging technique are provided in
King et al. (2018).
After the sand was pluviated into the model and the

surcharge was placed on the sand surface, the models were
transferred to the imaging hutch and secured on the robot-
controlled imaging stage. An initial scan was undertaken
before lowering the settlement plate, which allowed soil
displacements to be measured relative to an initial position.
The settlement plate was then lowered, without removing the
sample from the rotation stage, at a rate of 0·1 mm/s. Scans
were undertaken at increments of settlement plate displace-
ment of approximately 0·5 mm.
The DVC software, developed by Dubsky et al. (2012), was

employed to estimate displacements between pairs of CT
volumes. The strain field was calculated by fitting a
polynomial to the displacement field, which was then
differentiated to obtain the displacement gradient tensor.
Strains in the following section are presented using maximum
natural shear strain, γmax,log = loge(1 + ε1)� loge(1 + ε3), and
the volumetric strain, εv = ε1 + ε2 + ε3, where ε1, ε2 and ε3 are
the principal strains, which are the eigenvalues of the Biot
strain (Lai et al., 2010).

Table 1. Sand properties (after Chow et al. 2018)

Property Symbol Value

Specific gravity ρs 2·67 t/m3

Average particle size D50 0·18 mm
Maximum dry density ρmax 1774 kg/m3

Minimum dry density ρmin 1497 kg/m3

Slope of critical state line λ 0·029
Critical state friction angle ϕcv 31·6°
Peak friction angle (88%,Dr, 91%) ϕp 46°*
Peak friction angle (63%,Dr, 68%) ϕp 40°*
Maximum dilation angle
(88%,Dr, 91%)

ψmax 14°*

Maximum dilation angle
(63%,Dr, 68%)

ψmax 9 °*

Coefficient of uniformity Cu 1·67
Coefficient of curvature Cc 1·02

*From shear box tests performed at Monash University with a
normal stress of 8·2 kPa.
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RESULTS
The results from DVC analysis are presented at specific

settlement plate displacements to highlight the progressive
development of the soil arching mechanism. In two-
dimensional trapdoor tests, the trapdoor vertical displace-
ment is often normalised by the trapdoor clear spacing when
studying the progressive development of load transfer
resulting from soil arching (Iglesia et al., 1999). However,
the layout of piles in a grid means that no single clear spacing
between piles exists. King et al. (2017a) describe an equi-
valent axisymmetric clear spacing, b′, that can be used to
normalise subsoil settlements in piled embankments, where
b′=1·13s� d for piles on a square grid and b′=1·05s� d
for piles on an equilateral triangular grid. For the pile
arrangement and geometry of the square and triangular
models used in the current study, the equivalent axisym-
metric clear spacings are equal to 35·8 mm and 29·4 mm,
respectively.
Incremental displacements have been used to show the

mechanism governing soil arching at specific settlement plate
displacements, meaning that displacement vectors are esti-
mated only between scans at the two noted displacements
and are not cumulatively added together. In doing so, the
state of the soil arching mechanism at the specified settlement
plate displacement is shown. The increments of normalised
settlement plate displacement, δsp/b′, are not the same across
all tests, as high-precision measurements showed that
settlement plate displacements were typically ±50 μm of
the targeted 0·5 mm increments. The vertical displacements
of the sand, Uz, have also been normalised by the settlement
plate displacement δsp.
Figure 3 shows the normalised incremental vertical dis-

placements at increments of normalised settlement plate
displacement for both square and triangular models com-
prising dense and medium dense sand. Owing to the sym-
metrical nature of the models, each slice shown in Fig. 3 is
divided in two, with dense samples shown on the left side and
medium dense samples shown on the right side. The
horizontal axes are shown for reference and are not relative
to any particular location within the model, whereas the
origins of the vertical axes are in line with the top of the pile
heads. For both densities, the displacements within the sand
were a minimum at shallow heights directly above the pile
heads and a maximum at shallow heights directly above the
settlement plate. This zone of maximum vertical displace-
ment directly above the settlement plate was triangular in
shape and represents a mass of soil moving vertically down-
wards with the settlement plate. With increasing height
above the pile heads, the difference between settlements
above the settlement plate and pile heads decreased until
almost uniform settlement was achieved. The height where
uniform settlement throughout the sand mass is achieved is
referred to as the critical height.
Similar behaviour regarding the progressive development

of soil arching is observed between both square and
triangular models. The dense samples resulted in fewer
settlements propagating to the embankment surface com-
pared to the medium dense samples at values of δsp/b′, 4%.
With increasing settlement plate displacement, the soil
displacements in the models comprising dense sands began
to resemble those of the models comprising medium dense
sand.
The incremental maximum natural shear strains, again for

both the square and triangular models comprising dense and
medium dense sand, are presented in Fig. 4. The shear strains
show localisations of strain (shear bands) propagating
from the edge of the pile heads into the sand mass. These
shear bands developed within the first increment of δsp/b′
from 0% to approximately 1·4%. In the models comprising

dense sand, two shear bands developed at the pile head–
settlement plate interface. One of the shear bands (type 1)
formed above the pile head, which developed at an
inclination to the horizontal of between 55° and 65°. This
shear band intersected the equivalent type 1 shear band
propagating from the opposite side of the same pile head,
forming a triangular wedge above the pile head. The second
shear band (type 2) formed away from the pile heads and was
orientated at approximately 25° to 35° to the horizontal.
Type 2 shear bands were initially linear and passed through
the equivalent shear band propagating from an adjacent pile
head. Radial shear bands developed at the end of the linear
section of the type 1 shear bands, which are considered a
continuation of the type 1 shear band. At some distance into
the soil mass, the type 2 shear bands appear to have
interacted and converged with the radial extension of the
type 1 shear bands from adjacent piles. Both shear bands in
the dense sand, types 1 and 2, were present throughout all
slices, regardless of settlement plate displacement. There was
a trend in both models comprising dense sand for the type 1
shear bands forming the wedge above the pile heads to
develop larger shear strains with increasing settlement plate
displacement. The type 2 shear bands that formed above the
settlement plate became either more localised (square model)
or experienced less shear strain (triangular model) with
increasing values of δsp/b′. It is also noted that type 1 and
type 2 shear bands formed at approximately 90° to each other
above the edge of the pile heads.
The shear strains for the models comprising medium dense

sand presented in Fig. 4 show only one shear band
propagating from the edge of the pile head–settlement plate
interface, which is similar to type 1 shear bands observed in
the models comprising dense sand, and hence is assigned the
same nomenclature. Again, these type 1 shear bands
developed at an angle of between 55° and 65° to the
horizontal. There is evidence in the slices through models
comprising medium dense samples that failure occurred in
the regions above the settlement plate and extending from the
top of the type 1 shear bands, although shear strains in these
regions developed in a non-localised mode referred to as a
diffuse failure mode (Darve et al., 2004). Again, there was a
trend in the medium dense samples for larger strains to
develop in the type 1 shear bands with increasing settlement
plate displacement.
The incremental volumetric strains are presented in Fig. 5.

It is evident that maximum volumetric strain, and hence
dilation, occurred in the models comprising dense
sand within both type 1 and type 2 shear bands at values
of δsp/b′, 6%. It is likely that these small displacements
mobilised maximum dilatancy at points within the shear
bands. After this, less dilation occurred as the sandwithin the
shear bands began to approach constant-volume shearing
(critical state). A similar response regarding mobilisation
of dilation is observed in the models comprising medium
dense sand, although less dilation occurred compared to the
corresponding dense samples at similar values of δsp/b′ and
dilation occurred mostly within the type 1 shear bands.

ANALYSIS
Failure mechanisms
It is noted that the displacement (Fig. 3) and strain fields

(Figs 4 and 5) do not resemble the failure surfaces assumed
in some of the widely used soil arching design models
(e.g. Figs 1(a) and 1(b)). No physical arch-like shape was
observed. Instead, strain localisations propagated from the
edge of the pile heads and, in the case of dense sand,
interacted with localisations propagating from adjacent pile
heads. The following discussion does not provide a new soil
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arching design model. Analysis instead focuses on describing
the observed kinematics, which may assist the development
of future design models.

Dense sand. One of the most widely studied failure
mechanisms in geotechnical engineering is that of shallow
foundations. General shear failure of a shallow foundation is
expected to be the governing mode of failure when a shallow
foundation is placed at shallow depths on dense sand

(Vesic, 1973). General shear failure of shallow foundations
is typically characterised by three zones (Terzaghi, 1943), as
shown in Fig. 6(a), with defined failure surfaces dividing the
zones. Zone I is a triangular wedge where soil remains in an
elastic state of equilibrium. Zone II is referred to as the
Prandtl radial shear zone and zone III is the passive Rankine
zone, both of which are plastic zones.
Based on observations from DVC analysis on samples of

dense sand, the pattern and shape of shear bands that
develop within sand above a pile in an LTP are analogous to
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that of general shear failure beneath a shallow foundation,
although vertically mirrored and without consideration of
interaction with failure surfaces above adjacent piles
(Fig. 6(b)). The observation of such a failure mechanism in
the dense model piled embankments is, in part, attributable
to the direction of principal stresses as the settlement plate
is lowered. Directly above the pile heads, the sand material
is in an active state after the settlement plate is lowered, with
the major principal stress direction inclined vertically. The
sand directly above the settlement plate is in a passive
state, where the minor principal stress direction is inclined
vertically. The sand between these zones undergoes radial
shear as the principal stress direction rotates between these
two active and passive zones. The direction and rotation of
principal stresses between these zones are described similarly
in regard to an active trapdoor by Terzaghi (1943). Terzaghi
(1943) also proposed that two orthogonal failure surfaces

developed from the interface between an active trapdoor and
the adjacent supporting surface.
For general shear failure of a rough footing, the failure

surfaces extending from the edge of the foundation between
zones I and II are typically assumed to develop at an angle
equal to 45° + ϕm/2 to the horizontal (Meyerhof, 1951),
where the subscript m refers to ‘mobilised’. This angle is
based on the Mohr–Coulomb criterion with an associated
flow rule. When defined relative to the minor principal stress
direction, this angle is referred to as the Coulomb angle of
orientation, θCoul. Considering the minor principal stresses
near the ground surface adjacent to a loaded shallow foun-
dation are vertically inclined, the angle of the surfaces
separating zones II and III in Fig. 6(a) are equal to
45°� ϕ/2 to the horizontal, based on θCoul. It is noted that
these failure surfaces are based on slip line theory. However,
given that the surfaces are evident after large amounts of
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deformation, it is more appropriate for these surfaces to be
classified as shear bands rather than slip lines.

Studies investigating the development of shear bands
in granular materials have shown that the angle at which
they develop relative to the minor principal stress direction
is more suitably estimated using a non-associated flow rule
(Vardoulakis, 1980; Desrues et al., 1985; Vermeer, 1990).
Based on experimental observations, Arthur et al. (1977)
proposed the following angle of shear band orientation

θArth ¼ 45°þ ðϕm þ ψfÞ
4

ð2Þ

where the subscripts m and f refer to ‘mobilised’ and ‘failure’,
respectively. This angle was shown to be a close approxi-
mation for the solution obtained through bifurcation analysis
by Vardoulakis (1980). Given that shear bands form initially
at or slightly before peak strength, in the following analysis
the shear band orientation will be estimated assuming
ϕm= ϕp and ψf =ψmax at the onset of localisation.

Based on ϕp = 46° and ψmax = 14° (Table 1, dense sand),
the angles at which the two shear bands (type 1 and 2)
developed were estimated using the θCoul and θArth relation-
ships and are shown in Table 2 along with the measured
angles from DVC analysis. Note, the type 1 shear band
angles were estimated based on the assumption that the
minor principal stress direction is horizontally orientated
above the pile heads, whereas in the vicinity of the type 2
shear bands (directly above the settlement plate) the minor
principal stress direction is inclined vertically. It is evident
that the shear band angles of orientation based on θArth lie
within the range of measured angles for both type 1 and type
2 shear bands comprising dense sand, while θCoul over-
estimates the angle of shear band orientation relative to the
minor principal stress direction.

Medium dense sand. The model tests comprising medium
dense sand were shown to develop a different failure
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mechanism to those comprising dense sand. The absence of
the type 2 shear bands in the results from DVC analysis on
medium dense model tests makes the failure mechanism
analogous to that of punching or local shear failure of a
shallow foundation, although again vertically mirrored.
Punching shear failure of a shallow foundation is shown in
Fig. 7(a) and is characterised by a triangular wedge pushing
vertically downwards directly below the footing, similar
to zone I for general shear failure. The soil in this wedge is
in an elastic state of equilibrium, with minor principal
stresses inclined horizontally beneath the footing. The failure
surfaces that develop from the edge of the footing and bound
this zone are often assumed to develop at an angle to the
horizontal of 45° + ϕm/2, based on θCoul.
Given that punching shear failure can be expected to

develop beneath foundations placed on loose sands and/or
on dense sands at great depths (Vesic, 1973) it is logical
that the model piled embankments comprising relatively
lower density sand exhibited a similar mechanism. In
the models comprising medium dense sand, type 1 shear
bands developed above the pile heads, forming a triangular
wedge (Fig. 7(b)). Extending from the edge of the pile heads
above the settlement plate and from the top of the type 1
shear bands was a diffuse failure. As noted, no significant
difference was observed in the orientation of type 1 shear
bands in the results from DVC analysis on model tests

comprising medium dense sand compared to tests with dense
sand. However, the lower density sand exhibits lower friction
and dilatancy angles at the onset of localisation (ϕp = 40° and
ψmax = 9°, from Table 1). The angles at which the type 1 shear
bands develop were also estimated using the θCoul and θArth
relationships and are shown in Table 2 along with the range
of measured angles. Again, the angle predicted by θArth is
within the range of measured angles, while the angle based
on θCoul is on the upper limit of this range for the medium
dense sand.

Interaction with adjacent piles. As observed in Fig. 4 for the
dense samples, when piles are spaced on a close enough grid,
the shear bands that develop within the overlying granular
soil in a piled embankment interact with shear bands
developing above adjacent pile heads. A similar interaction
of closely spaced shallow foundations has been studied
experimentally (Stuart, 1962; Das & Larbi-Cherif, 1983;
Kumar & Saran, 2003; Lavasan & Ghazavi, 2012), where it
has been shown that the bearing capacity of closely spaced
foundations is dependent on their width, spacing and the
frictional behaviour of the underlying granular materials. By
applying the concepts of the failure mechanism proposed by
Stuart (1962) to piled embankments, three cases are expected
to arise within LTPs comprising a dense granular material
with relatively shallow embankment heights. These three
cases are defined in terms of the pile spacing at which failure
surfaces between adjacent piles interact, sint.

(a) Case A (Fig. 8(a)) – when piles are spaced on a grid with
a centre-to-centre spacing s, such that s. sint, then
failure surfaces will not overlap. Thus, the strain
localisations will develop without influence from
adjacent piles.

(b) Case B (Fig. 8(b)) – with a closer pile spacing of s= sint,
the Rankine passive zones will overlap. In this case, the
log-spiral failure surface bounding the Prandtl radial
shear zone will intersect the type 2 shear band extending
from the adjacent pile head. However, in this condition,
the shape and orientation of type 1 and type 2 shear
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Type 2 shear bands
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plate
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Pile

III III

II II

I

σ 'p

σ '3

σ '3σ '1

σ '1

σ 's

δsp

θ

θ

(a)

(b)

Fig. 6. (a) General shear failure of a shallow foundation; (b) failure
mechanism observed in dense sand samples in model piled embank-
ments (not to scale)

Table 2. Estimated and measured shear band angles of orientation to
the horizontal

Shear band θCoul θArth θmeasured

Type 1 – dense sand 68° 60° 55–65°
Type 2 – dense sand 22° 30° 25–35°
Type 1 – medium dense sand 65° 57° 55–65°
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Fig. 7. (a) Punching shear failure of a shallow foundation; (b) failure
mechanism observed in medium dense sand samples in model piled
embankments
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bands do not change, and the origin of the log spiral is
located at the edge of the pile head.

(c) Case C (Fig. 8(c)) – when s, sint, the Prandtl radial
shear zones are influenced by the type 2 shear bands
extending from the edges of adjacent pile heads. As a
result, the failure surface bounding the Prandtl radial
shear zone does not extend as high into the
embankment fill as in cases A and B. Although this
failure surface may still be approximated by a log spiral,
its origin is no longer the edge of the pile head; instead it
is below the pile head, which results in a greater radius
than in cases A and B (described in more detail later).

A fourth case may also develop if piles are spaced closely
enough, where the soil between the piles will ‘lock’ in place,
and the system will behave as a single foundation, known as a
blocking effect. However, the spacing required for this con-
dition to develop is likely to be smaller than any spacing
adopted in an economical piled embankment design. It is
noted that sint is dependent on the pile head diameter and the
soil’s friction and dilation angles. For the material and
geometries tested in the small-scale model tests, the failure
surfaces observed as shear bands in the dense samples shown
in Fig. 4 are most closely represented by case C described
above.

Regarding LTP granular material that does not exhibit
high peak friction and dilation angles, as is the case for the
medium dense sand tested, type 2 shear bands may not form.
Given that the type 2 shear bands are largely responsible
for the interaction of failure surfaces between adjacent piles,
it is likely that the failure mechanism within such granular
material will be less dependent on pile spacing.

Progressive development of soil arching
General shear failure of a shallow foundation typically

exhibits a load–settlement response as shown in Fig. 9(a),
which is characterised by a peak load followed by a drop
in resistance with increasing settlement (Vesic, 1963). In the
stress-controlled conditions of a shallow foundation, this
load–settlement response often results in a catastrophic
failure of the footing if the ultimate bearing capacity is

reached (Vesic, 1973). Based on the observed failure
mechanism within the small-scale model tests comprising
dense sand, it is likely that a similar load–settlement response
develops within piled embankments. Although, given
that soil arching develops as a result of subsoil settlement,
the mechanism is strain controlled and does not result
in catastrophic failure provided the capacity of the piles
is not exceeded. Instead, the amount of embankment
load transferred to the pile heads increases rapidly as the
subsoil initially undergoes consolidation, reaching a maxi-
mum before a reduction in load transfer is experienced with
ongoing subsoil consolidation. This behaviour has been
shown in centrifuge tests performed by Ellis & Aslam (2009a,
2009b), where an embankment comprising dense sand
prepared at Dr = 90–95% was tested. The typical load–
settlement response of these tests is shown in Fig. 9(b). In
Fig. 9(b) the load transfer resulting from soil arching is
quantified by the stress reduction ratio (SRR), which is the
ratio of the stress acting on the subsoil, σ′s, to the initial
overburden stress prior to any settlement or displacement,
γHe + q, where q is the surcharge applied to the embankment
surface. Given that σ′s reduces from the initial overburden
stress as a result of soil arching transferring loads towards the
pile heads, the SRR is inversely proportional to the stress
acting on the pile heads. As such, the similarities in responses

Settlement plate or settling subsoil

Type 2 shear bands

Type 1 shear bands

Pile

He

s = sint

s > sint

s > sint

(a)

(b)

(c)

Fig. 8. Interaction of failure surfaces in a piled embankment LTP for pile spacing: (a) s> sint; (b) s= sint; (c) s< sint
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ratio–settlement behaviour of piled embankment with dense sand
(after Ellis & Aslam (2009b))
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shown in Figs 9(a) and 9(b), although rotated and inverse,
may be attributed to undergoing a similar failure mechanism,
and thus a similar load–settlement settlement behaviour.
The behaviour presented in Fig. 9(b) is also similar to the

response observed in active trapdoor tests (Terzaghi, 1936;
Ladanyi & Hoyaux, 1969; Vardoulakis et al., 1981; Iglesia
et al., 1999; Dewoolkar et al., 2007; Costa et al., 2009). The
progressive development of arching stresses as the trapdoor is
lowered has been shown to be well described by the ground
reaction curve (GRC) concept (Iglesia et al., 1999). It has
been observed in active trapdoor tests that sequential failure
surfaces form with ongoing trapdoor displacement; these
show failure progressively propagating to greater heights
above the trapdoor into the sand (Dewoolkar et al., 2007;
Costa et al., 2009; Chevalier et al., 2012; Jacobsz, 2016).
Iglesia et al. (2013) proposed shapes of soil arching, and
failure surfaces, that developed progressively and corre-
sponded to different stages of the GRC.
In the past decade, several studies have observed charac-

teristics of soil arching in piled embankments that exhibit
similarities to the GRC for active trapdoor tests (Ellis &
Aslam, 2009a, 2009b; Zhuang et al., 2010, 2012; King et al.,
2017a). However, in the DVC analysis of model piled
embankments, shearing continued to occur along the initial
failure surfaces that formed at small settlement plate
displacements. No sequential failure surfaces developed
above the pile heads in any of the model tests, even after
the settlement plate was lowered more than 10% normalised
settlement plate displacement. This suggests that although
the GRC developed for trapdoor tests may exhibit a similar
response to the SRR–settlement behaviour in piled embank-
ments, the failure mechanism is different. Instead of
progressively developing sequential failure surfaces, the
SRR–settlement behaviour for a piled embankment shown
in Fig. 9(b) can be attributed to the progressive development
of shear bands. Within these shear bands, strength and
volume change progressively mobilise, with a peak experi-
enced followed by softening. The mobilisation of dilation
within these failure surfaces is evidenced in the slices of
volumetric strain shown in Fig. 5 for models comprising a
dense sand sample.
Not all piled embankments will experience the SRR–

settlement behaviour shown in Fig. 9(a). For this behaviour
to arise the LTP granular material used must be a high-
quality angular fill and well compacted, such that the
material exhibits high peak friction and dilation angles. As
shown previously, the response of the medium dense samples
tested displayed a similar failure mechanism to a shallow
foundation undergoing punching shear failure, which typi-
cally develops when a footing is placed on loose sand and/or
at great depths. A typical load–settlement response for a
shallow foundation undergoing punching shear (Vesic, 1963)
is shown in Fig. 10(a), where no clear maximum load is
experienced.
Centrifuge modelling presented by Fagundes et al. (2015)

provides an example of the SRR–settlement response
that may arise when LTP material is prepared at a relatively
lower density. The tests performed by Fagundes et al. (2015)
incorporated sand prepared at Dr = 57%. An example
SRR–settlement response for a model piled embankment
with piles arranged on a square grid with prototype
dimensions of s=2·82 m, d=1 m and an embankment
height of He = 7·2 m is presented in Fig. 10(b). The simi-
larities between Figs 10(a) and 10(b) further suggests that
embankments of large heights and/or incorporating poorly
compacted low-quality granular fill may exhibit a failure
mechanism and load–settlement response similar to the
punching failure of a shallow foundation, where no clear
peak load transfer towards the pile heads is experienced.

Settlements and critical height
As the subsoil beneath a piled embankment displaces

vertically downwards, differential settlement develops
between the pile heads and subsoil at the base of the LTP.
Several laboratory and field case studies have shown that,
at some height above the pile heads, differential settlements
are no longer present, forming a plane of equal settlement
(Hewlett & Randolph, 1988; McGuire, 2011; Sloan, 2011;
Fagundes et al., 2015). The height above the pile heads at
which this plane of equal settlement develops is referred to as
the critical height, Hcr (Naughton, 2007). Estimating Hcr
accurately is of increased importance when shallow embank-
ments are required, as differential settlements may be experi-
enced at the embankment surface if He,Hcr.
Previous studies investigating the critical height in labora-

tory tests have typically determined Hcr visually in two-
dimensional plane strain model tests (Hewlett & Randolph,
1988; Jenck et al., 2007) or observed surface deformations in
three-dimensional physical model tests (McGuire, 2011;
Fagundes et al., 2015), which only determine if the embank-
ment height is greater or less than Hcr. DVC analysis of
model piled embankments allows Hcr to be estimated using
three-dimensional geometries andwith greater accuracy than
the surface observation method. The Hcr of a model piled
embankment is investigated in the present study by taking the
vertical displacements throughout the height of the sand at
locations above (Uz,above) and amid (Uz,amid) the piles, as
shown in Fig. 11 for both model geometries. The above-pile
location is directly above the centres of the piles, whereas the
amid-pile location is the furthest distance from the pile edge
within the pile unit cell, s′. The differential settlement
between these two locations is expected to be the maximum
differential settlement at a given height in the sand.
The incremental normalised vertical displacements from

both the above- and amid-pile locations are shown at differ-
ent increments of δsp/b′ in Fig. 12 for both model layouts and
sand densities. It is shown in Fig. 12 that for all model layouts
and densities, a plane of equal settlement develops at some
height within the sand when the displacements above the
piles become equal, or close, to the displacements amid
the piles. Both models comprising dense sand (Figs 12(a)
and 12(c)) show a similar trend, where the displacement lines
progressively shift (more settlement experienced at embank-
ment surface) with increasing settlement plate displacement.
In contrast, the medium dense samples (Figs 12(b) and 12(d))
do not undergo such a transition; rather the behaviour of the
displacement lines is fairly consistent, with relatively little
deviation, for all settlement plate displacements.
A common definition adopted for the critical height of

a piled embankment is the height at which differential
settlements are no longer measurable (Filz et al., 2012).
This definition causes difficulty in estimatingHcr consistently
in model tests, as the term ‘measurable’ is dependent on the
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Fig. 10. (a) Load–settlement behaviour of a shallow foundation on
loose sand and/or at great depths (after Vesic (1963)). (b) Stress
reduction ratio–settlement behaviour of piled embankment with
medium dense sand (after Fagundes et al. (2015))

KINEMATICS OF SOIL ARCHING IN PILED EMBANKMENTS 951

Downloaded by [ Monash University] on [24/10/19]. Copyright © ICE Publishing, all rights reserved.



accuracy of the measuring technique. Owing to the sub-pixel
accuracy that can be achieved by DVC analysis, it is
necessary to define Hcr in terms of a finite value instead.
An angular distortion of 1/500 has been used in the present
study to define ‘equal settlement’. Thus, the critical height
is the height at which the angular distortion over the
length of s′′+ d/2 falls to below this limit, which may be
written as

Uz;amid �Uz;above

s′þ ðd=2Þ � 1
500

ð3Þ

Hcr is determined using this limiting angular distortion from
both total and incremental displacements, the results of
which are shown in Fig. 13 normalised by the pile head
diameter and plotted against the normalised settlement plate
displacement. The critical heights calculated from total
displacements presented in Fig. 13(a) increase with increas-
ing settlement plate displacement, although they tend to
asymptote towards a consistent height. This trend suggests
that a certain amount of displacement (or subsoil consolida-
tion) is required for the full critical height to be realised.
However, once the critical height has been established after

sufficient settlement plate displacement, there is little effect
on the critical height with increasing settlement plate
displacement. This is consistent with the observation that
the same failure surfaces were present throughout all
settlement plate displacements. A similar observation was
made by McGuire (2011), who performed model tests with a
comparable settlement plate mechanism and observed that
uniform settlement was experienced above Hcr even at large
magnitudes of simulated subsoil settlement. The critical
height calculated between increments of settlement plate
displacement (Fig. 13(b)) shows the opposite trend, where
the critical height decreases with increasing settlement plate
displacement.
The clear majority of methods for predicting the height at

which a plane of equal settlement develops, or providing a
minimum embankment height, estimate such heights solely
on the centre-to-centre and pile head diameter without
consideration of the LTP granular material properties.
However, the results in Fig. 13 show that, for the same pile
arrangement, models comprising dense sand resulted in
lower values of Hcr than the models comprising medium
dense sand. This observation shows that a soil’s deviatoric
response will also govern the height at which a plane of equal
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Fig. 11. (a) Measurement locations within square model; (b) measurement locations within triangular model; (c) section view of vertical
displacements (displacement exaggerated)
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settlement develops within a piled embankment, in addition
to the pile spacing and pile head diameter.
One such method for predicting Hcr is to estimate the

maximum height that failure surfaces extend into the
embankment (Hfs). Naughton (2007) assumed that
Hcr =Hfs, and estimated Hfs as the height of a log-spiral
curve with its origin at the mid-span between piles. However,
the failure surface assumed by Naughton (2007) does not
correspond with those observed in the present study. A slice
of normalised total vertical settlement in the square model
comprising dense sand after the settlement plate was lowered
3 mm (δsp/b′=8·4%) is plotted in Fig. 14. Overlaid on this
figure are the failure surfaces that were identified from the
corresponding slice of incremental shear strain between
normalised settlement plate displacements of 7·0% and
8·4%. The critical height, determined by equation (4) using
total displacements, is also shown in Fig. 14 along with the
maximum height at which the failure surfaces extend into the
soil mass above the pile heads. It is evident that although the
Hcr is likely to be dependent on Hfs, the two are not equal

since differential settlements still occur aboveHfs. However, it
is important to be able to estimate Hfs, as it is likely to be a
key influence in the development of a plane of equal
settlement.
In shallow foundations, the Prandtl radial shear zone

is bound by a log spiral with its origin centred at the edge of
the shallow foundation. A similar failure surface is expected
to develop in piled embankments comprising dense LTP
granular material when s′ is greater than the spacing between
the edge of the pile head and the outermost extent of the pile
unit cell, when the interaction occurs between shear bands,
s′int (Fig. 8). The failure surfaces associated with this pile
layout and LTP material are shown in Fig. 15. The radius, r,
of the log-spiral failure surface between AB with its origin
centred at the edge of the pile head may be written as

r ¼ r0eθ tanω ð4Þ

where r0 is the initial radius, θ is the angle from the x-axis and
ω is a constant that represents the curvature of the log spiral
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Fig. 12. Displacements within model tests at locations defined in Fig. 11 for: (a) square layout dense sample; (b) square layout medium dense
sample; (c) triangular layout dense sample; (d) triangular layout medium dense sample
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(ω is the angle between the radial line and normal).
Conventionally, bearing capacity analysis of a shallow
foundation has taken ω to be equal to ϕ, although, as
shown previously, the orientation of shear bands was better
estimated by using a non-associated flow rule. Thus, the
present analysis adopts

ω ¼ ϕþ ψ
2

ð5Þ

It is considered that the peak friction and dilation angles
should be used in estimating the geometry of the failure
surfaces, for the same reason as noted previously, that shear
bands form initially at or slightly before peak strength. The
Cartesian coordinates for this failure surface can be
expressed as

x ¼ r cos θ ¼ r0 cos θeθ tanω ð6Þ

y ¼ r sin θ ¼ r0 sin θeθ tanω ð7Þ
By adopting the Arthur et al. (1977) angle of shear band

orientation, it is assumed that θA= 45°+ω/2 and
θB= 135° +ω/2. Using geometrical relationships and differ-
entiating equation (8) with respect to θ, it can be shown that
the maximum height of the failure surface develops at an
angle of θfs = 90° +ω. As such, the maximum height of the

failure surface may be written as

Hfs ¼ d sin 90þ ωð Þe 90þωð Þ tanω

2 cos 45þ ω=2ð Þ½ �e 45þ ω=2ð Þ½ � tanω

when s′ � s′int

ð8Þ

Using the location of point B in Fig. 15 that will cause
interaction with a type 2 shear band propagating from an
adjacent pile head, it can be established that

s′int ¼ d cos 135þ ω=2ð Þ½ �e 135þ ω=2ð Þ½ � tanω

2 cos 45þ ω=2ð Þ½ �e 45þ ω=2ð Þ½ � tanω ð9Þ

When piles are arranged on a grid such that s′, s′int, the
origin of the log spiral bounding the radial shear zone is
shifted, resulting in an Hfs lower than when s′� s′int. It is
assumed that the origin of the log spiral shifts below the pile
head along the same inclination of the type 2 shear band, so
that the log spiral passes through points A and B, as shown in
Fig. 16. Again, the angle from the origin of the log spiral that
results in the highest point of the failure surface occurs at
θfs = 90° +ω. Thus, Hfs may be written as

Hfs ¼ r0 sin 90þ ωð Þe 90þωð Þ tanω � yos when s′ , s′int

ð10Þ
where yos is the vertical distance that the new log-spiral origin
is located below the pile head surface. The value of r0 and yos
are not easily solved, although using geometrical relation-
ships and optimisation techniques an approximate solution
can be found. Hfs is estimated using this approach and is
shown in Fig. 17, where it is normalised by d and plotted
against s′/d for a range of ω values. It is worth noting that, for
small s′/d ratios, the log spiral does not extend above the
height of point A in Fig. 16. In this case, Hfs is taken as the
height of point A, which is independent of pile spacing.
Four commonly used methods for calculating Hcr, or

minimum embankment heights, are also plotted in Fig. 17.
The methods shown include BS 8006 (BSI, 2010), EBGEO
(DGGT, 2011), McGuire (2011) and CUR226 (SBR
CURnet, 2016), all of which adopt relationships based on
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the clear spacing between piles. These relationships do not
consider the mechanical behaviour of the soil used in the
LTP, which has been shown to affect the critical height. It is
shown in Fig. 17 that, for values s′/d. 1, all critical height
methods estimate a height greater thanHfs.Hfs is also shown
to increase almost linearly with increasing s′/d until s′= s′int,
after which the failure surfaces develop without interaction
and are independent of pile spacing. The methods for
estimating Hcr exhibit a similar, albeit steeper gradient,
linear increase in height with increasing s′/d. This behaviour
is likely to occur because of the dependency of Hcr on Hfs.
The proposed method for estimating Hfs is based on the

assumption that shear bands interact with other shear bands

propagating from adjacent pile heads, as shown within
models comprising dense sand. Given that high-quality
rock fill often used in LTP granular material will be likely
to exhibit similar deviatoric behaviour to this dense sand, this
mechanism is expected to develop in shallow embankments
where Hcr is important to the performance of the embank-
ment. If, however, LTP material of poor quality is used or the
embankment is of great height, such that the LTP material
does exhibit high peak friction and dilation angles, then
diffuse failure may develop in place of type 2 shear bands. In
this case, the interaction between failure surfaces will not
occur as strongly, and the maximum height of the diffuse
failure surfaces propagating from the top of the type 1 shear
bands can be conservatively calculated from equation (9).

CONCLUSIONS
Synchrotron X-ray CT imaging has been undertaken on

small-scale model piled embankments. By applying DVC
analysis to pairs of CT volumes, full-field three-dimensional
displacement and strain fields were obtained, which provided
insight into the kinematics of soil arching in piled embank-
ments. The key findings from studying the displacement and
strain fields from these model tests may be summarised as
follows.

(a) The failure mechanism within an LTP above pile heads
is analogous to that of a circular shallow foundation,
although vertically mirrored. Similarly to shallow
foundations, the failure mechanism is dependent on the
soil state, including relative density and initial mean
stress.

(b) The failure surfaces associated with soil arching in piled
embankments do not take the form of or resemble the
simple arch-like failure surfaces assumed in some soil
arching models (e.g. Figs 1(a) and 1(b)). Instead, failure
surfaces in the form of shear bands were observed to
develop above pile heads within the LTP granular
material, which in the case of dense sand interacted
with the failure surfaces propagating from adjacent
pile heads.

(c) The observed failure mechanisms within the model tests
explain the observation of the progressive development
of soil arching in piled embankments. The progressive
development of soil arching may be attributed to the
mobilisation of friction and dilation angles with relative
shearing within shear bands.

(d ) The critical height of a piled embankment is dependent
on not only the clear spacing between piles and the pile
head geometry but also on the deviatoric response of
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the LTP granular material. This is not considered in the
majority of the currently available methods for
predicting the critical height.

(e) A method for estimating the maximum height of failure
surfaces above pile heads in the LTP is presented,
which provides insight into the development of a plane
of equal settlement.
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APPENDIX
When s′� s′int, the failure surface bounding the Prandtl radial

shear zone is not affected by adjacent failure surfaces. As such, it is
known that

rA ¼ d
2 cos 45þ ω=2ð Þ½ � ð11Þ

Thus, the initial log-spiral radius can be written as

r0 ¼ d
2 cos 45þ ω=2ð Þ½ �e 45þ ω=2ð Þ½ � tanω ð12Þ

By differentiating equation (8) with respect to θ, it is found that

dy
dθ

¼ r0eθ tanω sin θ tanωþ cos θð Þ ð13Þ

The angle that corresponds to the top of the log-spiral failure
surface, θfs, if limited to π/2, θfs, π, yields

θfs ¼ 90þ ω ð14Þ
The height of failure surfaces when s′� s′int may then be

expressed as

Hfs ¼ d sin 90þ ωð Þe 90þωð Þ tanω

2 cos 45þ ω=2ð Þ½ �e 45þ ω=2ð Þ½ � tanω ð15Þ

When s′, s′int, interaction between failure surfaces causes the
origin of the log spiral representing the failure surface bounding the
Prandtl radial sear zone to shift to below the pile heads, thus
reducing Hfs. The two known radii along the log spiral shown in
Fig. 16 can be written as

rA ¼ r0eθA tanω ð16Þ

rB ¼ rAe θB�θAð Þ tanω ð17Þ
Using geometrical relationships, it can be shown that

rA ¼ s′þ d=2ð Þ
rAe θB�θAð Þ tanω sin θB � 90ð Þ � sin θA � 90ð Þ ð18Þ

rA ¼ d=2ð Þ tan π=4ð Þ þ 90½ � � s′ tan π=4ð Þ � 90½ �
cos θA � 90ð Þ � e θB�θAð Þ tanω cos θB � 90ð Þ ð19Þ

Given that θB= 135°+ω/2, equations (18) and (19) can be solved
to find rA and θA.

NOTATION
A area of unit cell (m2)
Ap area of pile head (m2)
b′ equivalent axisymmetric clear spacing (m)

D50 mean particle size (mm)
Dr relative density (%)
d pile head diameter (m)
e void ratio

Hcr critical height (m)
He embankment height (m)
Hfs maximum height of failure surfaces (m)
p′ mean effective stress (kPa)
q surcharge pressure acting on embankment

surface (kPa)
Rn normalised roughness
Rt maximum surface roughness (μm)
r radius of log spiral (m)
r0 initial radius of log spiral (m)
s closest centre-to-centre spacing of adjacent piles (m)
s′ furthest distance between edge of pile head and unit

cell boundary, centroid spacing (m)
sint centre-to-centre spacing of piles where interaction

between failure surfaces occurs (m)
s′int centroid spacing where interaction occurs between

failure surfaces (m)
Uz vertical displacements (m)
yos vertical offset of log spiral origin (m)
α replacement ratio
γ unit weight (kN/m3)

γmax,log maximum natural shear strain
δsp settlement plate displacement (m)

ε1, ε2, ε3 principal strains
εv volumetric strain
θ angle of log spiral from x-axis (degrees)

θArth Arthur angle of orientation (degrees)
θCoul Coulomb angle of orientation (degrees)

λ slope of critical state line
σ′s vertical stress acting on subsoil (kPa)

ϕcv critical state frictional angle (degrees)
ϕm mobilised friction angle (degrees)
ϕp peak friction angle (degrees)
ψf dilation angle at failure (degrees)

ψmax maximum dilation angle (degrees)
ω log-spiral curvature
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