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This paper considers the problemof jointly estimating the attitude and spin rate of a spinning spacecraft. Psiaki has

formulated a family of optimization problems that generalize the classical least-squares attitude-estimation problem,

known as Wahba’s problem, to the case of a spinning spacecraft. In the special case where the rotation axis and the

fundamental sampling period are fixed and known, but the spin rate is unknown (such as for nutation-damped spin-

stabilized spacecraft), Psiaki’s problem can be reformulated exactly as a type of tractable convex optimization

problem called a semidefinite optimization problem. This reformulation allows the problem to be globally solved

using standard numerical routines for semidefinite optimization.

I. Introduction

S PACECRAFT§ attitude estimation is a fundamental problem,
arising, for instance, as a natural subproblem whenever attitude

control is required. Because spacecraft dynamics are nonlinear, a
typical and successful approach to attitude estimation is to employ
variants of the extendedKalman filter (EKF) [1]. Aswith anymethod
based on linearization of nonlinear dynamics, EKF-based approaches
can fail to converge given poor initial estimates and can become
unstable in the presence of large disturbances [2]. Many truly
nonlinear attitude-estimation methods have also been proposed (see
[3] for a survey). An important example is the static least-squares
attitude-estimation problem known as Wahba’s problem [4]. In
Wahba’s problem, we are simultaneously given a batch of vector
measurements (from sun sensors, star trackers, etc.) in the body frame
and corresponding reference directions in an inertial frame. The aim
is to find the rotation matrix (i.e., direction cosine matrix) that
minimizes the sum of the squared errors between the transformed
reference directions and the observed vector measurements.Wahba’s
problem, as stated, applies most naturally to a static spacecraft.
Nevertheless, it has also found use as a subroutine invarious recursive
estimation algorithms including those that estimate the full
dynamical state of the spacecraft (see, e.g., [2,5]).
Recently, Psiaki has posed a number of generalizations ofWahba’s

problem to the case of a spinning spacecraft [6]. These problems aim
to simultaneously estimate the initial attitude and spin rate (or, more
generally, initial angular momentum) of the spacecraft from vector
measurements, without the need for gyroscopemeasurements. These
generalizations are particularly suited to spin-stabilized spacecraft
without gyroscopes. We describe Wahba’s problem and Psiaki’s
generalizations formally in Sec. III.
In this paper, we focus on the simplest of Psiaki’s generalizations

of Wahba’s problem. We refer to this problem as Psiaki’s first
problem. In this problem, we assume the spacecraft is spinning at a
constant unknown angular velocity around a known (stable) inertia
axis. This setting is relevant for nutation-damped spin-stabilized
spacecraft [6]. The aim is to estimate the initial attitude and the

unknown spin rate given a sequence of noisy vector measurements
obtained at equispaced sampling instants, together with correspond-
ing reference directions. Wahba’s problem arises as the special case
where the spin rate is zero.
Our main contribution is to show that, when the sampling period is

constant, Psiaki’s first problem can be reformulated exactly as a
semidefinite optimization problem (see Theorem 3). Semidefinite
optimization problems (described in Sec. IV) are a family of convex
optimization problems that generalize linear programming and
can be solved globally with provable efficiency guarantees using
standard software. Reformulating Psiaki’s first problem as a
semidefinite optimization problem means that it, like Wahba’s
problem, can be solved efficiently and globally, to high precision,
using numerical methods.
The remainder of the paper is organized as follows. In Sec. II, we

summarize notation not defined elsewhere in the paper. In Sec. III, we
first describe Psiaki’s generalizations of Wahba’s problem for
spinning spacecraft.We then showhow towrite Psiaki’s first problem
as an instance of a family of problems we call trigonometric Wahba

problems; see Eq. (6). We conclude the section with a summary of
prior work on Psiaki’s problems. In Sec. IV, we briefly describe
semidefinite optimization problems in general before presenting our
semidefinite optimization-based reformulation of trigonometric
Wahba problems, and in particular of Psiaki’s first problem.We defer
the proofs to the Appendix. In Sec. V, we describe the results of a
simple numerical experiment solving Psiaki’s first problem using
different numbers of measurements at different noise levels. In
Sec. VI, we discuss possible future research related to the work in
this paper.

II. Notation

We briefly summarize notation used throughout the body of the
paper. Additional notation that is used only in the Appendix is
introduced separately there.

A. Spaces

Denote by Rn×n the space of n × n real matrices. If X ∈ Rn×n, let
XT be its transpose. Let Sn be the space of n × n symmetric matrices
(i.e., matrices for which X � XT). Let Sn� denote the set of n × n
symmetric positive semidefinite matrices (i.e., X ∈ Sn� if and only if
uTXu ≥ 0 for all u ∈ Rn). If X ∈ Sn�, we write X ≽ 0 when the
dimension is clear from the context.

B. Inner Products

If x; y ∈ Rn, then hx; yi �
P

n
i�1 xiyi. If x ∈ Rn, then define

kxk � hx; xi1∕2 � �
P

n
i�1 x

2
i �1∕2 to be the usual Euclidean norm. If

X; Y ∈ Rn×n, then define an inner product by hX; Yi � tr�XTY� �P
n
i;j�1 XijYij.
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C. Convex Hull

Given a subset S ⊂ Rn (which need not be finite), the convex hull
of S is the set of all possible convex combinations of elements of S.
Formally,

conv�S��
�
z∈Rn: there exist a positive intergerr;

pointsx1;x2; : : : ;xr ∈S;and scalarsλ1;λ2; : : : ;λr ≥ 0 such thatXr
i�1

λi� 1 and z�
Xr
i�1

λixi

�

D. Block Matrices

If T0; T1; : : : ; TN are d × d matrices, with T0 being symmetric,
define the corresponding d�N � 1� × d�N � 1� symmetric block
Toeplitz matrix by

Toeplitz�T0; T1; : : : ; TN� �

2
66666664

T0 T1 T2 · · · TN

TT1 T0 T1
. .
. ..

.

TT2 TT1
. .
. . .

. ..
.

..

. . .
. . .

. . .
.

T1

TTN · · · · · · TT1 T0

3
77777775

(1)

Similarly, if S1; S2; : : : ; S2N�1 are symmetric d × d matrices,
define the corresponding d�N � 1� × d�N � 1� block Hankel
matrix by

Hankel�S1;S2; :::;S2N�1��

2
666664

S1 S2 ··· SN SN�1
S2 SN�1 SN�2
..
. . .. ..

.

SN SN�1 S2N
SN�1 SN�2 ··· S2N S2N�1

3
777775 (2)

E. Unit Quaternion Parameterization of Rotations

Let SO�3� denote the set of rotation (or direction-cosine) matrices.
Let H denote the unit quaternions. Throughout, we think of the unit
quaternions geometrically as the unit sphere in R4 (i.e., H �
fq ∈ R4∶kqk � 1g). Any element of SO�3� can be expressed as
A�qqT�, where q ∈ H, andA: S4 → R3×3 is the linear map defined
(following the convention in [3]) by

A�Z� ≔

2
64Z11 − Z22 − Z33 � Z44 2Z12 � 2Z34 2Z13 − 2Z24

2Z12 − 2Z34 −Z11 � Z22 − Z33 � Z44 2Z23 � 2Z14

2Z13 � 2Z24 2Z23 − 2Z14 −Z11 − Z22 � Z33 � Z44

3
75 (3)

The adjoint of A (with respect to the inner product on matrices) is A�: R3×3 → S4 defined by

A��Y� ≔

2
664
Y11 − Y22 − Y33 Y12 � Y21 Y13 � Y31 Y23 − Y32

Y12 � Y21 −Y11 � Y22 − Y33 Y23 � Y32 −Y13 � Y31

Y13 � Y31 Y23 � Y32 −Y11 − Y22 � Y33 Y12 − Y21

Y23 − Y32 −Y13 � Y31 Y12 − Y21 Y11 � Y22 � Y33

3
775 (4)

In other words, for any Z ∈ S4 and any Y ∈ R3×3, we have the identity

hA�Z�; Yi � hZ;A��Y�i (5)

III. Psiaki’s Generalizations of Wahba’s Problem for
Spinning Spacecraft

In this section, we describe Wahba’s problem [4] and Psiaki’s
generalizations to the case of a spinning spacecraft [6]. For reasons
discussed in Sec. III.B, we subsequently focus on the simplest of
Psiaki’s problems: jointly estimating the attitude and spin rate of a
spacecraft spinning around a stable inertia axis at a constant unknown
rate. In this case, we show how to reformulate the resulting
optimization problem in the general form

max
Q∈SO�3�
ω 0∈�−π;π�

hA0; Qi �
XN
n�1
�hAn; cos�ω 0n�Qi � hBn; sin�ω 0n�Qi� (6)

for appropriate collections of 3 × 3 matrices �An�Nn�0 and �Bn�Nn�1.
Throughout, we call problems in the form of Eq. (6) trigonometric
Wahba problems. In Sec. IV, we show how to reformulate
trigonometric Wahba problems as semidefinite optimization
problems.
Our reformulation only works when each of the quantities n in the

expressions cos�ω 0n� and sin�ω 0n� are integers, as is the case in
Eq. (6). Essentially, this is because cos�ω 0n� and sin�ω 0n� can be
expressed as polynomials in cos�ω 0� and sin�ω 0� only in these cases.
This is the basic source of the restriction that the sampling period be
constant, mentioned in theAbstract, in Sec. I, and later in this section.

A. Wahba’s Problem

We briefly describe Wahba’s least-squares attitude-estimation
problem posed in [4]. Initial solutions were published one year later
in [7]. Subsequently, Davenport’s qmethodwas developed (see, e.g.,
[8]) and has become the standard solution to Wahba’s problem.

1. Vector Measurements

Suppose we are given a batch of noisy unit vector measurements
y0; y1; : : : ; yN in the body frame (obtained from star trackers, sun
sensors, magnetometers, etc.) of corresponding unit reference
directions x0; x1; : : : ; xN in the inertial frame.

2. Least-Squares Objective

Wahba’s problem is to find the rotation matrix Q ∈ SO�3� that
transforms the reference directions to best fit the measured vector
measurements in the weighted least-squares sense by solving
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min
Q∈SO�3�

XN
n�0

κn
2
kyn −Qxnk2 (7)

where κ0; κ1; : : : ; κN are nonnegative scalar weights that one would
take to be larger for measurements with smaller noise variance.
Because kQxk2 � kxk2 for all x ∈ R3, we can expand the squares
and see that this optimization problem is equivalent to

max
Q∈SO�3�

�XN
n�0

κnynx
T
n ;Q

�
(8)

where we have dropped an additive constant of

XN
n�0

κn
2
�kynk2 � kxnk2�

B. Psiaki’s Generalizations

We now describe Psiaki’s generalizations ofWahba’s problem and
show how Wahba’s problem arises as a special case.

1. Rigid-Body (Euler) Equations

Let Q�t0� ∈ SO�3� denote the initial attitude of the spacecraft,
Ω�t0� ∈ R3 the initial body angular velocity, and I1 ≥ I2 ≥ I3 the
principal moments of inertia. Assuming that the spacecraft undergoes
torque-freemotion about its center ofmass, then for t ≥ t0, the attitude
Q�t� and the body angular velocity Ω�t� ≔ �ω1�t� ω2�t� ω3�t� �T
satisfy the rigid-body equations:

I1 _ω1�t� � �I2 − I3�ω2�t�ω3�t�
I2 _ω2�t� � �I3 − I1�ω3�t�ω1�t�
I3 _ω3�t� � �I1 − I2�ω1�t�ω2�t�

and

_Q�t� �

2
64

0 ω3�t� −ω2�t�
−ω3�t� 0 ω1�t�
ω2�t� −ω1�t� 0

3
75Q�t� (9)

Note that, for every t ≥ t0 and every Ω�t0�, we have that Q�t� �
Φ�t − t0;Ω�t0��Q�t0� for some map Φ taking values in SO�3�. In
particular, Q�t� is always linear in the initial attitude Q�t0�.

2. Vector Measurements

Let t0; t1; : : : ; tN be a finite set of sampling instants. Assume at
sample instant tn that we are given a noisy unit vector measurement
yn in the spacecraft body frame of a corresponding reference
direction xn in the inertial frame.

3. Least-Squares Objective

FollowingWahba’s least-squares-based objective, Psiaki suggests
solving the following weighted least-squares problem to estimate the
initial attitude and body angular velocity of the spacecraft, given only
the vector measurements �yn�Nn�0 and the reference directions
�xn�Nn�0:

min
Q�t0�;Ω�t0�

XN
n�0

κn
2
kyn −Q�tn�xnk22 (10)

subject to Q�t� satisfying Eq. (9) with initial conditions Q�t0� and
Ω�t0�. Just as for Wahba’s problem, the κn are nonnegative scalars.

4. Dependence on Ω�t0�
In general, the dependence of Q�t� on the initial body angular

velocity Ω�t0� is quite complicated. The relationship between Q�t�
and Ω�t0� simplifies under additional assumptions on Ω�t0� and the

inertia tensor of the spacecraft. We now summarize these simplified
problems and name them for later reference.
Wahba’s problem: If Ω�t0� � 0, thenQ�t� � Q�t0� for all t ≥ t0,

and so the spacecraft is stationary. Adding this as a constraint, we
recover Wahba’s original formulation [Eq. (7)].
Psiaki’s first problem: Suppose Ω�t0� is aligned with the major

inertia axis, and (without loss of generality) this is the first axis
direction in body coordinates. Then, Ω�t0� � �ω 0 0 �T , and so
the dynamical constraints [Eq. (9)] reduce to

Q�t� �

2
4 1 0 0

0 cos�ωt� sin�ωt�
0 − sin�ωt� cos�ωt�

3
5Q�t0� (11)

where ω is the spin rate (in radians per second). In this case, the
spacecraft is spinning with an unknown constant angular velocity ω
around a known axis (fixed in body coordinates). Minimizing the
least-squares objective [Eq. (10)] subject to the constraints [Eq. (11)]
is the first generalization of Wahba’s problem posed in [6] and is
relevant for a nutation damped spin-stabilized spacecraft.
Psiaki’s second problem: If Ω�t0� is unconstrained and no

additional assumptions are made about the moments of inertia of the
spacecraft, we obtain the second generalization of Wahba’s problem
posed in [6]. In this setting, the dependence ofQ�t� onΩ�t0� is more
complicated. This case is discussed further in [9] (see Sec. III.C).
In each case, Psiaki’s formulations involve solving nonconvex

optimization problems of the form in Eq. (10) subject to dynamical
constraints.

5. Focus of the Paper

For the remainder of the paper, we focus on Psiaki’s first problem
because, in this case, Q�t� only depends on the initial body angular
velocity through cos�ωt� and sin�ωt�. In addition to focusing on
Psiaki’s first problem, we also assume that the sampling instants
t0; t1; : : : ; tN are equally spaced. As such, we assume that there is
some τ such that tn � nτ for n � 0; 1; : : : ; N.
This paper does not address Psiaki’smore general second problem,

where the dependence of Q�t� on Ω�t0� is significantly more
complicated. It would be very interesting if the techniques we
develop can be extended to this more general situation.

6. Aliasing

Because we only observe ω via vector measurements at time
instants that are integer multiples of τ, from the data alone we cannot
distinguish between spin rates at different integer multiples of 2π∕τ
due to aliasing. Hence, we assume that ω ∈ �−π∕τ; π∕τ�, so that it is
possible to determine the unknown spin rate from the data. (We could,
alternatively, fix some a in radians per second and assume
ω ∈ �a; a� 2π∕τ�.) In a Bayesian formulation of the problem, we
could interpret this as encoding prior information on the spin rate.

7. Reformulation

We now reformulate Psiaki’s first problem as a trigonometric
Wahba problem. Because kQ�t�xnk2 � kxnk2 for all t and n, observe
that with tn � nτ the optimization problem [Eq. (10)] can be
rewritten as

min
Q�0�∈SO�3�
ω∈�−π∕τ;π∕τ�

XN
n�0

κn
2
�kynk2 − 2hyn;Q�nτ�xni � kxnk2� (12)

s:t: Q�nτ� �

2
4 1 0 0

0 cos�nτω� sin�nτω�
0 − sin�nτω� cos�nτω�

3
5Q�0� (13)

Putting ω 0 � τω, we see that this is equivalent, as an optimization
problem, to
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max
Q∈SO�3�
ω 0∈�−π;π�

hA0; Qi �
XN
n�1
�hAn; cos�nω 0�Qi � hBn; sin�nω 0�Qi� (14)

where

A0 � κ0y0x
T
0 �

"
1 0 0

0 0 0

0 0 0

# XN
n�1

κnynx
T
n

!
(15)

and for n � 1; 2; : : : ; N,

An � κn

2
4 0 0 0

0 1 0

0 0 1

3
5ynxTn and Bn � κn

2
4 0 0 0

0 0 1

0 −1 0

3
5ynxTn

(16)

We have now expressed Psiaki’s first problem in the general form
described in Eq. (6).

C. Prior Work and Alternative Solution Methods for Psiaki’s Prob-
lems

In this section, we summarize previous approaches to Psiaki’s
generalizations ofWahba’s problem for spinning spacecraft. We then
briefly discuss a simple discretization-based approach, implicit in the
work of Psiaki and Hinks [9], for solving Psiaki’s problems globally.
Psiaki’s original paper [6] describes a method to globally solve

Psiaki’s first problem using two noise-free vector measurements
(sampled at distinct times) and information from a thirdmeasurement
to resolve a sign ambiguity. In this situation, the problem reduces to
finding all the solutions of the corresponding nonlinear equations
satisfied by the initial attitude and spin rate. This method seems
sensitive to measurement noise and is unable to exploit additional
measurements to mitigate the effects of noise. (The possible
advantages of incorporating multiple measurements are considered
in Sec. V.)
In subsequent work [10], Hinks and Psiaki describe an approach to

Psiaki’s second problem under the assumption that the spacecraft is
axially symmetric and exactly three noise-free vector measurements
are used. In this case, it is again possible to find an initial body angular
velocity Ω�t0� and an initial attitude that are consistent with the
measurements by solving a set of nonlinear equations. They suggest
different formulations of these equations and applyNewton’smethod
(with possibly many different initializations) to obtain a solution to
the equations. Again, this approach is likely to be useful when there is
very little noise.
In later work [9], Psiaki and Hinks describe a method to find local

optima of Psiaki’s first and second problems (with no additional
assumptions) by a novel optimization scheme. The procedure has
many details; we just sketch themain ideas here. The first main idea is
that, for fixed Ω�t0�, each point Q�t0�; Q�t1�; : : : ; Q�tN� on the
trajectory is linear inQ�t0�. Hence, if we can compute the trajectory
�Q�tn��Nn�0 for fixedΩ�t0�, we canminimize the objective function of
Eq. (10) overQ�t0� for fixedΩ�t0� by solving an instance ofWahba’s
problem. To obtain the trajectory �Q�tn��Nn�0 for fixed Ω�t0�, Psiaki
and Hinks suggest numerically solving the rigid-body equations.
They then employ a trust-region method to locally optimize over
Ω�t0�, taking into account (to second order) the effect that Ω�t0� has
on the optimalQ�t0�. This approach finds local minima forΩ�t0� and
Q�t0�. By using many different initializations for Ω�t0�, it can find
many different local minima forΩ�t0� andQ�t0� and return one with
the lowest cost. This method makes very few assumptions and can
incorporate many measurements and so should behave well in the
presence of measurement noise.
A simpler, butmuchmore naive, strategywould be to discretize the

space of Ω�t0�, solve (in parallel) the corresponding instance of
Wahba’s problem for each value of Ω�t0�, then output the pair
�Ω�t0�; Q�t0��with the smallest cost. This is a reasonable strategy for
Psiaki’s first problem because aliasing issues mean there is always an
optimal ω in the interval �−π∕τ; π∕τ�. To find a value of ω that is at

most ϵ from the optimal value requires solving O�1∕ϵ� instances of
Wahba’s problem. This is very efficient unless particularly accurate
solutions for ω are required (i.e., ϵ is very small).

IV. Semidefinite Optimization Reformulations

The main aim of this section is to describe how to reformulate
trigonometric Wahba problems, and hence Psiaki’s first problem
(which is a special case), as semidefinite optimization problems.
Before doing so, we briefly explain what semidefinite optimization
problems are andwhatwemean by a semidefinite reformulation of an
optimization problem. We illustrate this in Sec. IV.B by giving a
semidefinite reformulation of Wahba’s problem that can be thought
of as a more flexible description of the qmethod [8]. In Sec. IV.C, we
give a semidefinite reformulation of trigonometric Wahba problems,
before giving in Sec. IV.D pseudocode illustrating how to solve
the semidefinite optimization problems we formulate using generic
semidefinite optimization solvers. We briefly discuss algorithms for
these semidefinite optimization problems, as well as their worst-case
complexity, in Sec. IV.E.

A. Semidefinite Optimization

Semidefinite optimization problems are convex optimization
problems of the form

max
x
hc; xi s:t: A0 �

Xn
i�1

Aixi ≽ 0 (17)

where x ∈ Rn is a vector of decision variables, c ∈ Rn represents a
linear cost functional, and thematricesA0; A1; : : : ; An are symmetric
m ×mmatrices. Recall thatX ≽ 0means that the symmetricmatrixX
is positive semidefinite. An expression of the form

A�x� � A0 �
Xn
i�1

Aixi ≽ 0

is often called a linear matrix inequality because it is linear in the
decision variable x. The form of the optimization problem in Eq. (17)
is a “standard form” for semidefinite optimization problems. Any
optimization problem with a linear cost function, linear equality
constraints, and linear matrix inequality constraints can be
reformulated in this standard form in a completely algorithmic way
(see, e.g., [11]). Modern optimization parsers usually take care of
such transformations automatically [12].
Semidefinite optimization problems can be solved to any desired

accuracy in time polynomial in n and m using standard software
based on interior point methods [11]. The semidefinite optimization
problems that arise in this paper have additional structure that can be
exploited to obtain evenmore efficient algorithms. (See Sec. IV.E for
further discussion of this point.) For much more information about
semidefinite optimization, including duality theory, numerical
algorithms, and applications, see for example [11].
Semidefinite Reformulations. Many different optimization

problems arising in a variety of contexts, including some
optimization problems for which the natural formulation is not
convex, can be reformulated as semidefinite optimization problems.
Given an optimization problem, by a semidefinite reformulation we
mean a semidefinite optimization problem such that 1) there is an
efficient procedure to take the data of the original problem and
construct the data of the semidefinite optimization problem; 2) the
optimal value of the semidefinite optimization problem and the
original optimization problem are the same; and 3) there is an
efficient procedure to take an optimal solution to the semidefinite
optimization problem and produce an optimal solution to the original
optimization problem.
The following basic fact of convex analysis plays an important role

in many such reformulations. It is a paraphrasing of [13] (Theorems
32.2 and 18.3).
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Theorem 1: Suppose that c ∈ Rn, and S is compact. Then,

cost⋆ ≔ max
x∈S
hc; xi � max

x∈conv�S�
hc; xi (18)

i.e., the optimal cost is cost⋆ whether we optimize the linear
functional defined by c over S or over its convex hull. Moreover,

convfx ∈ S∶hc; xi � cost⋆g � fx ∈ conv�S�∶hc; xi � cost⋆g

i.e., the set of optimal points for the linear optimization problem over
conv�S� is the convex hull of the set of optimal points for the linear
optimization problem over S.

B. Wahba’s Problem

We illustrate the basic idea of semidefinite reformulations with
the example of solvingWahba’s problem.Wenote that there aremuch
better ways to solve Wahba’s problem. The advantage of the semi-
definite reformulation is that it can be extended to more complicated
situations, such as Psiaki’s first problem. The reformulation pre-
sented in this section appears (in amore general context) in [14] and is
generalized to the analogous problem where SO�3� is replaced with
SO�n� for any n ≥ 2 in [15]. (See also [16] where a semidefinite
relaxation of Wahba’s problem is described, as well as conditions
under which it is exact.)
Wahba’s problem fits into the general form [Eq. (6)] where A0 �P
N
n�0 κny�nτ�x�nτ�T [cf. Eq. (8)], and all the other terms vanish.

Using the quaternion parameterization of SO�3�, Wahba’s problem
can be expressed as

max
Q∈SO�3�

hA0; Qi � max
q∈H
hA0;A�qqT�i � max

q∈H
hA��A0�; qqTi (19)

We now explain how to reformulate Eq. (19) as a semidefinite
optimization problem following a general pattern that we use again in
Sec. IV.C.
1) Rewrite the problem as the optimization of a linear functional

over some set. In this case,

max
Z
hA��A0�; Zi s:t: Z ∈ fqqT∶q ∈ Hg

2) Replace the constraint set with the convex hull of the constraint
set. In this case,

max
Z
hA��A0�; Zi s:t: Z ∈ convfqqT∶q ∈ Hg (20)

This optimization problem has the same optimal value as the
original nonconvex problem because the cost function is linear (see
Theorem 1).
3) Describe the convex hull of the constraint set as the feasible

region of a semidefinite optimization problem (if possible). In this
case, such a description iswell known (see, e.g., [17], Theorem3) and
given by

convfqqT∶q ∈ Hg � fZ ∈ S4∶Z ≽ 0; tr�Z� � 1g

(This holds because, if Z ≽ 0 and tr�Z� � 1, then any
eigendecomposition

Z �
X4
i�1

λiqiq
T
i

expressesZ as a convex combination ofmatrices of the formqqT with
kqk � 1.)
The resulting semidefinite reformulation of Wahba’s problem is

max
Z
hA��A0�; Zi s:t: tr�Z� � 1; Z ≽ 0 (21)

1. Extracting an Optimal Point

Under mild assumptions (such as having access to at least two
generic vector measurements), Wahba’s problem has a unique
solution Q⋆. There are two corresponding optimal unit quaternions
	q⋆. These both satisfyQ⋆ � A�q⋆qT⋆�. Hence, q⋆qT⋆ is the unique
optimum of Eq. (20). By the second statement of Theorem 1, Z⋆ �
q⋆q

T
⋆ is the unique optimum of the semidefinite optimization

problem [Eq. (21)]. Overall, we can recover the solution to Wahba’s
problem from the solution of the semidefinite reformulation by
taking A�Z⋆�.

2. Relationship with the q Method

The value of the semidefinite optimization problem [Eq. (21)]
is the largest eigenvalue of the Davenport matrix A��A0�. This
can already be seen from Eq. (19) and the fact that
maxq∈HhA��A0�; qqTi � maxq∈H q

TA��A0�q � λmax�A��A0��. If
q is an eigenvector corresponding to the largest eigenvalue of
A��A0�, then Z � qqT is an optimal solution of the semidefinite
reformulation [Eq. (21)]. As such, our reformulation is closely related
to the q method for solving Wahba’s problem problem [8].

3. Discussion

Note that the transformations in the first and second steps before
are merely formal and can be applied to essentially any optimization
problem. The third step is nontrivial. In general, it is not well
understood which sets S have the property that conv�S� can be
described as the feasible region of a semidefinite optimization
problem; this is an area of active research (see, for example, [18]).
One view of this paper is that it shows how to express the convex
hulls of the nonconvex constraint sets appearing in certain joint spin
rate and attitude-estimation problems as the feasible regions of
semidefinite optimization problems.

C. Trigonometric Wahba Problems

We now show how to give semidefinite reformulations of
trigonometricWahba problems, defined in Eq. (6). By specializing to
the case where �An�Nn�0 and �Bn�Nn�1 are given by Eqs. (15) and (16),
we obtain a semidefinite reformulation of Psiaki’s first problem. We
explicitly number the three steps in obtaining a semidefinite
reformulation that were illustrated in Sec. IV.B.

1. Linear Objective Function

As in the case ofWahba’s problem, we use the parameterization of
SO�3� in terms of unit quaternions to rewrite trigonometric Wahba
problems as

max
q∈H

ω 0∈�−π;π�

hA��A0�; qqTi �
XN
n�1
�hA��An�; cos�nω 0�qqTi

� hA��Bn�; sin�nω 0�qqTi� (22)

We can view this problem as the maximization of a linear
functional over the set

MN≔ f�qqT;qqT cos�ω0�;qqT sin�ω 0�; : : : ;qqT cos�Nω 0�;

qqT sin�Nω 0��∈ �S4�2N�1∶q∈H;ω 0∈ �−π;π�g (23)

2. Convexification

As such, the convexified version of Eq. (22) is the following
optimization problem where the decision variables are the 2N � 1
symmetric matrices X0; X1; Y1; : : : ; XN; YN :
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max
�Xn�Nn�0;�Yn�Nn�1

hA��A0�; X0i �
XN
n�1
�hA��An�; Xni � hA��Bn�; Yni�

subject to �X0; X1; Y1; : : : ; XN; YN� ∈ conv�MN� (24)

This problem is certainly convex and has the same optimal value as
Eqs. (6) and (22). It may not be immediately clear that the constraint
set conv�MN� has a succinct representation in terms of the feasible
region of a semidefinite optimization problem. In fact, conv�MN�
does have such a representation, and we now turn our attention to
describing it.

3. Linear Matrix Inequality Description of conv�MN�
We now describe conv�MN� in terms of a linear matrix inequality,

making use of the blockmatrix notation defined in Sec. III.We establish
the correctness of this description in the Appendix, by combining
standard results with a novel symmetry reduction argument.
Proposition 2:

conv�MN� � f�X0;X1;Y1; : : : ;XN;YN�∈ �S4�2N�1: tr�X0� � 1;

Toeplitz�X0;X1; : : : ;XN��Hankel�YN;YN−1; : : : ;Y1;0;−Y1; : : : ;

−YN−1;−YN�≽ 0g (25)

Proof: We provide a proof in the Appendix.

4. Semidefinite Reformulation in the General Case

Now that we have a semidefinite description of conv�MN�, we
can give a semidefinite reformulation for all trigonometric Wahba
problems. The following theorem explicitly describes this reformula-
tion, which is obtained by replacing conv�MN� in Eq. (24) with its
semidefinite description from proposition 2.
Theorem 3: Let A0; A1; : : : ; AN , B1; : : : ; BN ∈ R3×3. Then, the

trigonometric Wahba problem

max
Q∈SO�3�
ω 0∈�−π;π�

hA0; Qi �
XN
n�1
�hAn; cos�ω 0n�Qi � hBn; sin�ω 0n�Qi� (26)

and the semidefinite optimization problem

max
�Xn�Nn�0;�Yn�Nn�1

hA��A0�; X0i �
XN
n�1
�hA��An�; Xni � hA��Bn�; Yni�

s:t: Toeplitz�X0; X1; : : : ; XN�
� Hankel�YN; YN−1; : : : ; Y1; 0;−Y1; : : : ;−YN−1;−YN� ≽ 0

tr�X0� � 1 (27)

have the same optimal value. The set of optimal points of the
semidefinite reformulation is

convf�qqT;qqT cos�ω0�;qqT sin�ω0�; :::;qqT cos�Nω0�;
qqT sin�Nω0��∶�ω0;A�qqT�� is anoptimal point for �26�g (28)

Proof: The equivalence of Eqs. (26) and (27) follows directly from
the equivalence of Eqs. (22) and (24) and the linear matrix inequality
description of conv�MN� in proposition 2. The description of the set
of optimal points is directly from the second statement of Theorem 1.

5. Extracting an Optimal Solution

If N ≥ 2, we expect a generic trigonometric Wahba problem
to have a unique optimal point �ω 0⋆; Q⋆� [6]. In that case, the
semidefinite reformulation [Eq. (27)] has a unique optimal point
denoted �X0⋆; X1⋆; Y1⋆; : : : ; XN⋆; YN⋆�, fromwhichwe can recover
�ω 0⋆; Q⋆� via

Q⋆ �A�X0⋆�; cos�ω 0⋆� � tr�X1⋆� and sin�ω 0⋆� � tr�Y1⋆� (29)

D. Pseudocode

In this section, we describe code to implement our semidefinite
optimization-based formulations [Eq. (27)] of trigonometric Wahba
problems. Our motivation for doing this is to show that it is quite
straightforward to use standard numerical routines to solve the
semidefinite optimization problems that appears in this paper.
The code is expressed in a parsing language called YALMIP [12]

that runs under MATLAB. Internally, YALMIP reformulates the
human-readable description of the optimization problem we specify
into a standard format, then calls a numerical solver for semidefinite
optimization problems (we used MOSEK [19] version 7 for these
experiments) to solve the optimization problem.
In what follows, we assume we have functions:
1) A_map implementing the linear map A taking a 4 × 4

symmetric matrix and returning a 3 × 3 matrix according to Eq. (3).
2) block_toeplitz implementing the linear map
�X0; X1; : : : ; XN� ↦ Toeplitz�X0; X1; : : : ; XN� taking a 4 × 4 ×
�N � 1� array and returning a 4�N � 1� × 4�N � 1� matrix
according to Eq. (1).
3) block_hankel implementing the linear map
�Y1; Y2; : : : ; YN� ↦ Hankel�−YN; : : : ;−Y1; 0; Y1; : : : ; YN� taking
a 4 × 4 × N array and returning a 4�N � 1� × 4�N � 1� matrix
according to Eq. (2).
We declare variables in YALMIP using the sdpvar command.

1: X � sdpvar�4;4;N� 1; 0 symmetric 0�;
2: Y � sdpvar�4;4;N; 0 symmetric 0�;

For example, Y is a 4 × 4 × N array of variables with each slice
Y�∶; ∶;n� being a symmetric matrix. We specify constraints by
constructing an array of constraints expressed in a very natural way.
We express the two constraints in Eq. (27) by

3: K � �trace�X�∶; ∶;1�� �� 1;

block toeplitz�X� � block hankel�Y� >� 0�;

where we have indexed from 1 following MATLAB’s conventions.
Note that in YALMIP this latter inequality is automatically
interpreted in the positive semidefinite sense because the matrix on
the left-hand side is structurally symmetric.
Suppose that the variables A and B are, respectively, 4 × 4 × �N �

1� and 4 × 4 × N arrays, with A�∶; ∶;n� 1� being A��An� and
B�∶; ∶;n� being A��Bn�. Then, we can solve the semidefinite
optimization problem [Eq. (27)] with the single line:

4: solvesdp�K;−�A�∶� 0�X�∶� � B �∶� 0�Y�∶���;

which calls a numerical solver with the constraint set K and the cost
function−�A�∶� 0�X�∶� � B�∶� 0�Y�∶�� (with theminus sign because
minimization is the default). Assuming that there is a unique solution
to the nonconvex problem, we can extract the optimal rotation matrix
Q and optimal ω with

5: Q opt � A map�double�X�∶; ∶;1���;
6: omega opt � atan2�trace�double�Y�∶; ∶;1���;

trace�double�X�∶; ∶;2����;

E. Numerical Algorithms and Complexity

The semidefinite reformulation of Psiaki’s first problem [Eq. (27)]
involves a linear matrix inequality with matrices of size 4N � 4 that
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have a very specific structure. This structure can be exploited to
develop numerical algorithms for its solution that are much faster
than the generic interior-point algorithms we used for our
experiments. Indeed, semidefinite optimization problems with a
similar structure arise in problems related to the Kalman–
Yakubovich–Popov lemma in robust control and in that context
numerous specialized algorithms have been developed for their
solution (see, e.g., [20–22]). For instance, the algorithms in [21]
when applied to this problem produce solutions within ϵ of being
optimal in O�N3.5 log�1∕ϵ�� operations (if we focus on the N and ϵ
dependence). Because the semidefinite reformulation [Eq. (27)]
always has low-rank solutions, it is likely that methods with
significantly better dependence on N can be developed based on the
ideas in [23]. Furthermore, significant gains can be made by
producing optimized low-level code for a particular family of convex
optimization problems. An excellent example of this is the code-
generation software CVXGEN, which focuses on linear and convex
quadratic programs [24].

V. Numerical Experiments

In this section, we describe the results of a simple numerical
experiment to illustrate solving Psiaki’s first problem using
semidefinite optimization. The main point of the experiment is to see
how the estimates obtained from Psiaki’s first problem improve as
more measurements are used.
The smallest number of measurements we use is three

(corresponding to N � 2); the largest is 11 (corresponding to
N � 10). We do not use two measurements because, in that case, the
solution to Psiaki’s first problem is not unique. Indeed, the analytical
two-vector solution of [6] requires the use of some information froma
third vector to resolve the ambiguity. The estimation errors we obtain
for three measurements are a lower bound on the errors that would be
obtained from the two-vector solution of [6].
We use the same parameters as in Psiaki’s truth-model simulation in

[6]; the true spin period is 45.32 s (and so the true spin rate is
ω � 0.1386 rad∕s), the sampling period is τ � 7.7611 seconds per
sample, and the initial attitude isQ�0� � I. The attitude dynamics are
described by Eq. (11). We fix three reference directions x0�
�−1∕

���
2
p
;1

���
2
p
;0�, x1��−1∕

���
2
p
;0;1

���
2
p
�, and x2��0;1∕

���
2
p
;1

���
2
p
�

and define x3 � x6 � x9 � x0, x4 � x7 � x10 � x1, and x5 � x8 �
x2 (i.e., we cycle through the three reference directions).

We repeat the following experiment T � 1000 times. For each
σ ∈ f0.001; 0.005; 0.01; 0.05g and each N ∈ f2; 3; : : : ; 10g, do the
following.
1) For n � 0; 1; 2 : : : ; N, let

yn �
Q�tn�xn �wn
kQ�tn�xn �wnk

where wn is a Gaussian vector with independent components each
withmean zero and standard deviation σ, and the xn are defined in the
previous paragraph;
2) Solve the semidefinite optimization reformulation of Psiaki’s

first problem [Eq. (27)].
To get a sense of the noise level corresponding to each value of σ,

the mean angle (in degrees) between yn andQ�tn�xn over all samples
is 0.0716 deg when σ � 0.001, 0.362 deg when σ � 0.005,
0.717 deg when σ � 0.01, and 3.61 deg when σ � 0.05.
The average angular error (in degrees) between the estimate of the

initial attitude and the true initial attitude is indicated for σ � 0.001
(right) and σ � 0.05 (left) in Fig. 1. Given an estimate Q̂ of the true
initial attitude Q�0� � I, the angular error θ satisfies tr�Q̂TQ�0�� �
2 cos�θ� � 1. Hence, we compute the angular error via
jcos−1�tr�Q̂TQ�0�� − 1�∕2�j. The corresponding average percentage
error in the spin-rate estimate ω̂ is computed by taking the mean of
jω̂ − ωj∕ω (as a percentage) over all trials. This is indicated for
σ � 0.001 (right) and σ � 0.05 (left) in Fig. 2.
It is clear that, as more vector measurements are used (i.e., as N

increases), the estimates improve. The relative improvement is
greater for the spin-rate estimates than the estimates of the initial
attitude. The plots are remarkably similar (apart from the scales) for
σ � 0.001 and σ � 0.05 (and for σ � 0.005 and σ � 0.01, hencewe
omitted these). Indeed the relative improvement as N increases is
very similar at the four different noise levels we considered. For
example, the percentage error in the spin rate is roughly halved when
using four measurements (N � 3) rather than three measurements
(N � 2) regardless of whether σ � 0.001; 0.005; 0.01; 0.05. This
may justify using a few more than the minimum number of
measurements required for the optimization problem to have a unique
optimum.
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Fig. 1 Angular error (in degrees) in initial attitude estimate for different values of N and σ.
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VI. Future Directions

We briefly comment on possible future research directions based
on the work in the present paper.

A. Variants on Psiaki’s First Problem

An exact reformulation of Psiaki’s first problem as the solution to a
semidefinite optimization problem allows us to do more than just
solve the original problem as stated. It also makes it possible to take a
semidefinite relaxation-based approach to many variants on Psiaki’s
problem.Using basic techniques from convex optimization (see, e.g.,
[25]), semidefinite relaxations can be obtained for variations that
accommodate additional constraints or that are robust to errors in
certain parameters.
A natural variation that could be approached this way would be to

obtain semidefinite relaxations of Psiaki’s first problem that are
robust to uncertainty in certain model parameters. A similar idea has
been carried out in detail for Wahba’s problem by Ahmed et al. [26].
They extended the semidefinite formulation ofWahba’s problem [14]
to a variant that is robust to uncertainty in certain parameters, such as
the reference directions. As suggested by Ahmed et al. [26], this
could be useful when using magnetometer measurements together
with a low-order magnetic field model.

B. Psiaki’s Second Problem

It would be interesting to try to take a similar approach to the one
taken in the present paper to related problems, such as Psiaki’s second
problem. To do so, we would need to give a semidefinite description
(or perhaps a relaxation) of

conv
Q�t0�∈SO�3�;Ω�t0�

f�Q�t0�; Q�t1�; : : : ; Q�tN��: Q�t�

� Φ�t − t0;Ω�t0��Q�t0� for all t ≥ t0g (30)

Given this, the objective function [Eq. (10)] can be rewritten as the
maximization of a linear functional over the convex hull described
in Eq. (30).
A more modest goal along similar lines might be to discretize the

differential equation [Eq. (9)] and try to compute the convex hull
(over all initial conditions Q�t0�, Ω�t0�) of an appropriately
subsampled trajectory of the associated difference equation for the
attitude variables. This approach of convexifying a problem based on
discretized dynamics would, in a sense, be a convex analogue of the
methods proposed for Psiaki’s second problem in [9].

VII. Conclusions

It has been shown howPsiaki’s generalization ofWahba’s problem
to the case of a spacecraft spinning around a fixed axis at an unknown
rate can be exactly reformulated as a semidefinite optimization
problem. Such convex optimization problems can be solved globally
using standard methods for semidefinite optimization. As suggested
by Psiaki when formulating his generalizations of Wahba’s problem,
the present solutions to these generalizations of Wahba’s problem
could be used to initialize standard extended Kalman filter-based
methods for attitude estimation.

Appendix: Proofs

In this Appendix, we prove proposition 2. We split the proof
into two parts, given by lemmas 5 and 6. Together, these clearly
imply proposition 2. In what follows, we extend the notation
Toeplitz�T0; T1; : : : ; TN� defined in Eq. (1) to include the case
where T1; : : : ; TN are d × d complex matrices, T0 is a d × d
Hermitian matrix, and all transposes of real matrices are replaced
with conjugate transposes, denoted A↦ A�, of complex matrices.
Lemma 5, to follow, is a slight modification of the fact that any

Hermitian positive semidefinite block-Toeplitz matrix admits a
decomposition as a sum of rank one positive semidefinite block-
Toeplitz matrices. This fact may be more familiar in its dual form as
the matrix spectral factorization (or Fejér–Riesz) theorem (see, e.g.,

[27]). This classical result says that any Hermitian matrix-valued
function

S�eiω� �
XN
n�−N

Sne
inω

that is positive semidefinite for all ω has a factorization as
S�eiω� � W�eiω��W�eiω�, whereW�eiω� has the form

W�eiω� �
XN
n�0

Wne
inω

This result can also be interpreted as saying that nonnegative
functions of the form �z;ω� ↦ z�S�eiω�z, with S�eiω� as before,
are sums-of-squares [28].
Theorem 4 (Tismenetsky [29]): If Toeplitz�T0; T1; : : : ; TN� > 0,

then there are uk∈C4, ωk ∈ �−π; π�, and λk > 0 for k �
1; 2; : : : ; 4�N � 1�, such that

Toeplitz�T0; T1; : : : ; TN�

�
X4�N�1�
k�1

λkToeplitz�uku�k ; uku�keiωk ; : : : ; uku�keiNωk �

Consequently,

Tl �
X4�N�1�
k�1

λkuku
�
ke
ilωk for l � 0; 1; : : : ; N

The following lemma is a slight modification of Theorem 4.
Lemma 5: Let MN be defined as in Eq. (23). Then,

conv�MN� � f�X0; X1; Y1; : : : ; XN; YN� ∈ �S4�2N�1: tr�X0� � 1

Toeplitz�X0; X1 � iY1; : : : ; XN � iYN� ≽ 0g (A1)

Proof: Let �qqT; qqT cos�ω�; qqT sin�ω�; : : : ; qqT cos�Nω�;
qqT sin�Nω�� ∈ MN . Then, tr�qqT� � kqk2 � 1, and it is
straightforward to check that

Toeplitz�qqT; qqT cos�ω� � iqqT sin�ω�; : : : ; qqT cos�Nω�

� iqqT sin�Nω�� �

2
666664

q

qe−iω

..

.

qe−iωN

3
777775

2
666664

q

qe−iω

..

.

qe−iNω

3
777775

�

≽ 0

Hence,MN is a subset of the right-hand side of Eq. (A1). Because the
right-hand side of Eq. (A1) is convex, it follows that conv�MN� is
also a subset of the right-hand side of Eq. (A1).
Now, suppose that �X0; X1; Y1; : : : ; XN; YN� ∈ �S4�2N�1 satisfies

tr�X0� � 1 and Toeplitz�X0; X1 � iY1; : : : ; XN � iYN� > 0

Then, by Theorem 4, there are uk ∈ C4, ωk ∈ �−π; π� and λk > 0 for

k � 1; 2; : : : ; �4N � 1�, such that 1 � tr�X0� �
P4�N�1�

k�1 λkkukk2
and Xl � iYl �

P4�N�1�
k�1 λkuku

�
ke
ilωk for l � 0; 1; : : : ; N. Because

XTl � Xl and YTl � Yl for all l , it follows by a straightforward

calculation that there are vk ∈ R4 and λk 0 > 0 for k �
1; 2; : : : ; �8N � 1�, such that

SAUNDERSON, PARRILO, ANDWILLSKY 125

D
ow

nl
oa

de
d 

by
 M

O
N

A
SH

 U
N

IV
E

R
SI

T
Y

 o
n 

A
ug

us
t 7

, 2
01

6 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.G

00
11

07
 



Xl � iYl �
1

2
��Xl � iYl � � �Xl � iYl �T�

�
X4�N�1�
k�1

λk
2
��uku�k� � �uku�k�T�eilωk

�
X8�N�1�
k�1

λ 0kvkv
T
k e

ilωk

Defining μk � λk 0 kvkk2 > 0 and qk � vk∕kvkk ∈ H for
k � 1; 2; : : : ; �8N � 1�, we have that

X8�N�1�
k�1

μk � 1

and

Xl �
X8�N�1�
k�1

μkqkq
T
k cos�lωk� for l � 0; 1; : : : ;N and

Yl �
X8�N�1�
k�1

μkqkq
T
k sin�lωk�

for l � 1; 2; : : : ; N. This shows that �X0; X1; Y1; : : : ; XN; YN� ∈
conv�MN�. Hence, the relative interior of the right-hand side of
Eq. (A1) is a subset of conv�MN�. Because conv�MN� is closed, the
right-hand side of Eq. (A1) is also a subset of conv�MN�,
establishing the result.
Lemma 6: If X0; X1; Y1; : : : ; XN; YN ∈ Sd, then

Toeplitz�X0; X1 � iY1; : : : ; XN � iYN� ≽ 0

if and only if

Toeplitz�X0; X1; : : : ; XN�
� Hankel�−YN;−YN−1; : : : ;−Y1; 0; Y1; : : : ; YN−1; YN� ≽ 0

Proof: First, observe that Z � Toeplitz�X0; X1 � iY1; : : : ; XN �
iYN� ≽ 0 if and only if the real 2d�N � 1� × 2d�N � 1� symmetric
matrix

ZR �
�
RZ IZ
−IZ RZ

�

is positive semidefinite [30]. Here, RZ and IZ are the real and
imaginary parts of Z, respectively. Indeed,

RZ �

2
66666666664

X0 X1 X2 · · · XN

X1 X0 X1
. .
. ..

.

X2 X1
. .
. . .

. ..
.

..

. . .
. . .

. . .
.

X1

XN · · · · · · X1 X0

3
77777777775

and

IZ �

2
66666666664

0 Y1 Y2 · · · YN

−Y1 0 Y1
. .
. ..

.

−Y2 −Y1
. .
. . .

. ..
.

..

. . .
. . .

. . .
.

Y1

−YN · · · · · · −Y1 0

3
77777777775

where we have used the assumption that the Xi and the Yi are
symmetric.

Let J be the d�N � 1� × d�N � 1� matrix with d × d identity
blocks on the secondary (anti-) block diagonal. For instance, when
N � 2,

J �

2
4 0 0 Id

0 Id 0

Id 0 0

3
5

where Id denotes the d × d identity matrix. Note that left
multiplication by J reverses the block rows of a block matrix, and
right multiplication by JT � J reverses the block columns. Observe
that J�RZ�J � RZ and J�IZ� � �IZ�J � 0. Let Q denote the
orthogonal matrix defined by

Q � 1���
2
p

�
I −J
J I

�

A straightforward calculation shows that

QZRQ
T � 1

2

�
I −J
J I

��
RZ IZ
−IZ RZ

��
I J
−J I

�

�
�
RZ� JIZ 0

0 RZ� JIZ

�

Thus, Z ≽ 0 if and only if ZR ≽ 0, which holds if and only if
RZ� JIZ ≽ 0. Finally, we note that

RZ� JIZ � Toeplitz�X0; X1; : : : ; XN�
�Hankel�−YN; : : : ;−Y1; 0; Y1; : : : ; YN�

(because reversing the block rows of a block Toeplitz matrix makes it
block Hankel) to complete the proof.
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