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SUMMARY

Bus travel time reliability performance influences service attractiveness, operating costs, and system effi-
ciency. Better understanding of the distribution of travel time variability is a prerequisite for reliability anal-
ysis. A wide array of empirical studies has been conducted to model distribution of travel times in transport.
However, depending on the data tested and approaches applied to examine the fitting performance, different
conclusions have been reported. This paper aims to specify the most appropriate distribution model for the
day-to-day travel time variability by using a novel evaluation approach and set of performance measures.
Two important issues are explored using automatic vehicle location data collected on two typical bus routes
over 6months in Brisbane, namely, data aggregation influences on travel time distribution and comprehen-
sive evaluation of performance of distribution models. The decrease of temporal aggregation of travel times
tends to increase the normality of distributions. The spatial aggregation of link travel times would break up
the link multimodality distributions for a busway route, but unlike for a non-busway route. The Gaussian
mixture models are evaluated as superior to its alternatives in terms of fitting accuracy, robustness, and
explanatory power. The reported distribution model shows promise to fit travel times for other services with
different operation environments considering its flexibility in fitting symmetric, asymmetric, and multi-
modal distributions. The improved statistic fitting can support more effective service reliability analysis.
Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Travel time reliability is one of the key determinants of quality of service in public transport. Improve-
ments in reliability produce benefits for both passengers and operators. Routes characterized by an
unreliable service may have difficulty in attracting potential passengers and suffer patronage declines
over time. Day-to-day travel time variability (TTV) decreases passengers’ confidence on perceived
reliability by impacting the duration of travel time components (e.g., waiting time, in-vehicle time,
and transfer time) and causing uncertainty in making travel decisions (e.g., route, mode, and departure
time choices) [1]. A reduction in TTV has been found to be as or more valuable than a reduction in
average travel time itself [2].
Travel time distribution (TTD) describes the nature and pattern of TTV. Better understanding of the

distribution of travel times is a prerequisite for analyzing reliability and exploring the causes of unre-
liability [3]. Knowledge of TTD is also an essential input for other analyses such as micro-simulation
of transit systems, travel time predictions, discrete route choices, and timetable design [4]. Despite
significant empirical research on TTD fitting, the current findings remain strongly influenced by the
data tested and evaluation approaches applied, and ultimately the literature reports inconsistent results.
While some studies have considered symmetrical distribution models, for example, normal [5], others
have preferred skewed ones, for example, lognormal [6]. Recent studies have reported that a range of
travel times could be found even for 5minutes intervals [7], and thus multimodal distributions could be
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more appropriate, for example, Gaussian mixture models (GMM) [8]. These inconsistencies clearly
affect both the ability to gain insights into the nature of TTV and inhibit the ability to generalize find-
ings to other applications.
This paper focuses on the specification of the most appropriate distribution model for fitting day-to-

day variability of bus travel time, using automatic vehicle location (AVL) data collected on two typical
service routes over 6months in Brisbane, Australia. It first reviews previous researches to trace the
development of distribution models for TTV, and then two important issues are addressed: (1) data
aggregation influence on the attributes of TTV and (2) evaluation of the alternative distribution
models’ performance. A novel evaluation approach and set of measures are developed to facilitate
comprehensive comparison of alternative distribution models.
The remainder of the paper is organized as follows. In Section 2, a literature review of the previous

distribution fitting studies is presented, and possible reasons for inconsistency of reported models are
summarized. Data and the evaluation approach focusing on finding the most appropriate distribution
model are described in Section 3. In Section 4, data aggregation influence on the feature of TTV is in-
vestigated, and the alternative distribution models’ performance is evaluated. The identified most appro-
priate model is further discussed in Section 5, including the reasons for its superior performance and its
applications. Finally, Section 6 provides the main conclusions and highlights potential future research.

2. LITERATURE REVIEW

Research on fitting continuous distributions to empirical travel time data for private vehicles began
many decades ago. For simple cases, symmetric distribution (e.g., normal) was initially believed to
be appropriate to characterize vehicle travel time. However, statistical analysis identified TTDs to be
asymmetric and significantly skewed to the right [9]. Nowadays, the lognormal model is the most
recommended TTD for its good fit and relative simplicity [10 –12]. Faouzi and Maurin [13] claimed
lognormal was an attractive distribution that could be justified from an equivalent theorem derived
from the central limit theorem. The theorem expresses that any product of independent identically
distributed random variables will be distributed according to a lognormal model. Other reported
models include Gamma [14], loglogistic [15], Weibull [16], Burr [17], and stable distribution [18].
Compared to studies on private vehicle TTD, public transport TTD research began relatively late,

and there have been limited studies, mainly due to the unavailability of extensive travel time data over
time and space. Taylor [19] showed that bus travel times that started at 8:15AM every day over 15
successive days followed a normal distribution. Jordan and Turnquist [20] showed that bus morning
peak running times had a skewed distribution and Gamma distribution was a precise fit. However,
day-to-day distributions of bus TTV have received increasing attention since the emergence of auto-
matic data collection systems. Uno and Kurauchi [21] showed that bus running times (excluding delay
times at stops) on arterial roadways followed a skewed distribution but the lognormal distribution was
rejected by five of the 12 routes. Xue and Jin [22] showed that bus peak hour travel times of stop pairs
in urban areas followed loglogistic distribution. Kieu and Bhaskar [23] analyzed TTV using transit
signal priority data and recommended lognormal distribution as the best descriptor of bus travel time
on urban roads.
The aforementioned empirical studies of modeling distribution of TTV tend to give inconclusive

and inconsistent overall results. One of the important reasons for such inconsistency is the empirical
data used. Travel time data collected in different temporal–spatial scales would have different charac-
teristics due to specific service areas and different traffic conditions. It is a common limitation of
empirical modeling studies that the results are largely determined by the data. However, two other
essential factors can also contribute to the inconsistencies across different studies, namely, data aggre-
gation and the evaluation approach.
For data aggregation, Vlahogianni and Karlaftis [24] verified that the temporal aggregation of traffic

data can alter the underlying stochastic characteristics of traffic performance. Li and Rose [25] demon-
strated that car TTDs on freeways follow a lognormal distribution when the departure time window
(DTW) is large (e.g., 1 hour). In a narrower DTW, the distribution tends to be normal. Mazloumi
and Currie [4] showed that bus TTD tends toward a normal distribution in short DTWs. When the
DTW increases, a normal distribution is still a good fit for the peak period, while a lognormal
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distribution is more appropriate for the off-peak period. However, recent researchers have shown that
even in short DTWs (5minutes), TTDs are still skewed [6, 15]. Susilawati and Taylor [26] showed that
shorter links tended to have bimodal distributions, and these phenomenons are broken up when they
are merged into a longer link. For the evaluation approach, the majority of empirical studies usually
evaluated different models’ performance solely based on fitting accuracy under some specific scenario
such as weekday AM peak inbound route TTD, that is, insufficient to claim an appropriate distribution
model for characterizing TTV without considering other evaluation criteria (e.g., robustness and
explanatory power) and travel time under different scenarios.
The assumption of the aforementioned research is that for a given time period, travel times are pre-

dominantly determined by a unimodal distribution. However, travel time can be impacted by various
factors, and multiple states can exist for a specific time period. van Lint and van Zuylen [27] identified
four phases that yielded distinctively different shapes of the day-to-day TTD, on the basis of empirical
observations within 5minutes intervals. Recent studies have proved the superior performance of
multimodal distributions in fitting TTDs compared to its alternative models. In addition, those models
provide a connection between the shape of TTDs and the underlying travel time states [8, 26, 28 –30].
Conceptually, bus trips can also experience different ranges of travel times because of stochastic traffic
flow en-route, random delay at intersections, and delay time at stops. However, no study has been
found that fits bus TTD using multimodal models. It is important to take into consideration all possible
alternative models for specification of a distribution that can most appropriately characterize day-to-
day variability of bus travel times.

3. DATA AND METHODOLOGY

The motivation for the research was to specify a type of distribution that could appropriately model the
day-to-day TTV for public transport. The ideal data for empirical study would have a large extent
coverage of services that operates in different times and spaces. Two bus routes with different service
characteristics were used as shown in Figure 1. Busses operating on the two routes were equipped with
AVL systems that can provide travel time information in different time and space scales, which satis-
fied the data requirement of this study. The two typical routes cover diverse operating environments
including central business district (CBD) area, residential area, major attraction area, suburban road,
arterial road, motorway, and exclusive busway. The data used cover a 6-month period with service
operating from 5:30 to 11:30 PM every day. The two routes were used as a prototype to evaluate the
most appropriate distribution models for other routes with similar operation environment.

3.1. Data

Route 60 is a cross-city route (mixed with local traffic) servicing two suburbs, West End and Fortitude
Valley, as well as the CBD area of Brisbane. It operates along an arterial route of length 7.8 km and has
12 scheduled stops as shown in Figure 1. It is one of the highest frequency bus services in Brisbane. It
runs every 5minutes between 7:00 and 9:00AM and 4:00 and 6:00 PM on weekdays and every 10 to
15minutes during all other hours of operation. It operates from 5:30AM until 11:30 PM on Sunday to
Thursday and 24 hours on Friday and Saturday. Route 555 is a radial route servicing Upper Mount
Gravatt, Eight Mile Plains, Springwood, and Logan as well as Brisbane City. For the inbound service
to the city as shown in Figure 1, it operates first on the Pacific Motorway (mixed with local traffic)
from Loganholme station to Eight Mile Plains station, then on the South East Busway (bus-only
corridor) to the Cultural Centre station and continues to the city on an arterial road (mixed with local
traffic). The route is 31 km long and has 12 scheduled stops along the route. It runs every 15minutes
for services before 8:00 PM on weekdays and Saturdays and before 6:00 PM on Sundays and public
holidays, and every 20 to 30minutes for other hours.
The AVL system provides detailed information of the bus trips (route identification (ID), trip ID,

direction, observation date, stop sequence, and stop ID) and time information at each stop (scheduled
time, arrival time, and departure time), but with no timely track of vehicle trajectories. Similar to pre-
vious transit operation studies, route link has been defined as the segment between two consecutive
stops. The source data were pre-processed to generate the expected data file for our study. The
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processed data attributes include route ID, day-of-week, direction, time-of-day, link ID, travel time,
running time, and stop delay time. The time-of-day is the departure time from the first stop, and the
link ID is the identification of a link between any two consecutive stops. The travel time is the depar-
ture time difference between any two consecutive stops. The running time is the time difference
between departure at the current stop and arrival at the next stop. The stop delay time is the time
difference between departure and arrival at a stop. The archived data were screened to minimize the
possibility of erroneous data. The median absolute deviation (MAD) technique was applied for outlier
identification, that is, extremely long travel times. An item sample was considered as an outlier if it was
outside the range of the lower and upper bounds determined by the MAD 3-delta criteria [31].

3.2. Methodology

3.2.1. Mixture models distribution
Mixture models are a type of density model that comprise a number of component functions, usually
Gaussian. These component functions are combined to provide a multimodal density. Mixture models
provide a great flexibility and precision in modeling the underlying characteristics of performance
data, and they are able to smooth over gaps from sparse sample data. A single distribution model is
a special case of mixture models with one component.
From the mathematical perspective, mixture models are a combination of a finite number of compo-

nent distributions. Each component represents travel time performance under its corresponding state. A
mixture models for travel time with finite K components has the following probability density function.

f ðt w;θj Þ ¼ ∑K
k¼1wkf k t θkÞjð (1)

where t=D-dimensional continuous-valued travel time data, w= (w1,…,wK) vector of mixture coeffi-
cients such that wk≥ 0 and ∑wk=1, θ = (θ1,…,θK) matrix of model parameters for each component,

Figure 1. Configuration of the studied route. CBD, central business district.
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θk= (θk1,…, θkl) vector of model parameters for component k, and fk(t | θk) = probability density for
component k.
The GMM are a special type of mixture models where the component distribution is Gaussian [32].

By changing the component distributions (e.g., normal, lognormal, or Gamma) and the mixture coef-
ficients, a mixture model is flexible enough to approximate a large range of different distributions. The
parameters of mixture models can be estimated using an expectation and maximization (EM) algorithm
based on maximum likelihood estimation criteria. The basic idea of an EM algorithm is beginning with
an initial model f to estimate a new model f , such that prob tj f� �

≥prob tj fð Þ. The new model then
becomes the model for the next iteration, and the process is repeated until the desired convergence
threshold is reached [8].

3.2.2. Evaluation approach
The proposed evaluation approach can provide comprehensive comparison of distribution fitting
performance from three aspects including case generation, alternative models selection, and evaluation
measures. The alternative distribution models are tested for different cases and evaluated comprehen-
sively considering accuracy, robustness, and explanatory power in order to specify the most appropri-
ate distribution model in fitting day-to-day variability of bus travel time. The detailed evaluation
approach can be described as follows:

(1) Case Generation
Test cases are generated by aggregating the pre-processed travel time data in combinations of different
temporal–spatial scales and time components. The considered aggregation attributes are temporal scale
(weekday or weekend, period, 60minutes, 30minutes, 15minutes, and 5minutes), spatial scale (direc-
tions, route level, and link level), and time components (travel time, running time, and stop delay time).
Accordingly, five distinct periods are used: AM off-peak (5:00–7:00AM), AM peak (7:00–9:00AM), inter
peak (9:00–3:00 PM), PM peak (3:00–7:00 PM), and PM off-peak (7:00–11:00 PM). A case is a combina-
tion of the aforementioned aggregation attributes such as weekday inbound AM peak route running time.
In total, 5002 and 56 316 numbers of cases are identified for route and link levels times, respectively.

(2) Distribution Fitting
For observations under each case, alternative distribution models are used to fit them. The single dis-
tribution models including Burr, normal, lognormal, Gamma, Weibull, logistic, and loglogistic are
chosen from the literature that has been reported to be the best under specific testing environments.
The probability density function parameters are estimated using the maximum likelihood method.
The GMMmodel, a special case of mixture distribution model, is also considered. The maximum com-
ponents number K is set to be 3 considering the interpretation of the parameters in reality that can be
related to free flow, recurrent, and non-recurrent service states [33].

(3) Hypothesis Test
For fitted distributions under each case, the Anderson–Darling (AD) test is used to test if the alternative
distribution models pass the null hypothesis H0 that the observations comes from the alternative distri-
butions [34]. A larger AD significance value highlights a better fitting performance of the model. The
distribution model is rejected when the value of AD significance is smaller than 0.05. If accepted, the
alternative distribution is placed into the candidature models pool. The candidate distributions fitting
performance is then ranked by using the AD significance values in an ascending order. For example,
if the GMM performs the best, it has the top mark of 1.

(4) Performance Summary
The statistics, accuracy, and robustness for each alternative distribution model are summarized, and
their explanatory power is discussed. Here, accuracy means the model can fit the observations with
only a small fitting error. It can be measured using descriptive statistics of AD significance value
and distribution mark. Robustness means the model itself can adjust to different cases with a tolerable
fitting error, especially under complex situations. It can be measured using the proportion of cases that
passed the hypothesis test. Explanatory power indicates the distribution model describes the reality in a
useful way and is flexible enough to capture hidden patterns of travel times.
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3.2.3. Evaluation measures
Two groups of measures are chosen and calculated for aggregation influence analysis and performance
evaluation. To explore the data aggregation influence on the shape of distribution, a set of measures of
symmetry, normality, and multimodality is selected. Skewness/se is a measure of the degree of asym-
metry of a distribution, while kurtosis/se isx a measure of the “flatness” (versus peakedness) of a dis-

tribution [35]. The standard error se ¼ ffiffiffiffiffiffiffiffiffi
6=N

p
, where N is the sample size. A skewness (kurtosis) value

of more than twice the corresponding standard error se is sufficient to reject a 0 value for skewness
(kurtosis). A higher skewness/se (kurtosis/se) value highlights a more asymmetrical (peaked) distribu-
tion. The kurtosis/se can be used to indicate where the variance of data comes from. If the distribution
is not peaky, the variance is distributed throughout. If the distribution is peaky, the variance of data
close to the distribution center is little, and the variance mainly comes from tails. Normal significance
and unimodal significance are measures of the degree of normality and unimodality, respectively. A
higher significance value indicates a better normality or unimodality of TTD. The normal significance
value is calculated using AD test, and the unimodal significance value is calculated by the Hartigan
dip test [36]. The null hypothesis H0 for the dip test is that the TTD is unimodal. The zero hypothesis
H0 cannot be rejected a distribution is unimodal with a significance value larger than 0.05.
To evaluate the alternative distribution models’ performance in fitting day-to-day variability of bus

travel times, a set of measures of accuracy and robustness is developed. Survivor function Suv(•) is
developed that can capture the probability that the distribution model will survive beyond a specified
AD significance value.

Suv AD_sigð Þ ¼ 1� F AD_sigð Þ (2)

where AD_sig is the AD significance value and F(AD_sig) is the cumulative density function of AD
significance value. For a specified value of AD significance, a larger survivor probability highlights
a more robust model. For a specified value of probability, a larger AD significance value indicates a
more accurate model.
Also, for accuracy measures, the mean of AD significance values and Cases_top3 ratio (ratio of

cases marked with top 1 to top 3 to the total number of cases) are calculated. A model with a larger
mean and higher Cases_top3 ratio highlights a more accurate model. For robustness measures, the
standard deviation of AD significance values and Cases_pass ratio (ratio of cases with AD significance
value larger than 0.05 to the total number of cases) is calculated. A model with a smaller standard
deviation and higher Cases_pass ratio indicates a more robust model. The explanatory power is
discussed by examining its model structure in fitting different types of distributions and the interpreta-
tion of its parameters in reality.

4. ANALYSIS AND RESULTS

4.1. Aggregation influence

Statistical tests were conducted to examine the symmetry, asymmetry, normality, and multimodality of
a distribution in order to explore the data aggregation influence on the characteristic of time distribu-
tions. Temporal and spatial aggregation impacts were investigated separately.

4.1.1. Temporal aggregation
Different levels of temporal aggregation that influence route level and link level time distributions
were examined. First, the distributions for different temporal aggregation levels of route travel times
were visualized using the histogram for the weekday inbound service. Figure 2 shows the TTDs for
AM peak and inter peak time periods. For the AM peak period, route 60 travel times show a
multimodality distribution, while route 555 travel times show an asymmetric and flat distribution with
a short right tail. The multimodality phenomenon may be caused by random vehicle delay times at
signalized intersections and delay times at stops along the route. Accordingly, it is rather hard to use
a unimodal distribution model to fit such travel times with several peaks. For the inter peak period,
the TTDs on the two routes are rather symmetric with a small proportion of large travel times on
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the right compared to the distributions for the AM peak period. A normal distribution may appropriately
characterize the inter peak travel times.
A different picture of TTDs emerges by decreasing the temporal aggregation level of travel times.

Figure 3 shows the distribution for route 555 travel times in 60minutes and 15minutes DTWs during
the AM peak time period. In a comparative sense, both the TTDs are relatively more symmetrical than
those shown in Figure 2 and TTD for the 15minutes DTW is relatively more symmetrical than that for
the 60minutes DTW. A normal distribution would provide a promising fit for a short temporal aggre-
gation level. To better understand the temporal data aggregation influence on time distributions, statis-
tical tests were conducted to examine the characteristics of travel times for different cases.
Table I shows a series of key descriptive statistics of route level distributions for bus travel time

components (travel time, running time, and dwell time) with different aggregation levels for weekday
inbound travel. Similar results were also found for other tested scenarios. No result of 5minutes aggre-
gation level was provided for route 555 because its minimum headway is 15minutes. First, results of
different statistical measures with a decrease of aggregation levels under each scenario were examined
such as route 555 peak travel time. No significant difference was found for the measure of coefficient
of variances (COVs) across different aggregation levels, except for route 60 inter peak travel times and
running times. The skewness/se and kurtosis/se values decreased under all scenarios that highlight a
less skewed and more flat distribution. Accordingly, the normal sig values increased under all scenar-
ios that indicate a more symmetric distribution. The normal distribution seems to be an appropriate

Figure 2. Distribution of travel times for routes 555 and 60 during (a) AM peak period and (b) inter peak period.

Figure 3. Distribution of travel times with departure time window (DTW) 60minutes and 15minutes during AM

peak period.
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Table I. Key descriptive statistics of travel times with different temporal aggregation level

– Route
Time
period

Aggregation
level

Sample
size COV†

Skewness/
se‡

Kurtosis/
se‡

Normal
sig§

Unimodal
sig§

TT* 555 Peak AM peak 662 0.16 4.83 30.80 0.02 0.29
60minutes 331 0.15 3.16 22.29 0.10 0.69
30minutes 164 0.14 2.46 16.94 0.35 0.57
15minutes 83 0.14 1.19 11.00 0.63 0.75

Off-peak Period 2600 0.06 15.42 91.72 0.00 0.98
60minutes 372 0.05 1.43 23.85 0.37 0.76
30minutes 187 0.05 1.12 17.04 0.67 0.78
15minutes 93 0.05 0.99 11.87 0.74 0.64

60 Peak AM peak 972 0.17 4.34 23.51 0.00 0.00
60minutes 486 0.17 3.26 17.20 0.00 0.00
30minutes 243 0.17 2.90 13.94 0.00 0.04
15minutes 122 0.17 2.15 9.71 0.01 0.04
5minutes 42 0.15 0.80 5.09 0.25 0.20

Off-peak Inter peak 1688 0.12 31.67 134.62 0.00 0.95
60minutes 238 0.08 2.60 20.44 0.51 0.85
30minutes 119 0.08 1.81 14.39 0.60 0.70
15minutes 59 0.08 1.41 10.03 0.69 0.71
5minutes 40 0.08 1.34 8.22 0.72 0.74

RT* 555 Peak AM peak 662 0.16 5.76 33.74 0.01 0.09
60minutes 331 0.15 3.88 23.65 0.08 0.83
30minutes 164 0.14 3.40 18.57 0.28 0.66
15minutes 83 0.15 1.70 11.87 0.52 0.68

Off-peak Inter peak 2600 0.06 14.83 113.89 0.00 0.87
60minutes 372 0.05 1.93 29.57 0.62 0.93
30minutes 187 0.05 1.98 19.84 0.63 0.94
15minutes 93 0.05 1.28 13.08 0.77 0.86

60 Peak AM peak 972 0.21 6.02 26.27 0.00 0.00
60minutes 486 0.21 3.98 18.98 0.00 0.00
30minutes 243 0.20 3.40 14.74 0.00 0.09
15minutes 122 0.20 2.35 10.04 0.01 0.12
5minutes 42 0.18 0.84 5.11 0.24 0.20

Off-peak Inter peak 1688 0.14 34.94 145.92 0.00 0.98
60minutes 238 0.09 3.43 24.35 0.50 0.77
30minutes 119 0.09 2.40 16.73 0.58 0.77
15minutes 59 0.09 1.79 11.10 0.63 0.71
5minutes 40 0.09 1.50 8.90 0.68 0.71

DT* 555 Peak AM peak 662 0.34 18.85 137.70 0.00 0.82
60minutes 331 0.33 10.63 71.47 0.14 0.95
30minutes 164 0.33 6.48 42.49 0.38 0.94
15minutes 83 0.32 3.52 21.05 0.53 0.82

Off-peak Inter peak 2600 0.28 17.47 109.22 0.00 0.81
60minutes 372 0.27 5.19 35.16 0.29 0.61
30minutes 187 0.27 3.36 23.02 0.52 0.74
15minutes 93 0.27 2.11 14.74 0.67 0.77

60 Peak AM peak 972 0.22 9.02 95.42 0.04 0.96
60minutes 486 0.21 7.59 74.90 0.24 0.94
30minutes 243 0.20 6.47 55.27 0.16 0.80
15minutes 122 0.19 3.92 32.25 0.42 0.90
5minutes 42 0.19 2.21 13.17 0.61 0.79

Off-peak Inter peak 1688 0.23 8.55 68.90 0.00 0.88
60minutes 238 0.22 4.14 25.79 0.28 0.86
30minutes 119 0.22 2.86 17.69 0.46 0.89
15minutes 59 0.22 2.09 12.11 0.63 0.81
5minutes 40 0.21 1.69 9.78 0.67 0.72

*TT, travel time; RT, running time; DT, delay time.
†COV, coefficient of variance.
‡se, standard error.
§sig, significance value of hypothesis test.
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model for travel times within a small aggregation level (e.g., 5minutes) because the normal sig values
are much larger than 0.05 for all cases. These findings are consistent with the visualized analysis pre-
viously and the results reported by Mazloumi and Currie [4]. Similarly, it seems rather unlikely that the
distribution is multimodal for a very short time interval. The reason for those could be less variation of
factors influencing travel times that exist for a shorter DTW. For an ideal assumption, if only one factor
has a significant variance for a certain short DTW, the resultant travel times should follow a normal
distribution.
Comparing peak and off-peak time periods for a same aggregation level, the COVs of the peak pe-

riod tend to be larger than those of the off-peak period, because the travel conditions are more compli-
cated for peak hours. However, by examining the values of skewness/se and normal sig measures, the
off-peak travel times and running times show a more skewed and asymmetric distribution than those of
the peak period, while an opposite result was achieved for other levels of aggregation. These seem-
ingly conflicting results could be caused by the different time intervals for the AM peak period (2 hours)
and off-peak periods (6 hours). The kurtosis/se measure indicates a more peaked distribution of travel
times and running times during the off-peak period. The unimodal sig measure highlights that it is less
likely for travel time and running time distributions to be multimodal during an off-peak period. Com-
paring the same aggregation level across different time components shows that delay time tends to
have different patterns of changes with travel time and running time between the peak and off-peak
time periods, such as during the peak hour; delay time has a more peaked distribution than during
the off-peak hour. Also, delay times have a larger variability and a more skewed but peaked distribu-
tion. It indicates that the variance of stop delay time is largely influenced by some extremely small and
large observations. These analyses have revealed that the temporal data aggregation could alter the na-
ture of time distributions with different pattern change behavior. An appropriate temporal aggregation
level should be selected before distribution fitting.

4.1.2. Spatial aggregation
Different links along a bus route have different characteristics such as road types (busway or non-
busway) and signalized intersections and land use (CBD and major attractors or residential area).
These different characteristics can lead to different spatial time distributions. Figure 4 shows the actual
and scheduled travel time and its COV of different links along route 555 for the weekday inbound AM

peak service. Table II shows the characteristics of links and key descriptive statistics of TTDs.
Comparing COVs among the different links shows that links 1, 7, 10, and 11 have relatively larger

values than the others that could be caused by the combined effects of road type, road length, major
attractors, and signalized intersections. For links 1 and 11, the inbound traffic condition is usually
congested during the AM peak period, and the signalized intersections would further worsen the situ-
ation. For links 7 and 10, the large variability is mainly caused by bus bunching and high passenger
demand at these stops. Compared to the measures for route level travel times in Table I, the link travel
times are more complicated with only three out of 11 links having normal sig values larger than 0.05.

Figure 4. Travel times (actual and scheduled) and coefficient of variance (COV) between different stops along the
route.
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Conceptually, for a specific DTW, a link level TTD would be more viable than a route level TTD be-
cause the intersection and stop delay times will occupy a greater proportion of the travel times for the
former.
To examine the multimodality of distributions in Table II, four out of 11 links have multimodal dis-

tributions, whereas the route level travel times for the AM peak have a unimodal distribution (Table I).
The multimodal phenomenon on the links seems to be broken up when aggregated to a route level
travel time (Table I) that is consistent with the findings reported by Susilawati and Taylor [26]. The
large distinction between different links travel times could be mutually made up by an increase of
the spatial aggregation. For example, if a vehicle drives relatively slowly at the first link, the driver
would speed up at the following stops to catch up with the time table.
To further explore the spatial aggregation level influence on the multimodality distributions, the

unimodal sig values for link level travel times of route 60 in AM peak period and 60minutes DTW
are presented in Table III, along with the characteristic of route 60. The results show that
multimodality generally occurs at the first three links and not for the following links except the last link
in the AM peak period. However, the multimodality of link TTDs cannot be made up by the spatial
aggregation because the route level travel times still have a clear multimodal distribution as shown
in Table I. This reveals that the drivers would have limited flexibility to speed up on route 60 when
constrained by the traffic conditions.

Table II. Characteristic of links and key descriptive statistics of travel time distributions (TTDs) (weekday
inbound AM service 555)

Link
number

Route
type

Major
attractor

Length
(km) Signal

Coefficient
of variance
(COV)

Skewness/
se*

Kurtosis/
se*

Normal
sig†

Unimodal
sig†

1 Motorway Shopping 8.80 4 0.28 4.52 31.93 0.00 0.00
2 Motorway — 5.60 2 0.19 6.72 34.59 0.00 0.78
3 Busway — 2.60 0 0.14 6.95 37.31 0.00 0.36
4 Busway Shopping 2.60 0 0.12 4.15 35.30 0.14 0.05
5 Busway University 2.20 0 0.14 4.35 35.00 0.07 0.00
6 Busway — 2.70 0 0.11 2.81 31.42 0.14 0.21
7 Busway Hospital 1.60 0 0.22 12.57 50.23 0.00 0.48
8 Busway — 1.90 0 0.15 6.77 38.88 0.00 0.77
9 Busway — 0.80 2 0.15 5.70 44.39 0.00 0.00
10 Busway Major stop 1.00 3 0.39 12.00 45.50 0.00 0.21
11 Suburban — 0.75 3 0.30 10.59 44.08 0.00 0.94

*se, standard error.
†sig, significance value of hypothesis test.

Table III. Characteristics of links and unimodal statistics of travel time distributions (TTDs) (weekday eastbound
AM service 60)

Link number Route type Major attractor Length (km) Signal
Unimodal sig*
(AM peak)

Unimodal sig*
(60minutes)

1 Local Residential 0.54 0 0.00 0.01
2 District Residential 0.76 0 0.01 0.04
3 District — 0.77 0 0.01 0.12
4 District — 0.47 1 0.17 0.40
5 District Major stop 0.89 6 0.70 0.90
6 Suburban CBD 0.78 3 0.43 0.82
7 District CBD 0.56 3 0.00 0.17
8 Arterial CBD 1.23 4 0.75 0.96
9 Arterial — 0.68 4 0.78 0.68
10 Arterial — 0.58 3 0.28 0.50
11 Local — 0.70 0 0.02 0.20

CBD, central business district.
*sig, significance value of hypothesis test.
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4.2. Performance evaluation

According to the aforementioned analysis, different data aggregation strategies could alter the time
variability differently. To evaluate the alternative distribution models fitting performance and choose
the most appropriate model, hypothesis AD tests were conducted for all cases with different combina-
tions of temporal level, spatial level attributes, and time components.

4.2.1. Route level distribution
Figure 5(a) displays the route level survivor function of the AD test significance value for alternative
distribution models. The survivor curve highlights the probability that a model can provide a promis-
ing fitting performance for a specified significance value. For example, for a given significance value
0.4, the GMM model has a maximum probability to survive, while the Weibull model has a minimum
probability to survive. Under almost 95% of cases, the GMM can provide an AD significance value
larger than 0.7 that highlights its superior performance to its alternatives in terms of accuracy and ro-
bustness. This is further discussed in Section 5 using two test cases. Comparing survivor function
among the candidates, the Weibull model has the worst fitting performance with the fastest decrease
rate as the AD significance increases. The Burr model and GMM model have a relatively similar
steady survival AD significance value range from 0 to 0.7, which highlights their accurate fitting per-
formance when they can converge to a solution. However, the initial drop of Burr model at the AD
significance value 0 indicates that the Burr model cannot converge to a solution for almost 20% of
cases. The failure cases of Burr model will decrease its application in reality even though it can provide
a highly accurate fitting when it can converge. The performance of loglogistic, logistic, Gamma, log-
normal, and normal is similar although the loglogistic model has a relatively better fit.
Table IV shows the descriptive summary of the AD significance values and the alternative distribu-

tions performance. The results show that the GMM model has the largest AD significance mean and
median values with the smallest standard deviation. This further highlights the relatively better accu-
racy and robust performance of the GMM model compared to its alternatives. The GMM model passes
the AD test in 4984 of 5002 cases, which indicates its good flexibility to adjust to different situations
for route level travel times. The GMM and Burr models are listed 3092 and 3106 times, respectively, in
the top 3 best fitting distributions. However, the Burr model passes the AD test in only 4022 out of
5002 cases that is rather low compared to the GMM model. Figure 6(a) shows the distribution of
the top 3 models for all cases. It can be clearly observed that the GMM model has a much larger pro-
portion of the best fitting model compared to the Burr model.

Figure 5. Survivor function of Anderson–Darling (AD) test significance for alternative distribution models (a)
route level and (b) link level. GMM, Gaussian mixture models.
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4.2.2. Link level distribution
Figure 5(b) shows the link level survivor function of the AD test significance value for the alternative
distributions. The results show that the GMM model has a better fitting performance than its alterna-
tives for link level travel times. Comparing the alternative distributions performance between route
level and link level travel times, all decrease when modeling link level travel times. Each model has
a survival probability drop ranging from 8% to 40% at the AD significance value 0. These indicate
the greater complexity of the distributions for link travel times than those of route travel times, which
is consistent with the previous analysis in Section 4.1. Moreover, according to the Hartigan dip test,
the proportions of multimodality cases for route level travel times and link level travel times are 2%
and 16%, respectively. The increase of the multimodality proportions should be another factors worsen
the alternative distributions performances. Relatively, the Weibull model provides the worst perfor-
mance, while the normal, logistic, Gamma, lognormal, loglogistic, and Burr models have a similar
and intertwined performance.
Table V shows the descriptive statistics of the AD significance value for the alternative distributions

performance of link level travel times. The results show that the GMM model performs better than its

Table IV. Descriptive summary of Anderson–Darling (AD) significance value and candidature distributions
performance (route level)

Model Mean_sig* Median_sig* SD_sig* Cases_pass† Cases_top3‡

Normal 0.67 0.78 0.30 4751 1422
Weibull 0.45 0.40 0.35 4134 582
Logistic 0.75 0.84 0.26 4855 1459
Gamma 0.71 0.81 0.29 4769 1095
Lognormal 0.70 0.80 0.30 4740 1709
Loglogistic 0.76 0.86 0.26 4832 2359
Burr 0.71 0.91 0.38 4022 3106
Gaussian mixture models (GMM) 0.91 0.97 0.14 4984 3092

The bold value indicates the best model identified under each performance measure.
*sig is the AD test significance value.
†A passed distribution with AD p-value> 0.05. The total number of cases is 5002.
‡The total number of cases being listed as the top 3 and the total number of cases is 14,824.

Figure 6. Summary of the distribution of top 3 models for all cases (a) route level and (b) link level. GMM,
Gaussian mixture models.
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alternatives with the largest mean and median significance values and the smallest standard deviation.
It also has a better robustness characteristic than the other distributions with the maximum number of
cases passing the AD test and being listed in the top 3 clusters.
Figure 6 (b) shows the distribution of the top 3 models for all cases and that the number of top 1

cases for the GMM model is more than the total number of the top 3 cases of the Burr model. This
illustrates the greater flexibility of the GMM model for link level travel times. Obviously, the perfor-
mance of all distribution models decreases largely in modeling the link level travel times compared
with modeling the route level travel times, from the perspective of mean, median, and standard devi-
ation of significance values.
To make a direct comparison of the fitting performance of the alternative models for the route level

and link level travel times, the COV of significance value, the passed cases ratio, and the top 3 cases
ratio are presented in Table VI. Clearly, all the distribution performances decrease in modeling link
travel times with larger COV_sig values and smaller passed cases ratios. Comparatively, the GMM
Cases_top 3 ratio increases from 21% to 23%, while the Burr decreases from 21% to 16%. The
passed_cases ratio for the GMM model in the link level scenario is still promising (88%) that indicates
a relatively strong flexibility in modeling complex distributions of link travel times.

5. DISCUSSION

From the aforementioned analysis, the mixture models distribution can provide superior fitting per-
formance than its alternatives. More than one mixture models with different distribution components

Table V. Descriptive summary of Anderson–Darling (AD) significance value and candidature distributions
performance (link level)

Model Mean_sig* Median_sig* SD_sig* Cases_pass† Cases_top3‡

Normal 0.51 0.53 0.37 45 347 19 864
Weibull 0.36 0.23 0.37 35 305 8677
Logistic 0.55 0.62 0.36 47 772 18 657
Gamma 0.51 0.60 0.40 40 163 9383
Lognormal 0.52 0.62 0.40 40 311 16 121
Loglogistic 0.54 0.67 0.40 40 737 16 586
Burr 0.51 0.68 0.44 33 946 22 713
Gaussian mixture models (GMM) 0.75 0.94 0.35 49 563 34 246

The bold value indicates the best model identified under each performance measure.
*sig is the AD test significance value.
†A passed distribution with AD p-value> 0.05. The total number of cases is 56 316.
‡The total number of cases being listed as the top 3 and the total number of cases is 146 247.

Table VI. Comparison of candidature models fitting performance for route level and link level travel times

Model

COV_sig* Cases_pass ratio† Cases_top3 ratio‡

Route Link Route Link Route Link

Normal 0.45 0.73 0.95 0.81 0.10 0.14
Weibull 0.78 1.03 0.83 0.63 0.04 0.06
Logistic 0.35 0.65 0.97 0.85 0.10 0.13
Gamma 0.40 0.77 0.95 0.71 0.07 0.06
Lognormal 0.43 0.76 0.95 0.72 0.12 0.11
Loglogistic 0.34 0.73 0.97 0.72 0.16 0.11
Burr 0.53 0.87 0.80 0.60 0.21 0.16
Gaussian mixture models (GMM) 0.16 0.47 1.00 0.88 0.21 0.23

The bold value indicates the best model identified under each performance measure.
*COV_sig is calculated as SD_sig divided by Mean_sig.
†Cases_pass ratio is calculated as Cases_pass divided by the total number of cases under the corresponding scenario.
‡Cases_top3 ratio is calculated as Cases_top3 divided by the total number of cases under the corresponding scenario.
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(e.g., lognormal, Gamma, or loglogistic) could be tested besides GMM, but not essential. The com-
mon limitation of empirical studies is that the findings are largely influenced by the data used and it
may be not easy to generalize. Considering the diverse operating environments and the complete set
of cases tested in the paper, the identified GMM model could be transferred to fit TTDs on other bus
service routes to a large extent. Examination of more routes with different operating environments
(e.g., rural area) using the methodology proposed here could further complement this research. How-
ever, like any other empirical study, the conclusions are valid within the range of the used data and
should be used with caution beyond this range. The transferability of the GMM model to fit
distributions of travel times in a more generalized manner is discussed in the succeeding texts from
perspectives of its mathematical characteristics, explanatory power, and practical application.

(1) Mathematical characteristics

The GMM are a special type of mixture models with Gaussian component distribution (Equation
(1)). The GMM are flexible enough to fit a large range of distributions, by changing the mixture coef-
ficients and component distributions. In a general sense, the basic shapes of distribution can be classi-
fied into symmetric, skewed, and multimodal categories. A distribution in practical (e.g., TTD) could
be regarded as the combination of these basic shapes. The ability of GMM in fitting these distributions
is examined by visualizing and comparing with the candidate models.
To obtain a direct impression of different models fitting performance, the results of the fittings in

terms of the density and cumulative functions are shown in Figure 7 and Figure 8. Figure 7 shows that
the AM peak travel times have an obvious bimodal distribution with two peaks. The first peak is
relatively symmetric, while the second peak is right skewed with a short tail. Under such a multimodal
distribution case, the GMM model can properly capture the peaks of the TTD and the short tail in the
second peak, which can be observed from the density and cumulative probability graphs. The Burr
model is powerful in capturing the first peak and the second peak tail, but it fails to capture the second
peak. Other models cannot capture any peak in the AM peak travel times.
Figure 8 shows that the inter peak travel times have a skewed distribution with a long right tail

(skewness/se =31.7). Also, the distribution is rather peaked than peak period travel times because
the kurtosis/se is very large (kurtosis/se = 134.7). Under such a largely skewed distribution, the
GMM model properly captures the peak of the TTD and the long tail on the right, while the Burr
distribution can capture the peak well but fails to capture the long tail. Other models can generally
fit the peak location well but could not fit the long tail. Figure 9 shows the AD test significance for
distributions of hourly travel times over the whole day. The result shows that the GMMmodel can pass
the AD test with considerable significance values for travel times at different time periods of a day. In

Figure 7. Fitting results for a multimodality distribution (a) density and (b) cumulative probability. (Case: urban
route, weekdays, eastbound, AM peak, travel time). GMM, Gaussian mixture models.
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peak time periods (e.g., 8:00 AM, 9:00AM, and 4:00 PM), the GMM model can still perform well, while
other distribution models cease to fit the travel times, which further verifies the accuracy and robust-
ness of the GMM model.

(2) Explanatory power

From a mathematical perspective, by changing the component distributions (e.g., normal, lognor-
mal, or Gamma) and the mixture coefficients, a mixture model is flexible enough to approximate a
large range of different distributions. From a practical perspective, Guo and Rakha [8] conducted a
simulation and empirical study on freeway TTD and claimed the connection between GMM model

Figure 8. Fitting results for an asymmetric distribution (a) density and (b) cumulative probability. (Case: busway
route, weekdays, inbound, inter peak, travel time). GMM, Gaussian mixture models.

Figure 9. Anderson–Darling (AD) test significance for distributions of hourly travel times over the whole day.
(Case: urban route, weekdays, eastbound, hourly, travel time). GMM, Gaussian mixture models.
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parameters and the underlying traffic states. The premise of the GMM model is that travel times are
dominated by complex stochastic traffic states rather than deterministic ones. Different travel time
states could exist for a given time period such as free flow and congested states. Two levels of uncer-
tainty can be quantitatively assessed in the GMM model, namely, concurrency probability of the state
(mixture coefficient) and TTV under such a state (component distribution).
Compared to freeway travel times, bus travel times are more complicated and are mainly dominated

by traffic flow, passenger demand, and operational management (e.g., frequency, time schedule, and
time point). For a bus service travel time, different states may exist given the spatiotemporal aggrega-
tion levels such as high speed service state, medium speed service state, and low speed service state.
The high speed and medium speed service states belong to a recurrent service state, and a trip under
the former state could experience relatively less total stops and intersection delays than that under
the latter state. The slow speed service state is impacted by unexpected incidents or bad weather
conditions. And the combined influence of other factors (delay from last time point, load in vehicle,
drivers’ behavior, and so on) could also contribute to different service states, even within a short
aggregated time periods (7:00–7:15AM) across different days [37]. The mixture coefficient wk in
Equation (1) can be interpreted as the probability that travel times under a state k (e.g., fast service
state) and the component distribution fk(t | θk) indicate the distribution of travel times under such a state.
In practice, the component in the mixture models could be symmetric or skewed distributions,

depending on the definition of traffic states. Guo and Li [32] have further performed a fitting perfor-
mance comparison between symmetric and skewed mixed model by fixing the number of components
to be two. They concluded the multistate lognormal model is the optimal model for modeling freeway
travel time under moderate to heavy traffic conditions. However, no evidence has been found on the
performance of the alternative models if changing the number of components to be three or more.
Theoretically, GMM can fit the skewed distribution well by regarding the skewed travel times coming
from two or more different traffic states, and it has been verified in Figure 8. And from the interpreta-
tion perspective, the GMM model could be more promising than the skewed mixture models consid-
ering the simple form of a normal distribution component.

(3) Practical application

Travel time distribution fitting is the preliminary preparation for reliability analysis. The GMM
model can provide much detailed travel time information for both management agencies and individ-
ual travelers. For agencies, the GMMmodel provides a flexible and superior distribution fitting than its
alternatives, which enables accurate and effective assessment of the reliability performance of the
system. Because distribution can provide the maximum information for reliability analysis, the
improved statistical fitting can better support reliability analysis, especially considering passengers’
different perspective on travel times under different service states. Also, Ma and Ferreira [33] investi-
gated the current reliability measures performance and concluded the shape of distribution plays a key
role in service assessment. Moreover, the GMM model makes it possible to analyze travel time
reliability and unreliability causes in a detailed disaggregated level under different states and thus help
policy makers to establish effective measures to improve reliability performance. For travelers, the
GMM model enables a report of the reliability information analog to a weather report that should be
easily accepted by the general public and helps passengers to plan their trip wisely [8]. For example,
for the AM peak travel, the probability of experiencing a fast service is 20%, and if that happens, the
expected travel time for this trip would be 30minutes.

6. CONCLUSIONS

Improving travel time reliability is an important aspect of the quality of service in public transport.
Information of the TTD is a prerequisite for reliability analysis. This paper focuses on the specification
of distributions for day-to-day variability of bus travel times. Despite extensive empirical past research
for TTD fitting, inconsistent conclusions have been reported. The major reasons for that inconsistency
have arisen from the data used and the evaluation approach applied. The temporal–spatial data aggre-
gation influence on distribution was investigated using 6months AVL data on two typical service
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routes in Brisbane. The performance of alternative distribution models was examined under different
cases (different combinations of temporal and spatial aggregation levels and time components) consid-
ering their fitting accuracy, robustness, and explanatory power. Finally, the GMM distribution was
evaluated as the most appropriate model.
Consistent with previous studies, the decrease of temporal aggregation level results in a less asym-

metric and flat distribution and an increase of the normality of the distribution. The link level TTDs are
more complicated than the route level TTDs because the travel times of the former are more sensitive
to intersection and stop delays. The spatial aggregation of link travel times breaks up the multimodality
distribution for the busway service, while it is not applicable for the non-busway service. The reason
may be that the drivers have relatively more flexibility to adjust speed to catch up with schedules on a
busway route. It is clear that the temporal–spatial aggregation of travel times could alter the hidden
features of TTDs and ultimately affect reliability analysis results. Better selecting the appropriate data
aggregation level before reliability analysis needs further investigation.
The GMM model is evaluated as superior to its alternatives under different cases in terms of fitting

accuracy, robustness, and explanatory power. Under almost 95% cases, the GMM model provides an
AD significance value larger than 0.7, which highlights its accurate and robust fitting performance. Its
parameters can be connected to different states service performance, which is useful for identifying
unreliability causes and reporting reliability information. The Burr model provides almost the same
accurate fitting performance as GMM model in premise that it can converge to a solution that has a
powerful ability in modeling extremely long tails of a distribution. However, the high ratio of Burr
model failure to converge would largely decrease its usefulness in application. The normal, lognormal,
logistic, loglogistic, and Gamma models have a relatively similar performance under the route level
scenario and an intertwined performance under the link level scenario. The Weibull model has the
worst performance under both scenarios.
Although constrained by the empirical data tested, the reported GMM distribution model remains

promising for fitting travel times for other services with different operational environments. Mathemat-
ically, it is flexible enough to model different types of TTDs by changing the component distribution
model and component numbers including symmetric, asymmetric, and multimodal distributions. A
major limitation of GMM model is its lack of robustness to outliers, because the maximization of
the likelihood function under an assumed Gaussian distribution is equivalent to finding the least-square
solution. In the Bayesian model selection context, the presence of outliers often increases the number
of mixture components employed in the model. Another limitation of GMM model is its instability for
each run of the algorithm, due to random initialization of the parameters, small sample size, and inad-
equate number of components [38, 39]. It is important to properly clean the data and determine the
optimal number of components for GMM model in practice. An intersection is an important location
causing TTV. Susilawati and Taylor [26] explored the TTDs on urban road links defined by adjacent
intersections using global positioning system probe vehicles data. In future work, we are planning to
validate GMM fitting performance on other bus routes with different operating characteristics and
examine distributions on links separating by both stops and intersections in public transit when the
real-time transit vehicle tracking data is available in Brisbane.

7. LIST OF ABBREVIATIONS

AD Anderson-Darling
ADsig Significance value of Anderson-Darling test
AVL Automatic vehicle location
Casespass Cases that pass the hypothesis test
Casestop3 Cases that are marked with top 1 to top 3
CBD Central business district
COV Coefficient of variance
COVsig Coefficient of variance of significance values
DTW Departure time window
EM Expectation and maximization
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GMM Gaussian mixture models
H0 Null hypothesis
ID Identification
MAD Median absolute deviation
Meansig Expectation and maximization
Mediansig 50 percentile of significance values
SD Standard deviation
SDsig Standard deviation of significance values
se Standard error
sig Significance value of hypothesis test
TTD Travel time distribution
TTV Travel time variability
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