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Purpose: Advances in additive manufacturing processes are enabling the fabrication of surrogate
bone structures for applications including use in high-resolution anthropomorphic phantoms. In this
research, a simple numerical model is proposed that enables the generation of microarchitecture with
similar statistical distribution to trabecular bone.
Methods: A human humerus, radius, ulna, and several vertebrae were scanned on the Imaging and
Medical beamline at the Australian Synchrotron and the proposed numerical model was developed
through the definition of two complex functions that encode the trabecular thickness and position-
dependant spacing to generate volumetric surrogate trabecular structures. The structures reproduced
those observed at 19 separate axial locations through the experimental bone volumes. The applicabil-
ity of the model when incorporating a two-material approximation to absorption- and phase-contrast
CTwas also investigated through simulation.
Results: The synthetic structures, when compared with the real trabecular microarchitecture, yielded
an average mean thickness error of 2 lm, and a mean difference in standard deviation of 33 lm for
the humerus, 24 lm for the ulna and radius, and 15 lm for the vertebrae. Simulated absorption- and
propagation-based phase contrast CT projection data were generated and reconstructed using the
derived mathematical simplifications from the two-material approximation, and the phase-contrast
effects were successfully demonstrated.
Conclusions: The presented model reproduced trabecular distributions that could be used to gener-
ate phantoms for quality assurance and validation processes. The implication of utilizing a two-
material approximation results in simplification of the additive manufacturing process and the
generation of synthetic data that could be used for training of machine learning applications. © 2019
American Association of Physicists in Medicine [https://doi.org/10.1002/mp.13435]
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1. INTRODUCTION

Anthropomorphic phantoms are commonly used in radiol-
ogy for quality assurance (QA)1,2 and investigation of the
effects of changing experimental settings, for example,
mAs and image reconstruction kernel.3 More advanced
QA procedures require bone microarchitecture, for exam-
ple, the validation of high-resolution cone beam computed
tomography (CB-CT) images4 and the use of high-resolution

peripheral quantitative CT (HR-pQCT).5,6 In addition, the
planning of experimental design impacts such as object-
to-detector propagation distance in phase-contrast synchrotron
based studies7–9 can be better predicted with realistic
phantoms.

An important clinical consideration for high-resolution
CT techniques is the requirement for multicenter, temporal
consistency checks and validation. In order to ensure such
reproducibility, phantoms have been constructed using
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cadaveric bone tissue10 and then mailed between centers; this
is a time consuming, inefficient process. With the advent of
cost-effective additive manufacturing processes, a solution to
overcoming the aforementioned issues could be the use of
three-dimensional printed (3DP) trabecular structures,11–13

provided that the appropriate bone equivalent material could
be identified.14,15 Such a process would also require a numer-
ical model from which the appropriate bone pattern could be
generated.

Additional benefits of producing phantoms with microar-
chitecture that strongly represents that observed in medical
imaging include the ability to improve clinical radiographic
image quality and to generate training sets for machine learn-
ing (ML) applications for future radiologic workflow opti-
mization. With respect to clinical radiography, medical
imaging technologists (MITs) use trabecular structure in
assessing patient positioning and technique factor optimiza-
tion16 for plain film x-ray acquisition. For ML applications,
the workflows require large numbers of physical or simulated
phantoms with feature architecture that can be synthesized in
a controlled manner.17

The trabecular structures in bone can be represented as a
quasi-random network comprising interconnected plates and
rods.18 Mathematical models and phantoms of trabecular
bone structures have been studied in the field of acoustics in
order to determine factors such as ultrasonic attenuation,19

phase velocity and dispersion,20,21 and the experimental
observation of ultrasound waves through real trabecular sam-
ples vs 3D printed phantoms.22 In these works, authors have
used surrogates such as grids of nylon strands.

For x-ray imaging techniques including plain film and
high-resolution CT, the cortical structure and trabecular
microarchitecture of bone have been characterized through
the calculation of cortical thickness,23,24 plate-to-rod ratios,25

and more recently tensor-based morphometry26. In these
works, the authors have generated simulated microarchitec-
ture using skeletonized continuous spaces comprising unions
of sinusoidal, cylindrical, and elliptical surfaces and
curves18,24; however, their appearance can be considered
somewhat different to that observed in clinical images, for
example, see Fig. 3 in Saha et al.18 with respect to Fig. 10 in
Liu et al.24 In this work we present an alternative model and
justify the use of a two-material approximation for ease of
fabrication and simplification of simulation for synthetic data
generation.

We close this introduction with a brief overview of the
organization of this paper. In Section 2, we present a new
numerical model for the generation of synthetic trabecular
bone structures in two-dimensional (2D) and 3D settings. We
also present simplifications to the image reconstruction pro-
cess that can be achieved assuming that the bone and/or
extremity as a whole can be comprised of two materials only.
Section 3 presents examples of the trabecular bones gener-
ated with our model, results comparing the average trabecular
thickness between the synthetic structures and real bone, and
the reconstruction of propagation-based phase-contrast CT
(PB-CT) images from the generated projection data. Finally,

Sections 4 and 5 present the discussion and conclusions of
the paper, respectively.

2. MATERIALS AND METHODS

In this paper, we start by evaluating a clinical CT scan of a
currently available anthropomorphic phantom and
subsequently develop a numerical model that could produce
3D trabecular structures with similar qualitative appearance
and quantitative statistical attributes to those observed
experimentally.

2.A. Currently available phantom

We investigated the performance of a current best prac-
tice anthropomorphic phantom in order to determine the
degree to which bones are accurately simulated. The right
leg of the PBU-50 whole body phantom (Kyoto Kagaku
Co. Ltd, Kyoto, Japan) was scanned with a Discovery
CT750 HD CT scanner (GE Healthcare, Chicago, IL,
USA), using 100 kVp energy and with one pixel being
equivalent to 0.39 mm 9 0.39 mm of scanned area
(Fig. 1). The cortical thickness of the phantom’s tibial
bone was measured from contours applied to the axial
slices for which a gradient function was then used to cal-
culate the normal to the surface for sampling. Figure 1(b)
shows the contour and three normal vectors from which
sampling occurred. A flat map was then produced to pre-
sent the calculated cortical bone thickness values.

2.B. Numerical models

Due to the observed deficiency in the microarchitecture in
current phantoms, we developed a numerical model that
could produce 3D structures that approximate the trabecular
structure observed in real bones. The structures were devel-
oped with a multi-step process:

FIG. 1. Right leg of the PBU-50 phantom. (a) Photograph. (b) Axial com-
puted tomography slice showing tibia and fibula bones, and orthogonal vec-
tors for three surface points. No internal trabecular microstructure was
observed. [Color figure can be viewed at wileyonlinelibrary.com]
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1. implementation of a simple model that reproduces tra-
becular bone distributions within a single axial slice;
then

2. evolution of the single-slice model into a volumetric
structure; and

3. evaluation of the efficacy of utilizing a two-material
approximation of the bone, and extremity as a whole,
specifically with application to PB-CT reconstruction.
A two-material approximation could be readily gener-
ated using 3DP techniques and is shown to provide
both simplified projection data generation in conven-
tional CT and reconstruction in PB-CT.

2.B.1. Trabecular bone model

A series of ex vivo human bones and lamb extremities
were imaged with a resolution of 19.8 lm at x-ray energies
of 40 and 70 keV on the Imaging and Medical beam-
line (IMBL) at the Australian Synchrotron (AS). The
IMBL provided multiple simultaneous benefits, including:
the acquisition of high-resolution projection data; the ability
to scan at single energies with effectively parallel rays; and
the ability to reconstruct both absorption- and PB-CT images.
The aforementioned factors significantly simplified the sub-
sequent analysis and model development, while also provid-
ing assessment of the ability to acquire phase-contrast
enhancement. The experimentally acquired projection data
were processed using X-TRACT27 which facilitated both
absorption- and PB-CT reconstruction. The reconstructed
images were used to demonstrate how the model could be
used with the two-material approximation to generate syn-
thetic data. Figure 2 shows the workflow of the numerical
model.

Before proceeding with the mathematical description for
our numerical trabecular-bone model, we give a brief qualita-
tive explanation of how our overall theoretical framework
works. The overarching desideratum governing this model is
that it is simple enough to generate synthetic trabecular struc-
tures using a very small number of numerical parameters, yet
yield structures that are complex enough to mimic some key
features of genuine trabecular bone. In words, the key steps of
our numerical model are as follows: (a) Since there is a
degree of spatial randomness associated with trabecular bone,
our numerical model for generating synthetic trabecular dis-
tributions takes a spatially random function as a starting
point. For each slice, this input is taken to be white noise,
namely a 2D array of pixels, each of which is seeded with an
independent random value. (b) Fourier filtration, a form of
low-pass filter that suppresses fine detail, is then used to

smooth the white-noise spectrum so as to generate a spatially
random structure that has a feature size that can be tuned to
match that of a typical trabecular bone structure. This typical
feature size is the first numerical parameter used in our
method. (c) Since trabecular bone possesses nonrandom as
well as random features, for example, the approximate cylin-
drical symmetry imposed by encasing cortical bone, the pre-
viously obtained filtered-noise map needs to be shaped by a
deterministic background function, which we incorporate in a
simple manner into our model. As we shall see, it is the gra-
dient of this background function that sculpts the trabecular-
bone distribution, rather than the background function by
itself. (d) Lastly, our simple mathematical model will gener-
ate wall thicknesses that are the same on average as the corre-
sponding pore thickness. To introduce a difference between
wall and pore thicknesses, a simple power-law transformation
is applied to our model; the associated power is a final key
parameter that can be tuned.

The first length scale (proportional to the mean trabecular
thickness) was encoded by taking the point-wise product of
the white noise distribution (N(j,k)) with an enveloping
function (M(j,k)), as,

N 0ðj; kÞ ¼ Mðj; kÞ � Nðj; kÞ; (1)

where j and k are pixel coordinates in the y and z transverse
directions, respectively. A Gaussian enveloping function
(Mðj; kÞ ! MGðj; kÞ) centered at the origin of the input
white-noise map [Eq. (2)] was utilized for regions where
cylindrical statistical symmetry was prevalent; however, since
the Fourier transform of a piece of trabecular structure was
found to achieve a better fit from a Lorentzian distribution
(Mðj; kÞ ! MLðj; kÞ), this enveloping function was also
investigated [Eq. (3)]. Figure 3(b) shows the enveloping pro-
cess of the white noise distribution for a Gaussian with
rj;k ¼ 75 pixels [Figure 3(a)].

Explicitly, the Gaussian and Lorentzian distributions are
given by the functions:

MGðj; kÞ ¼ A � exp � j2

2r2j
þ k2

2r2k

 !" #
; (2)

MLðj; kÞ ¼ A
rj

ðj� j0Þ2 þ r2j

 !
rk

ðk � k0Þ2 þ r2k

 !
; (3)

where A is an arbitrary scaling constant and ðj0; k0Þ is the cen-
ter of the Lorentzian distribution. In each case, the distribu-
tions MGðj; kÞ and MLðj; kÞ are characterized by rj and rk (or

FIG. 2. Workflow of the numerical model that creates synthetic trabecular distributions.
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rj;k if it is the same value for both) which controls the stan-
dard deviations. Equation (1) was then Fourier transformed
over horizontal and transverse pixel coordinates (F½N 0ðj; kÞ�)
to yield a speckle distribution with characteristic spacing
K ¼ 1=rj;k. The Fourier transform, which will in general be
a complex-valued function at each pixel coordinate, was
then scaled to have unit modulus, where,

N 0ðq; rÞ ¼ F½N 0ðj; kÞ�
jF½N 0ðj; kÞ�j : (4)

Here, vertical bars denote the modulus operation. A second
complex function R(q,r) = exp [�i�B(q,r)] was introduced
to incorporate the trabecular spacing characteristic length
scale (L),

L ¼ 1
jr?Bj ; (5)

where r? denotes the transverse gradient operator. The back-
ground function B(q,r) is in general arbitrary, however below
it is taken to be an ellipsoid. The function R(q,r) also encodes
the spatial gradient, for instance, if an elliptical function is
used,

Rðq; rÞ ¼ exp �i
½aðq� q0Þ2 þ bðr � r0Þ2�0:8

L

 !
: (6)

here, 1=
ffiffiffi
a

p
and 1=

ffiffiffi
b

p
denote the principal axes (i.e., semi-

major axis and semi-minor axis) of an ellipse that encodes
the spatial gradient. Similarly, q0 and r0 denote the offset in
the horizontal and vertical directions, respectively, and i is
the complex unit

ffiffiffiffiffiffiffi�1
p

.
The two complex fields were combined and converted

back to real space by raising the modulus to a factor > 2
(i.e., g > 1) in order to reduce the resulting wall thickness in
a tunable manner, hence:

Tðj; kÞ ¼ jN 0ðq; rÞ þ Rðq; rÞj2g: (7)

Using a power greater than 2 (i.e., g > 1) reduces the wall
thickness because of the fact that it erodes smaller values and
hence narrows the width of a peaked function. This can be
seen, for example, by plotting the series of sinusoidal func-
tions j sinðxÞj2g vs x, for g = 1,2,3 etc., which demonstrate
progressive narrowing as g is increased.

In Eq. (6), if ðq0; r0Þ ¼ ð0; 0Þ, and a = b 6¼ 1, the separa-
tion between structures can be varied asymmetrically
[Fig. 4(a)]. If an offset is applied, the center of the distribu-
tion generated shifts accordingly. Figure 4(b) shows the varia-
tion of the middle location of the synthesized trabecular bone
density, when both q0 and r0 are negative, while Fig. 4(c)
presents the pattern obtained when a and b have different val-
ues.

Some regions of bone do not present such strong concen-
tricity as sections of long bones, therefore a region-based
approach can be utilized. For these regions, sections of tra-
becular structure can be generated with a constant spatial gra-
dient, where Eq. (7) can be simplified as,

Tðj; kÞ ¼ jN 0ðq; rÞ þ exp½�iðcqþ drÞ�j2g; (8)

where c and d are constants.
To demonstrate the flexibility of the model, Eq. (7) was

used to create concentric distributions with the same mean
thickness as axial slices obtained from high-resolution scans
of human humerus, radius, and ulna. In addition, synthetic
distributions for the vertebrae were generated using Eq. (8)
with a Lorentzian input to obtain an idealized model with ver-
tical columns and horizontal struts.28 19 synthetic trabecular
patterns were generated for an image of size 1200 9 1200
pixels, where the model was constrained according to the res-
olution achieved through imaging on the IMBL (19.8 lm).

For each of the aforementioned bones, a randomly sampled
region was quantitatively assessed in order to determine the
slices with the minimum and maximum trabecular thick-
nesses, and then those slices were reproduced with the model.

2.B.2. Volumetric trabecular structure model

So far, the algorithm presented is able to generate a 2D
section of the structure in an axial plane. For a proper analy-
sis of the capabilities of the model, it was extended with the
intention of producing a volume similar to what is obtained
after scanning a 3D section of bone.

In order to generate a sequence of slices with connected
components on the y axis (superiorly or inferiorly along a
limb), an iteration loop with the number of desired slices was
used, inside which the white noise map was defined as the
white noise map from the previous iteration plus a fraction of
a new white noise distribution, as,

Nsþ1ðj; kÞ ¼ Nsðj; kÞ þ ðd � Nðj; kÞÞ; (9)

(a) (b)

FIG. 3. Combined input and enveloping function for an image of size
1200 9 1200 pixels (zoom). (a) Gaussian function with rj;k ¼ 75 pixels. (b)
Combined white noise input and Gaussian enveloping function.
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where d�1 is an arbitrary positive scaling factor. The scaling
factor was used to modify the white noise distribution from
the previous iteration, ensuring there are not significant dis-
continuities in the longitudinal variation of the trabecular
structure. Note that the right side of Eq. (9) is always rescaled
to have values between 0 and 1, after the addition has been
performed. This evolution of the white-noise map gives a
slice-by-slice series of inputs into our synthetic trabecular
bone model, which then outputs a slice-by-slice series of tra-
becular bone densities that is subsequently assembled into a
3D density map.

In order to compare the generated trabecular structures
against the real tissue, we used the Thickness plug-in from
ImageJ,29 which is based in the work from Hildebrand and
R€uegsegger.23 The computation of the local thickness at a
given point of the trabecular bone is the diameter of the lar-
gest sphere (or circle in the case of 2D images) that includes
the point and that can be fitted inside the structure. By fitting
maximal spheres to every point in the structure, a mean thick-
ness and the thickness distribution can be calculated. This
allowed the model to be compared in a standardized way that
can be accessed in an open source platform.

2.B.3. Projection data generation of PB-CT

As stated in Section 1, our numerical model could be
applied to both the physical fabrication of anthropomorphic
phantoms or incorporation into simulations of experimental
CT configurations in order to generate synthetic projection
data for the training of ML workflows. In this section, we
have incorporated the images obtained with the numerical
model into a simplified simulation to demonstrate the useful-
ness of the assumption of a two-material approximation
(Fig. 5). With such an assumption, surrogate bones can be
readily produced in additive manufacturing processes and
projection data for phase contrast applications can be simu-
lated with significant mathematical simplifications for vali-
dating synchrotron configurations.30 Note that due to the
ethical difficulties in acquiring cadaveric bone, Fig. 5 shows
the histograms and fitted peaks for a femoral axial slice from
an ex-vivo ovine sample. The peaks from both 40 and
70 keV were fitted. The distributions demonstrate that a sim-
ple two-material approximation is sufficient to characterize
an extremity.

The remainder of this section will show how we simulated
the phase-contrast effect that can give rise to edge enhance-
ment in synchrotron imaging [Eqs. (10)–(16)] and simplifica-
tions that result from a two-material approximation [Eqs.
(17)–(23)].

PB-CT exploits refraction of the x-ray field at tissue inter-
faces and utilizes the propagation distance from the object to
the detector to amplify the interference of the propagating
field.7,31–33 Figure 6 shows a representation of our simple
model, where a flat field of monoenergetic x rays was inci-
dent on the trabecular distribution generated using the algo-
rithm outlined in Section 2.B.1. A simple forward model was
generated using the ASTRA toolbox34,35 to yield absorption-
based data that would be obtained at each projection angle
for a detector positioned on the plane z = 0. The extremity
phantom image was generated assuming a two-material
approximation. The properties of the two materials are
described in Table I. The phantom was defined on a
4096 9 4096 pixel grid with physical dimension of
16 mm 9 16 mm. The projection data sampled on the detec-
tion plane was 4096 9 υ, where υ was the length expressed
as a number of pixels in the longitudinal (y) direction.

In Table I, l is the linear attenuation coefficient calculated
with the energy of the incident photons and the atomic num-
ber of the material, < Z/A > is the mean ratio of atomic

FIG. 4. Representative trabecular distributions obtained using Eq. (7). (a) a = b 6¼ 1 and q0; r0 ¼ 0. (b) a,b = 1 and q0; r0 \ 0. (c) a 6¼ b and q0; r0 ¼ 0.

FIG. 5. Histograms and fitted peaks for linear attenuation coefficient of bone
and soft tissue for an axial slice from an ex vivo ovine femoral bone imaged
at the imaging and medical beamline. The distribution at each energy shows
two peaks used as justification for the two-material approximation. [Color
figure can be viewed at wileyonlinelibrary.com]
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number Z to atomic weight A for the compound, q is the mass
density of the material with units of g=cm3, and 1-d is the real
part of the complex refractive index, which can be approxi-
mated as,31

dðx; y; zÞ ¼ C � q �\Z=A[
E2

; (10)

where C is a constant of value 4:152 � 10�4 cm3 keV,2 and
E is in keV. Throughout, the Cartesian coordinate z is taken
to correspond to the optical axis, with (x,y) being coordinates
in planes perpendicular to this optical axis.

The complex wave field at the plane z = 0, Ψ(x,y,0)
(Fig. 6), can be completely described by the phase /(x,y,0)
and amplitude a(x,y,0) maps at that plane. If the sample is
composed of a single material, then the complex wave field
at z = 0 is determined by the intensity I(x,y,0) as follows:

Wðx; y; 0Þ ¼ aðx; y; 0Þ � exp i/ðx; y; 0Þ½ �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Iðx; y; 0Þ

p
� exp ik � ln Iðx; y; 0Þ dðx; yÞ

lðx; yÞ
� �

:

(11)

Here, Iðx; y; 0Þ ¼ jaðx; y; 0Þj2 is the normalized incident
x-ray intensity, k is the wave number, d(x,y) is the projection
of d(x,y,z) along the z direction, and l(x,y) is the projection of
l(x,y,z) along the z direction. Note that an incident z-directed
unit-intensity plane wave has been assumed above, together
with the paraxial and projection approximations.36 Note also
that k refers to the wave number in Eqs. (11)–(14), whereas it
refers to the pixel index in the z dimension in all other sec-
tions of the paper.

To extend the utility of the model to PB-CT, the Fresnel
diffraction approximation36 was applied to calculate the prop-
agated intensity data at the plane z = D. The complex wave
field distribution at the detector plane (Ψ(x,y,D)) can be

obtained from the convolution of Ψ(x,y,0) with the Fresnel
propagator P(x,y,z),

Wðx; y;DÞ ¼ Wðx; y; 0Þ � Pðx; y;DÞ; (12)

where D is the distance between the central plane of the sam-
ple and the detector plane, and,

Pðx; y;DÞ ¼ � ik � exp ikDð Þ
2pD

exp
ikðx2 þ y2Þ

2D

� �
: (13)

Practically, this convolution is achieved in Fourier space by
application of angular-spectrum diffraction operator,

DD ¼ F�1 exp iD
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2x � k2y

q� �
F; (14)

giving,

Wðx; y;DÞ ¼ DDWðx; y; 0Þ: (15)

The propagated intensity that contains the phase-contrast sig-
nal when the detector is positioned at z = D is then given by:

Iðx; y;DÞ ¼ jWðx; y;DÞj2: (16)

Note that Eq. (14) is in fact more general than the Fresnel
propagator described by Eqs. (12) and (13), but for the calcu-
lations used in the present paper, the difference is negligible.
Equation (15) maps the wave function from a position z = 0
to a distance z = D, making it possible to simulate the infor-
mation of the fringes obtained during propagation-based PB-
CT (Fig. 6). For the approximation assumed in this work for
which the phantom comprises two materials, bone-like and
tissue-like (Fig. 5), where the radius (R) of the disk is known
(Fig.6), the thickness of the soft tissue ðttÞ can be written as,

tt ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p
� tc; (17)

where tc is the thickness of the cortical bone and
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Assuming monoenergetic x rays incident on

the phantom, the Beer–Lambert law can be expressed as,

FIG. 6. Simple model of the computed tomography (CT) configuration showing the absorption-based and phase-contrast CT detector locations, z = 0 and z = D,
respectively.

TABLE I. Material properties at 40 keV energy.

l (m�1) < Z/A > (mole g�1) q (g cm�3) d

Soft tissue 25.0 0.54903 1.127 1.61 � 10�7

Cortical bone 96.0 0.51478 1.920 2.56 � 10�7
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ln
I0
I

� �
¼ lt tt þ lctc (18)

where I is the transmitted intensity and I0 is the incident
intensity. Inserting Eq. (17) into (18),

ln
I0
I

� �
¼ lt 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p
� tc

� �
þ lctc; (19)

and solving for tc then gives,

tc ¼
ln I0

I

� �� 2lt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p

lc � lt
: (20)

From this, we have now demonstrated that it is possible to
generate phase-contrast data using a simple two-material
model with arbitrarily complicated shape, where the thickness
of the materials can be derived from the intensity distribution
on the detector (projection data). To do this, Eq. (20) is sub-
stituted into Eq. (21), yielding the following projection-
approximation for the phase / of the x rays at the exit surface
of the sample,

/ ¼ �kdctc � kdttt; (21)

where 1� dc and 1� dt, respectively, denote the real part of
the X-ray refractive indices for bone and soft tissue. Combin-
ing Eqs. (17), (20), and (21) then gives,

/¼�kdc
ln I0

I

� ��2lt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�r2

p

lc�lt

 !

�kdt 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�r2

p
� ln I0

I

� ��2lt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2�r2

p

lc�lt

 ! !
; (22)

/ ¼ �k
ln I0

I

� �� 2lt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p

lc � lt

 !
dc � dtð Þ

� 2kdt
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2

p
: (23)

Finally, Eq. (23) is substituted into the first equality in
Eq. (11) and then propagated using Eqs. (12)–(16). The
result is then the intensity distribution at the plane z = D.
Note that for the detector at z = 0 we would emulate con-
ventional CT.

In order to incorporate realistic detector effect, the projec-
tion data at z = D = 6 m was re-binned to 8 lm pixels and
Poisson noise was added. The same methodology was also
applied to the data on the plane z = 0 and the two datasets
were reconstructed in order to compare the contact and
down-stream detector signals. Both datasets were recon-
structed using the X-TRACT software.27 A filtered back-pro-
jection algorithm was selected for the reconstruction, and
phase-retrieval was performed on the down-stream data using
single-material transport-of-intensity (TIE) phase retrieval

algorithm developed by Paganin et al.37, and implemented as
the “TIE-Hom" option in X-TRACT.27

3. RESULTS

3.A. Currently available phantom

Figure 7 presents the flat map of the PBU-50 phantom
with measurements of the cortical thickness and histogram,
respectively.

The cortical thickness of the human tibia as measured
with current clinical scanners usually ranges between 2
and 6 mm,38–40 where the upper values are found on the
mid shaft, whereas Fig. 7(b) shows a distribution peak at
0.8 mm. It should be noted that when specialist high-reso-
lution CT scanners are utilized, the cortical thickness on
the distal tibia reduces to approximately 0.41 mm for lCT
and 0.7 mm for HR-pQCT.41 It is therefore evident that
the cortical and trabecular structures are insufficient for
detailed quality assurance as there is no trabecular struc-
ture and the cortical thickness does not present the
required range.

3.B. Numerical models

3.B.1. Trabecular bone model

Figures 8 and 9 show visual comparison of real bone vs
the synthetic structures generated with our model for the
regional [Eq. (8)] and global implementations [Eq. (7)],
respectively. The trabecular structures were fitted using
ImageJ (see Table II), with brighter areas depicting thicker
sections.

For the region-based approach demonstrated in Fig. 8, two
synthetic structures [Figs. 8(a) and 8(b)] were generated sepa-
rately and combined to achieve a model of vertebral trabecu-
lar bone comprising columns and struts as motivated by
Jensen et al.28 The structures were comparable with differ-
ences between mean standard deviations of trabecular thick-
ness of � 15 lm (see Table II).

For the global approach, Fig. 9 shows a section of human
humerus and the synthetic trabecular structure cropped to the
general shape of the real bone. The structures were compara-
ble with differences between mean standard deviations of tra-
becular thickness of � 33 lm. The reader should note from
Table II that whilst other sections of more concentric bone
showed better agreement, this slice was selected for presenta-
tion as it demonstrates the difficulty in generating close quali-
tative matches in regions that are neither highly concentric or
grid-like (Fig. 8). However, a more detailed optimization of
the parameter space including selection of a more appropriate
background function could yield a closer match in these
regions.

The measured values for the mean and standard deviation
of the trabecular thickness for real trabecular tissue and syn-
thetic structures are presented in Table II. The generated pat-
terns for the humerus, ulna, and radius were created using the
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ellipsoidal function in Eq. (6), and the region-based approach
using Eq. (8) was utilized to generate the synthetic vertebral
distributions.

For the aforementioned regional and global implementa-
tions of the model, an empirical approach was used in

selecting the parameters for Table II, ensuring that the mean
synthetic and real trabecular thicknesses achieved the closest
match at a given average spacing. It can be seen from the
results in Table II, that on average, the mean trabecular thick-
ness can be achieved with the synthetic structure (the parame-
ters can be chosen for an optimal fit by applying small
changes to the g value). Also, the patterns generated to mimic
the trabecular distribution of the different bones present a
mean difference in standard deviation of 33 lm for the
humerus, 24 lm for the ulna and radius, and 15 lm for the
vertebrae.

3.B.2. Volumetric trabecular structure model

The capability of the numerical model to generate 3D tra-
becular structures is shown in Fig. 10. Equations (7) and (9)
were utilized with d = 0.1 and 300 slices. Figure 10(a) shows
a render of the trabecular distribution in 3D, while Figs. 10(b)
and 10(c) presents axial and sagittal views showing the

(a) (b)

(c) (d)

FIG. 8. Visual comparison of synthetic vs human trabecular structure using a
region-based approach and implementation of Eq. (8). (a) Synthetic trabecu-
lar region with general direction left–right. (b) Synthetic trabecular region
with general direction top–bottom. (c) Axial slice of a human vertebra show-
ing thickness distribution. (d) Axial synthetic trabecular structure with thick-
ness distribution after adding the regions (a) and (b), and cropping to the
general shape of the vertebra slice. [Color figure can be viewed at wileyon
linelibrary.com]

FIG. 9. Human humerus imaged at the IMBL, and generated synthetic tra-
becular structure. (a) Fitted human humerus for thickness measurement. (b)
Synthetic trabecular structure with thickness distribution and cropped to the
general shape of the axial slice of the human humerus. [Color figure can be
viewed at wileyonlinelibrary.com]

FIG. 7. Right leg of the PBU-50 phantom. (a) Flat map of the cortical thickness derived from the CT scan. (b) Histogram of the flat map with cortical thickness
values between 0 and 4 mm.
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variability through the volume whilst maintaining intercon-
nectivity of adjacent slices, which presents similarities to
those observed in real bone (Fig. 10(d)).

3.B.3. Projection data generation of PB-CT

In order to demonstrate the applicability of the model and
the two-material approximation to the generation of simu-
lated data, the projections were reconstructed for both

absorption- and PB-CT. Figure 11(a) shows the reconstruc-
tion from the simulated PB-CT scan. Line profiles for both
the absorption- and PB-CT reconstructions for the profile at
y = 0 are shown in Fig. 11(b). The expected reduction in
noise due to the application of phase retrieval was observed.
This demonstrates the simplifications derived from Eqs.
(17)–(23) due to the two-material approximation can be suc-
cessfully implemented in generating synthetic data.

4. DISCUSSION

Analysis of the leg of a PBU-50 phantom demonstrated
limited reproduction of the anatomical features observed in
real bone. Due to the requirement for more representative
fabricated and simulated synthetic trabecular structures for
applications such as QA for HR-pQCT and lCT, the training
of MITs, the local analyses of trabecular thickness, and
the training of ML algorithms, a numerical model has been
proposed.

The numerical model presented can be implemented with
a spatial gradient to shape the pattern distribution, for exam-
ple, concentric patterns using an ellipsoidal function, which
more closely resemble the trabecular distribution observed in
some sections of the long bones (Fig. 9). Furthermore, bone
regions where the trabecular structures are oriented in a gen-
eral direction can be synthesized and mixed together to
obtain known grid-like patterns that more closely resemble
the trabecular structure of vertebrae (Fig. 8). This model
serves as an alternative to existing computer generated phan-
toms composed of sinusoidal cross-plates (Fig. 12) where the
structure is known,18,25 which do not incorporate the pseudo-
randomness or concentricity observed.

Four different types of human bone were used during test-
ing: a humerus, radius, ulna, and several vertebrae, yielding
an average mean thickness error of 2 lm, and a mean differ-
ence in standard deviation of 33 lm for the humerus, 24 lm
for the ulna and radius, and 15 lm for the vertebrae. The lar-
ger differences observed in standard deviations for the long
bones can be primarily attributed to the significant variability
in concentricity from slice to slice.

While we have presented the theoretical underpinnings of
the model and used some simple parametrization to

TABLE II. Measured trabecular thickness for 19 realand 19 synthetic trabecu-
lar distributions. The parameters used for the generation of the synthetic
structures are listed. Note that two distributions were used to create the syn-
thetic vertebral images.

Human
bone

Trab. thickness
(mean 	 SD)

Error
(Dstd)
(lm)

Model
parameters

Real
(lm)

Synthetic
(lm)

Humerus rjk ¼ 75,
L = 1500,
a = 2.0,
b = 1.0,
q0 ¼ 0:0,
r0 ¼ 0:0

g = 7.1 167 	 52 166 	 83 32

g = 7.5 170 	 53 171 	 90 37

g = 7.0 174 	 63 173 	 91 28

g = 5.0 205 	 69 204 	 103 34

Ulna and
radius

rjk ¼ 75,
L = 1500,
a = 2.0,
b = 1.0,
q0 ¼ 0:0,
r0 ¼ 0:0

g = 9.0 146 	 51 146 	 71 20

g = 8.5 153 	 58 152 	 80 22

g = 6.5 170 	 59 171 	 88 29

g = 6.0 184 	 68 185 	 99 31

g = 2.8 248 	 96 247 	 113 17

g = 2.8 255 	 134 255 	 120 14

g = 2.8 259 	 104 261 	 140 35

Vertebrae rjk ¼ 30,
j0 ¼ ½0;�50�,
k0 ¼ ½50; 0�

g = 10.0 183 	 84 184 	 73 11

g = 10.0 187 	 85 187 	 75 10

g = 8.0 202 	 107 202 	 85 22

g = 8.0 205 	 93 204 	 80 13

g = 7.0 214 	 100 216 	 88 12

g = 7.0 220 	 117 219 	 96 21

g = 7.0 222 	 100 221 	 87 14

g = 5.7 238 	 111 238 	 93 17

FIG. 10. Generated synthetic three-dimensional (3D) model of the trabecular structure using Eqs. (7) and (9), with d = 0.1, rjk ¼ 75, L = 850.0, a = 0.5,
b = 0.5, q0 ¼ 0:0, r0 ¼ 0:0, and 300 slices. (a) 3D volume render. (b) Axial and (c) sagittal views of the generated 3D structure showing interconnectivity of
adjacent slices. (d) Sagittal slice of human radius bone showing distribution similarities to those created by the numerical model. [Color figure can be viewed at
wileyonlinelibrary.com]
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demonstrate the generalized flexibility, it is left to the reader
to perform systematic optimization of the parameters for their
specific human or animal imaging task.

The background noise at the heart of our model allows for
a more qualitatively natural representation of the trabecular
structure, while the capability of seeding the noise generator
allows for the reproducibility of the results, which is required
for the phantom fabrication to be used in QA and also syn-
thetic simulated projection and reconstruction CT data gener-
ation for ML.

When considering the specific problem of multicenter
QA, advantages of the proposed approach over the use of
phantoms constructed using cadaveric bones include:
portability, due to the possibility of creating 3D models
that can be printed in the different centers; structural and
material stability over time, achieved by proper selection
of the printing materials; and realistic and customisable
models of human and animal bones, by changing the
parameters of the model to control the thickness and spa-
tial distribution.

Note that a real CT scanner gives rise to additional arti-
facts such as partial volume,24,25 which arise when high-den-
sity materials, for example, bone, affect the CT values of

surrounding voxels due to a low-resolution detector or a thick
acquisition section width. In our simple model of projection
data generation of PB-CT we have not accounted for effects
such as this.

A further limitation of this study is that the patterns of the
synthetic vertebral structures should ideally be influenced by
the contour of the cortical bone that encircles the trabecular
structure. For our model and its application to the generation
of vertebral patterns shown, the trabecular structure is gener-
ated and then clipped by the bounding cortical structure. This
order of processing generates a somewhat artificial
appearance to the intersection of the trabecular and cortical
structures.

5. CONCLUSION

In this paper, we presented a numerical method for the
generation of high-resolution 3D distributions that repro-
duce surrogate trabecular structures which are statistically
similar to real bone with a mean difference in standard
deviation of 33 lm for the humerus, 24 lm for the ulna
and radius, and 15 lm for the vertebrae with the parame-
ter values presented here. The developed model could
potentially be used for quality assurance in CT systems as
recent advances in additive manufacturing will facilitate
the printing of 3D trabecular structures. The production of
synthetic human and animal bones would also allow the
validation of protocols for synchrotron imaging applica-
tions to reduce the potential dose to animals and humans.
With the advances in machine learning, a model such as
the presented may also be used to produce synthetic train-
ing data.

ACKNOWLEDGMENTS

This study was supported by the Victorian Orthopaedic
Research Trust (VORT) grant (2017 VORT Round One fund-
ing application) and the Imaging and Medical beamline
(IMBL) at the Australian Synchrotron (reference No. AS172/
IM/12180 and AS182/IMBL/13543).

FIG. 11. Reconstructed slice using filtered back projection from projection data generated using the proposed numerical model. (a) Reconstruction using phase-
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FIG. 12. Computer-generated phantom image of sinusoidal cross-plates.
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