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Abstract
Realistic modeling of nonlinear soft tissue deformation in real-time is a challenging research topic in surgical simulation.
This article presents an energy propagation method based on Poisson propagation for modeling of nonlinear soft tissue
deformation for surgical simulation. It carries out soft tissue deformation from the viewpoint of potential energy propa-
gation, in which the mechanical load of an external force applied to soft tissues is considered as the equivalent potential
energy, according to the law of conservation of energy, and is further propagated in the volume of soft tissues based on
the principle of Poisson energy propagation. The proposed method combines Poisson propagation of mechanical load
and non-rigid mechanics of motion to govern the dynamics of soft tissue deformation. Computer simulation results
demonstrate that the proposed method is not only able to handle homogeneous, anisotropic, and heterogeneous mate-
rials, but also able to accommodate nonlinear deformation of soft tissues.
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1 Introduction

Real-time and realistic modeling of soft tissue deformation

is a challenging research problem in the field of surgical

simulation. Biological soft tissues are complex in terms of

material compositions, leading to nonlinear characteristics

of soft tissue deformation.1 However, solving this non-

linear behavior is computationally expensive owing to the

geometric and material nonlinearities involved. In order to

achieve real-time computational performance, most of the

existing methods, such as mass-spring models (MSM),2

finite element method (FEM),3 and boundary element

method (BEM),4 are mainly based on the theory of linear

elasticity. The linear elastic model is simple in formulation

and efficient in computation; however, the simulated

results are valid only at small deformations5 and inade-

quate for describing anisotropy, inhomogeneity, and non-

linear deformation of soft tissues.6 Although the geometric

nonlinear tensor-mass model (TMM)7 was studied to

account for the nonlinear deformation of soft tissues, the

computation is much more complicated than the linear

elastic approach due to the additional quadric strains in the

nonlinear strain formulation. Although co-rotational for-

mulation8 was studied to handle the unrealistic behaviors

of linear elasticity under rotations, it can only handle

geometric nonlinearity rather than material nonlinearity

due to still using a linear material law. Miller and col-

leagues studied a total Lagrangian explicit dynamics algo-

rithm to account for both geometric and material

nonlinearities involved in soft tissue deformation;9 how-

ever, this algorithm does not allow changes on model

topology due to the use of pre-computation. Further, its

solution is only stable under small time steps due to the

use of explicit time integration. Although implicit time

integration10 can be substituted for numerical stability, the

computational performance is inevitably compromised due

to solving a system of equations involving states of vari-

ables both at current and next time points. The method

of hyperelastic mass links was proposed to account for

nonlinear properties of soft tissues while achieving fast

computation; however, this method can only handle

1School of Engineering, RMIT University, Bundoora, VIC, Australia
2Department of Surgery, School of Clinical Sciences at Monash Health,

Monash University, Clayton, VIC, Australia

Corresponding author:

Jinao Zhang, School of Engineering, RMIT University, PO Box 71,

Bundoora, VIC 3083, Australia.

Email: jinao.zhang@rmit.edu.au.

https://doi.dox.org/10.1177/0037549717720859
https://journals.sagepub.com/home/sim
http://crossmark.crossref.org/dialog/?doi=10.1177%2F0037549717720859&domain=pdf&date_stamp=2017-07-18


homogeneous materials.11 To model the nonlinear defor-

mation of soft tissues, Zhong and colleagues proposed a

surface model for soft tissue deformation by drawing an

analogy between Poisson propagation of energy and elas-

tic deformation.12–14 However, since it only considers a

surface model for deformation, this method lacks the

description of volumetric deformation of soft tissues,

resulting in limited physical realism.

This article extends the work reported by Zhong and

colleagues by considering the volumetric deformation

behaviors of soft tissues. The proposed method predicts

and analyzes soft tissue deformation by combining Poisson

energy propagation with non-rigid mechanical dynamics.

A finite-volume scheme is developed for discretization of

the Poisson equation on 3D volume mesh. Results demon-

strate that the proposed method is able to accommodate

not only homogeneous, but also anisotropic and heteroge-

neous materials by utilizing the property of constitutive

coefficient of the Poisson equation. It is also able to model

the nonlinear force–displacement relationship, and hence

nonlinear deformation of soft tissues.

2 Theory of energy propagation

Biologically, soft tissues are complex in terms of material

composition, structural formation, and biomechanical

behavior. In mechanics of elastic solids, a soft tissue

model can be considered as a continuum medium.15 When

a soft tissue model previously at rest state is subject to an

external force, the tissue is deformed. The dynamics of

soft tissue deformation are governed through the non-rigid

mechanics of motion in the Lagrange form:

m
∂2P

∂t2
+ g

∂P

∂t
+

dW Pð Þ
dP

= f P, tð Þ ð1Þ

where P is the position vector of a point with mass density

m and damping coefficient g, f P, tð Þ is the external force

applied to the point at time t, and W Pð Þ is the net instanta-
neous potential energy at the point to cause the soft tissue

to deform away from its rest state.

It can be seen from Equation (1) that the soft tissue

deformation is the consequence of the distribution of

mechanical load of an external force applied to the tissue.

When a soft tissue model is deformed under an external

force, a displacement occurs. The mechanical load of an

external force is propagated and distributed among masses

of the soft tissue in the form of strain energy according to

the tissue’s material properties, leading to an energy distri-

bution to deform the soft tissue away from its rest state.16

Under a given external force, the energy distribution is

determined by soft tissue material properties. Therefore,

the deformation of soft tissues is actually a process of

energy propagation.17

The Poisson equation provides a natural manner for

describing energy propagation. The time-continuous

Poisson equation in a continuum medium is expressed by

a partial differential equation of the second order given

by:

∂u
∂t

+Q=r � rruð Þ ð2Þ

where u is the scalar potential function at time t, Q is the

energy source, r� is the divergence operator, r is the con-

stitutive coefficient, and r is the gradient operator.

The Poisson equation has been extensively used to

study various problems in mechanics of elastic solids, such

as the displacement field of elastic solids under torsion

loading.18 In the Poisson equation, the constitutive coeffi-

cient is equivalent to the modulus constant of an elastic

material, which describes the physical behaviors of the

material. The source to generate energy in the field is sim-

ilar to the mechanical load applied to the soft tissue. The

strain energy stored and distributed in the soft tissue to

cause deformation is similar to the optimal Poisson distri-

bution of potential energy. Therefore, the energy propaga-

tion that occurred in the process of soft tissue deformation

can be considered as a Poisson energy propagation process

with an energy source at the contact point, through which

the mechanical load is treated as the equivalent potential

energy and further propagated among masses of the soft

tissue based on the Poisson equation, leading to an optimal

energy distribution for soft tissue deformation.

Since the mechanical load is applied to the soft tissue

in the direction of applied force, the energy source in the

Poisson equation should be directional. Accordingly,

Equation (2) is further written into a vector form:

∂ϕ

∂t
+Q=r � rrϕð Þ ð3Þ

where ϕ is the vector form of potential function whose

magnitude is the potential energy at time t, Q is the vector

form of energy source, and r is the matrix of constitutive

coefficients.

As mentioned previously, when a soft tissue model is

deformed by an external force, the mechanical load is

applied in the direction of the external force and is further

stored in the soft tissue in the form of strain energy.

Therefore, the energy source in the Poisson equation can

be formulated as the strain energy density in the direction

of the applied force:

Q=

ð
sde

F

Fk k ð4Þ

where external force F of magnitude Fk k is applied at the

contact point, resulting in stress s and strain e at the same

point.
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Since the mechanical load only occurs at the point where

an external force is applied, the obtained energy source is set

at the contact point only, whereas its value is set to zero at

other points. By substituting Equation (4) into Equation (3),

it can be seen that soft tissue deformation is described as the

Poisson energy propagation, leading to an energy distribu-

tion for soft tissue deformation governed by Equation (1).

Since the rest state of the soft tissue is stress-free, the ini-

tial condition is the zero potential at all mass points of the

solution domain. The boundary condition for solving

Equation (3) is realized by the Dirichlet boundary condition,

in which a specified potential function is enforced to the

related points on the solution domain boundary at all times.

3 Numerical implementation

The proposed Poisson equation is continuous in both space

and time. In order to analyze the potential energy field

developed from the energy propagation, both spatial and

temporal domains must be discretized. The spatial contin-

uous Poisson equation is approximated using an edge-

based median-dual finite-volume method.19 The spatial

domain is discretized into a number of non-overlapping

control volumes, over which the conservation of energy is

enforced in a discrete sense. As illustrated in Figure 1, the

control volume is formed by employing a median-dual

mesh connecting edge-midpoints, face-centroids, and cen-

troid of a geometric enclosure around a mass point. The

geometric enclosure can be of any geometric shape, such

as triangles or quadrilaterals in 2D, and tetrahedrons, hexa-

hedrons, prisms, or pyramids in 3D. The numerical inte-

gration is performed by looping all of the edges in the

discretized spatial domain where potential functions are

calculated with respect to each mass point.

For the purpose of conciseness, a scalar form of the

proposed Poisson equation is considered for discretization.

The discretization of the vector form can be achieved by

discretizing each scalar component. Recall the Poisson

equation in a continuum and write in an integral form for

point Pi enclosed by its control volume Xi, which yields:

ð
Xi

∂ui

∂t
+Qi

� �
dX=

ð
Xi

r � riruið ÞdX ð5Þ

Applying Gauss’ divergence theorem to Equation (5)

yields:

ð
Xi

∂ui

∂t
+Qi

� �
dX=

ð
Si

riruið Þ � n dS ð6Þ

where n is the outward unit normal vector to the infinitesi-

mal surface element dS on the boundary surface Si of con-

trol volume Xi.

Rewriting Equation (6) in a discrete form for point Pi

yields:

∂ui

∂t
+Qi =

1

Xi

X
Pj2N Pið Þ

riruið Þ � Sij ð7Þ

where N Pið Þ is the set of neighboring points of Pi, and Sij

is the surface area projection in the direction of the unit

normal vector nij of Sij, which is a common surface shared

by control volumes Xi and Xj.

Considering point Pi and its neighboring point Pj with

four quadrilateral boundary surfaces S1, S2, S3, and S4 illu-

strated in Figure 2, the Sij can be calculated by:

Sij = n1S1 + n2S2 + n3S3 + n4S4 ð8Þ

The boundary surface Si of the control volume Xi

enclosing point Pi is the union of all such boundary sur-

faces attached to the edge Eij that connects point Pi and its

neighboring point Pj. Therefore, the numerical integration

can be performed by looping all of the edges in the discre-

tized spatial domain.

The rirui in Equation (7) is the flux on the boundary

surface, and it can be approximated by considering linear

interpolation of the constitutive coefficients and potential

functions along the edge and evaluated at the edge mid-

point.20 Hence, the rirui may be represented by

riruijMij
at edge mid-point Mij:

Figure 1. Median-dual control volumes: the tetrahedron
P1P2P3P4 is divided into four hexahedrons of equal volumes by
connecting edge-midpoints Mij, face-centroids Fijk , and centroid
of tetrahedron Cijkl. A portion of the median-dual control
volume of point P1 is represented by the hexahedron
P1M12F123M13F134M14F124C1234. The control volume X1 of
point P1 is the union of all such hexahedrons that share the
point.
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riruijMij
=

rirui + rjruj

2
ð9Þ

where ri and rj are the constitutive coefficients, and ui

and uj are the potential functions at respective points.

Homogeneous materials can be achieved by employing

a common constitutive coefficient r throughout the entire

volumetric soft tissue model, whereas anisotropic and het-

erogeneous materials can be achieved by setting different

values of constitutive coefficients to mass points at differ-

ent directions and different regions, respectively.

To calculate rui and ruj in Equation (9), Gauss’

divergence theorem is once again employed:

ð
Xi

ruidX=

ð
Si

ui � n dS ð10Þ

Similar to Equations (7) and (9), simplifying Equation

(10) yields:

rui =
1

Xi

X
Pj2N Pið Þ

ui +uj

2
Sij ð11Þ

The calculation of ruj in Equation (9) can be per-

formed in a similar manner. The control volume Xi at

point Pi can be calculated by taking the sum of volumes

over all hexahedrons that share the point. Due to the use

of median-dual mesh, the volume Vdual of a hexahedron is

simply one-quarter of the volume Vtet of a tetrahedron in

the tetrahedral mesh. The Vdual of other geometric

enclosures such as hexahedron, prism, and pyramid are
1
8

Vhex,
1
6

Vprism and 3
16

Vpyramid , respectively.
21

The temporal derivative ∂ui=∂t at point Pi in Equation

(7) is approximated by a first-order explicit forward time-

stepping scheme:

∂ui

∂t
ffi ui t+Dtð Þ � ui tð Þ

Dt
ð12Þ

where Dt is the step size of time increment, ui tð Þ and

ui t+Dtð Þ are the potential functions of point Pi at time t

and t +Dt respectively.

4 Simulation results

The proposed method has been implemented for interac-

tive soft tissue deformation. Trials have been conducted to

evaluate the performance of the proposed method in terms

of homogeneous, anisotropic, and heterogeneous deforma-

tions, nonlinear force–displacement relationship, and com-

putational performance.

Homogeneous, anisotropic, and heterogeneous defor-

mations can be achieved by using the property of constitu-

tive coefficient. Figure 3 illustrates the deformation of a

homogeneous material at 20 iterations. The volumetric

cylinder model in Figure 3(a) contains 441 mass points

(mass density m= 1:0, damping constant g = 2:0, and

constitutive coefficient r= 0:05) and 1469 tetrahedrons,

and it was deformed by a compressive force applied to the

surface of the cylinder in the normal direction. It can be

seen that the cylinder is deformed evenly for a homoge-

neous material in Figure 3(b).

Figure 4 illustrates the deformations of an anisotropic

and a heterogeneous material along with the deformation

comparison with the homogeneous material at the same

iteration. The anisotropic material has the same material

parameters as the homogeneous material, except that the

constitutive coefficient values are different in different

directions (constitutive coefficient r= 0:08 in the direc-

tion of the x-axis). Compared to the homogeneous defor-

mation in Figure 4(a), it can be seen that the anisotropic

material in Figure 4(b) is deformed more significantly in

the direction of the x-axis around the deformation area.

The heterogeneous material in Figure 4(c), with different

constitutive coefficient values at different regions, is

deformed differently according to the constitutive coeffi-

cient values (constitutive coefficient r = 0:08 in the direc-

tion of the x-axis at the right portion of the cylinder,

whereas the constitutive coefficient r= 0:05 at the left

portion of the cylinder).

Trials have been conducted to verify the nonlinear

force–displacement relationship of the proposed method.

Three materials with three different damping coefficients

(g = 1:0, 4.0, and 6.0) were examined using a compres-

sion test. Results in Figure 5 show that the displacement

Figure 2. Boundary surface Sij, comprising surfaces S1, S2, S3,
and S4 with unit normal vectors n1, n2, n3, and n4 respectively,
attached to the edge Eij connecting points Pi and Pj with its
mid-point denoted by Mij.
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Figure 3. Deformation and potential energy distribution (colored) of a homogeneous material: (a) the rest state of the cylinder;
and (b) the deformed state of the cylinder under a compressive force. (For interpolation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Figure 4. Comparison of deformation and potential energy distribution (colored) of a homogeneous, an anisotropic, and a
heterogeneous material: (a) the homogeneous material is deformed evenly around the deformation area; (b) the anisotropic material
is deformed more significantly in the direction of the x-axis around the deformation area; (c) the heterogeneous material is
deformed differently according to the constitutive coefficient values. (For interpolation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Zhang et al. 7



varied nonlinearly with the applied force. The nonlinear

force–displacement relationship further reveals that the

proposed method is capable of accommodating nonlinear

deformation of soft tissues.

Trials have also been conducted on a virtual human

kidney model and lung model to demonstrate soft tissue

deformation for surgical simulation. The kidney model

consists of 1378 mass points and 4691 tetrahedrons, and

the human lung model consists of 1706 mass points and

5414 tetrahedrons. Figures 6 and 7 illustrate the kidney

and lung deformations and their associated distributions of

potential energy by the proposed method at 25 iterations,

respectively.

Trials have been conducted to evaluate the computa-

tional performance of the proposed method in terms of

visual and haptic feedbacks on an Intel(R) Core(TM) i7-

4770 CPU@3.40GHz and 8 GB memory PC. It can be

seen from Figure 8(a) that the computational time for

visual feedback is increased with increasing numbers of

mesh points. The visually satisfactory refresh rate of 30 Hz

(33 ms) to maintain realistic visual feedback is achieved

with around 1200 mesh points. However, under the same

conditions, the computational time of linear FEM15 is 1.04

s, demonstrating that the proposed method has a better

computational performance than the linear FEM.

The PHANToM haptic device requires forces to be

updated at the rate of at least 1000 Hz for realistic force

feedback. As can be seen from Figure 8(b), the force update

rate above 1000 Hz is achieved with around 350 mesh

points. When the computational speed cannot meet the hap-

tic refresh update requirement, force extrapolation22 is

employed to improve the realism of haptic feedback by gen-

erating missing forces from the previous calculation loop.

5 Discussion

In the proposed method, the nonlinear soft tissue deforma-

tion is formulated as a process of energy propagation in

Figure 5. The nonlinear force–displacement relationship
observed from the proposed method.

Figure 6. Deformation and potential energy distribution (colored) of a human kidney model from different views: (a) the deformed
states of the kidney; and (b) the distribution of potential energy of the kidney under a compressive force. (For interpolation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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which the mechanical load is propagated and distributed in

the soft tissue in the form of strain energy to deform the soft

tissue away from its rest state. To analyze the propagation

and distribution of mechanical load, the proposed method

formulates the propagation of mechanical load from the

viewpoint of Poisson energy propagation. By formulating

the energy source as the strain energy density, based on the

law of conservation of energy, the soft tissue deformation is

described as a Poisson propagation of mechanical load that

is applied to the soft tissue to cause deformation.

The proposed method is connected with the classical

continuum mechanics in the sense that it considers a soft

tissue model as a continuum medium, whose deformation

is due to the distribution of strain energy as described by

the non-rigid mechanics of motion of continuum

mechanics. Further, the proposed method is based on the

balance of mechanical energy for soft tissue deformation.

The soft tissue deformation is due to the strain energy,

which is further due to the external mechanical load.

Therefore, the energy source in Equation (4) is formulated

as the strain energy density in the direction of the applied

force at the contact point.

Compared to other deformation methods based on lin-

ear elasticity to describe soft tissue deformation, the pro-

posed method can achieve nonlinear force–displacement

relationships, and hence handle nonlinear deformation of

soft tissues. Different from the method based on geometric

nonlinearity for nonlinear deformation,7 the proposed

method achieves nonlinear deformation with the nonlinear

force–displacement relationship. Unlike the method based

on material nonlinearity for soft tissue deformation,9 the

proposed method does not require pre-computation and

can handle not only homogeneous but also anisotropic and

heterogeneous materials by simply changing the constitu-

tive coefficient values of mass points.

6 Conclusion

This paper presents an energy propagation method based

on Poisson energy propagation for modeling of soft tissue

Figure 8. Computational performance of the proposed method: (a) visual feedback; and (b) haptic feedback.

Figure 7. Deformation and potential energy distribution (colored) of a human lung model: (a) the deformed state of the lung and
(b) the distribution of potential energy of the lung under a compressive force. (For interpolation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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deformation for surgical simulation. It formulates soft tis-

sue deformation as the Poisson process of energy propaga-

tion to avoid complex and expensive computation of

nonlinear elasticity. It combines Poisson propagation of

mechanical load with non-rigid mechanical dynamics to

govern the dynamics of soft tissue deformation. It also

develops a finite-volume scheme for spatial discretization

of the Poisson equation on irregular volumetric soft tissue

meshes. Simulation results demonstrate that the proposed

method can not only reproduce the nonlinear force–

displacement relationship and handle nonlinear deforma-

tion of soft tissues, but also accommodate homogeneous,

anisotropic, and heterogeneous materials by simple modifi-

cations of constitutive coefficient values of mass points.

Future research work will focus on developing a minimally

invasive experiment for full validation of the simulated

deformation against in vivo data of soft tissues.
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