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Abstract Structured problem-solving lessons are used to explore mathematical con-
cepts such as pattern and relationships in early algebra, and regularly used in Japanese
Lesson Study research lessons. However, enactment of structured problem-solving
lessons which involves detailed planning, anticipation of student solutions and orches-
tration of whole-class discussion of solutions is an ongoing challenge for many
teachers. Moreover, primary teachers have limited experience in teaching early algebra
or mathematical reasoning actions such as generalising. In this study, the critical factors
of enacting the structured problem-solving lessons used in Japanese Lesson Study to
elicit and develop primary students’ capacity to generalise are explored. Teachers from
three primary schools participated in two Japanese Lesson Study teams for this study.
The lesson plans and video recordings of teaching and post-lesson discussion of the two
research lessons along with students’ responses and learning are compared to identify
critical factors. The anticipation of students’ reasoning together with preparation of
supporting and challenging prompts was critical for scaffolding students’ capacity to
grasp and communicate generality.

Keywords Structured problem solving . Generalising . Reasoning . Lesson study .

Teacher actions . Anticipated solutions . Orchestrated discussion

The use of a structured problem-solving approach in mathematics teaching came to
world-wide attention through the Third International Mathematics and Science Study
(TIMSS) video study of Japanese mathematics classrooms (Stigler et al. 1999) where
open-ended problems were used to enhance students’ higher-order thinking and enable
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students to use their previous knowledge and skills to learn something new (Becker
et al. 1990). Structured problem solving is an inquiry-based teaching and learning
practice that aligns with a teaching belief focussed on developing students’ understand-
ing and a belief that learning occurs through students’ active construction of under-
standing (Ernest 1989; Van Zoest et al. 1994). A structured problem-solving approach
invites students to think like a mathematician and engage with the two main elements
of reasoning: generalising and justifying (Stylianides 2010).

Generalisation defined by Kaput (1999) as Bdeliberately extending the range of
reasoning or communication beyond the case or cases considered, explicitly identifying
and exploring commonality across cases^ (p. 136) is applied in many aspects of
mathematics learning including early algebra (Mason 2010). Previous research has
shown how primary school students notice pattern and structure in growing patterns
and express generalisations (Irwin and Britt 2005; Mulligan and Mitchelmore 2009;
Papic and Mulligan 2007; Radford 2008, 2012) and reported on factors influencing
students’ capacity to generalise such as problem design and materials (Carraher et al.
2008; Cooper and Warren 2008), students’ knowledge of language and symbols (Bragg
et al. 2016; Warren and Miller 2013), students’ approaches to analysing the problem to
notice pattern and structure (Lannin et al. 2006; Bragg et al. 2016) and students’
knowledge and use of multiplicative thinking (Fujii and Stephens 2001; Stephens
and Armanto 2010; Yeap and Kaur 2008).

In this article, we investigate the role of the teacher when enacting a structured
problem-solving lesson structure to enable students generalise pattern and structure.
Forming and testing conjectures related to early algebra are learning outcomes for
students in years 3, 4 and 6 in the Australian Curriculum: Mathematics (ACARA
2012). Reasoning is a proficiency for all year levels. Year 3 and 4 teachers and
mathematics coaches from three primary schools in a network of government schools
in Victoria (Australia) took part in the Implementing Structured Problem-solving
Mathematics Lessons through Lesson Study project. Two Lesson Study teams were
established and each team planned a research lesson using the Matchstick Problem
(Healy and Hoyles 1999) for year 3 or 4 students.

Background

Whilst open-ended problems are used by primary and secondary teachers to cater for
differences in students’ readiness for learning in Australia (Clarke et al. 2014; Widjaja
et al. 2015), teachers struggle to use inquiry methods to support students to generalise,
or to form and test conjectures about mathematical concepts (Clarke et al. 2012; Loong
et al. 2017). Anthony and Walshaw (2007) found that when these approaches are
implemented effectively, they Ballow students to access important mathematical con-
cepts and relationships, to investigate mathematical structure, and to use techniques and
notations appropriately^ (p. 3). They also found that when enacting these approaches,
teachers need to be able to support individual students to move along the learning
trajectory to develop new or deeper understanding of the mathematical concept. The
problem-solving lesson structure used to introduce new mathematical concepts in
Japanese Lesson Study revealed how students could be engaged in evaluating alternate
solutions to identify the best strategies and most efficient solutions (Inoue 2010).
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Japanese problem-solving lesson structure

The Japanese problem-solving lesson structure for mathematics used in Japanese
Lesson Study evolved over four decades. The major characteristics of problem-
solving lessons include the hatsumon—the (single) thought-provoking question or
problem that students engage with and that is the key to students’ mathematical
development and mathematical connections; kikan-shido—sometimes referred to as
the Bpurposeful scanning^ that takes place whilst students are working individually or
in groups, which allows teachers not only to monitor students’ strategies but also to
orchestrate their reports on their solutions in the neriage phase of the lesson; neriage—
the Bkneading^ stage of a lesson that allows students to compare, polish and refine
solutions through the teacher’s elicitation and probing of student solutions; and
matome—the summing up and careful review of students’ discussion in order to guide
them to higher levels of mathematical sophistication (Shimizu 1999).

The neriage phase of a lesson is described as the Bheart^ of the lesson and begins
after students struggle with the problem and develop their own solutions. During this
orchestrated discussion of carefully selected and sequenced solutions, the Bteacher
facilitates extensive discussion with students… by comparing and highlighting the
similarities and differences among students’ solutions^ (Takahashi 2008, p. 4). Typi-
cally, this stage takes upwards of half the time of a lesson. The practices that Japanese
teachers follow are very similar to those documented by Stein et al. (2008), which
include anticipating solutions, monitoring students’ thinking and solutions whilst they
are working independently, selecting solutions for discussion, and determining the
sequence in which these solutions will be discussed. In this model of orchestrated
discussion, the teacher also encourages students to make connections between the
solutions in order to achieve the learning objective (Stein et al. 2008). However, the
teacher actions, that is prompts or questions that teachers may use to assist students to
make these connections, are not specifically identified or elaborated in the Japanese
Lesson Study literature.

Sullivan et al. (2006) described enabling and challenging prompts that teachers
use to support students to access and analyse open-ended problems and to probe and
extend their problem solving. Eliciting, supporting and extending students’ thinking
are identified in Fraivillig’s framework of Advancing Children’s Thinking (Fraivillig
2001). These prompts are used to encourage students to communicate solutions, to
explain their solutions and to challenge their thinking to include generalisation and
justification. Anderson et al. (2011) developed the Bfive talk moves^ model to
propose teacher actions that teachers can use to elicit, support and challenge
students’ reasoning and assist them to make connections between solutions during
whole-class discussions. These moves are Brevoice^, when the teacher restates what
the student says and seeks confirmation; Brepeat^, when the teacher asks another
student to use their own words to state the original student’s contribution;
Breasoning^, when the teacher asks a student to apply their reasoning to another
students’ reasoning; Badding on^, when the teacher asks another student to con-
tribute an additional idea or new idea; and Bwaiting^, when teacher provides time
for the students to think. The talk moves Breasoning^ and Badding on^ would seem
to be particularly useful for enabling students to make connections and to enable
students to shift their reasoning to the next level of generality.
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Students’ algebraic reasoning

Recognising what is the same or stays the same (invariance) and what is different
or changes (variance) is critical to the analytic thinking required for generalisation,
a corner-stone for algebraic thinking (Mason et al. 2009; Radford 2008). Problems
based on growing patterns enable students to notice and generalise relations in
patterns, and promote students’ algebraic thinking (Cooper and Warren 2008;
Mulligan and Mitchelmore 2009). Radford’s (2008, 2012) proposed Barchitecture^
for the development of generalisation comprised two main elements: grasping
generality and communicating generality (see Table 1). The ways of communicat-
ing generality (Table 1) are derived from Radford (2008, 2012) and other research
discussed below.

Grasping generality Grasping generality occurs when learners experience contrast
and separation and notice variance and invariance occurring simultaneously (Radford
2000). Analysing and attending to both the numerical structure of the pattern and the
spatial structure of the patterns in terms of what stays the same and what changes were
critical for pre-school students in the first three years of schooling to recall, repeat and
extend growing patterns displayed visually or through use of materials (Mulligan and
Mitchelmore 2009; Papic and Mulligan 2007). Reasoning actions such as counting
systematically and looking for patterns that students used to analyse the problem are
important first steps in enabling noticing of invariance (Lannin et al. 2006; Bragg et al.
2016). Seeing and attending to commonality in both numerical and spatial structures of
growing patterns are now well understood as being foundational for generalising and
algebraic thinking (Cooper and Warren 2008; Radford 2000, 2008, 2012; Warren and
Cooper 2005; Yeap and Kaur 2008).

Communicating generality Researchers have identified four ways in which students
may propose and communicate generality: (1) factually, when students use gesture and
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Table 1 Levels of grasping and communicating generality and possible reasoning actions

Grasping 

Generality

Communicating 

Generality

Evidence according to 

reasoning action or 

expression

5
th

term? n
th

term?

Does not communicate 

generality

Cannot count all

1, 2, 3,…11Does not grasp 

generality

Counts all unsystematically

Random number sentences
Looking for pattern but not 

successful

Grasps 

generality

Factual generality Counts all systematically 1, 2, 3; 4, 5; 6, 7; 8, 9; 10, 11

Uses materials

Visually using drawing (and 

gesture)

Recursive generality Uses counting pattern 3, 5, 7, 9, 11

3 + 2 + 2 + 2 + 2

3 + 3 + 3 + 3 + 3 –1 –1 –1 

- 1

Repeated addition

Whole object strategy 

Quasi-generalisation Additive expression 2 + 3 + 5 + 1

3 + 4 x 2; 5 x 2 + 1Multiplicative expression

Explicit Generalisation Verbally or using sentences

Using symbolic expression

Using algebraic symbols

Top + bottom + middle + 1

2n + 1; 3 + 2(n-1)



rhythm of gesture, drawing, counting and oral language to draw attention to the
repeated components (Mulligan and Mitchelmore 2009; Radford 2000, 2012; Rivera
and Rossi Becker 2008); (2) recursive or arithmetic generalising, when students see and
express generalisation as repeated addition (Carraher et al. 2008; Cooper and Warren
2008); (3) quasi-generalisation, when students instantiate the general relation with
particular number cases (Cooper and Warren 2008; Fujii and Stephens 2001; Lannin
et al. 2006); and (4) explicit or algebraic generalisation when students express a general
rule using symbols (Cooper and Warren 2008; Radford 2012). These different ways of
communicating generality provide a trajectory for generalising with explicit or alge-
braic generalisation as the ultimate learning goal.

Enabling and supporting students to generalise Researchers have identified some
factors that enable students to notice pattern and structure and grasp and communicate
generalisation. These factors include the design and sequencing of tasks, the launch of the
task, scaffolding of students’ algebraic thinking during whole-class discussion and stu-
dents’ knowledge of mathematical terms or language (Bragg et al. 2016; Carraher et al.
2008; Cooper and Warren 2008; Lobato et al. 2013; Mulligan and Mitchelmore 2009;
Warren and Miller 2013; Yeap and Kaur 2008). Since noticing variation is fundamental to
generalising, a number of these studies found that material and diagrammatic
representations of growing patterns support students to notice and attend to
commonalities for variance and invariance. Carpenter et al. (2003) discussed the questions
that teachers used to prompt students to extend their thinking beyond one case, to form
conjectures and to justify generalisations in other number contexts. Examples included BIs
that true for all numbers? How do you know that is always true?^ (p. 136). These questions
are examples of extending or challenging prompts (Fraivillig 2001; Sullivan et al. 2015).

This study focusses on the factors that contribute to students attending to pattern in
number and space to form conjectures and express generality. It addresses the following
research question: What teacher actions are critical for students to grasp and commu-
nicate generality when planning and enacting a structured problem-solving lesson?

The study

Six teachers and three numeracy coaches from three schools and the numeracy coach for
the school network worked collaboratively in two across-school Lesson Study planning
teams. All but one of the classroom teachers were in the early years of their careers with
between one and five years of experience; the other member had been teaching for
12 years. The four numeracy coaches provide instructional leadership to teachers. The
three school-based coaches had about seven years of primary teaching experience and
the network coach had almost 30 years of experience and provided instructional
leadership in mathematics for a network of 22 primary and secondary schools.

Lesson study process

The teachers had not previously planned and taught lessons with an explicit algebraic
learning objective or used the Japanese structured problem-solving approach in their

Anticipating students’ reasoning and planning prompts in structured... 5



practice. They were introduced to the problem-solving lesson structure common to
Japanese Lesson Study (Shimizu 1999) during an initial whole-day professional learn-
ing session on Lesson Study in July, and conducted a Lesson Study cycle during term
3, 2012. The cycle involved two cross-school teams of teachers planning a research
lesson on the same topic, one member of each team teaching the research lesson in their
classroom in front of observers, and both teams participating in the post-lesson
discussions along with the observers. This model of Japanese Lesson Study did not
include repeat research lessons.

The members of each across-school planning team, referred here as the Mudlark1

and the Swan Lesson Study (LS) teams, included one year 3 teacher, one year 4 teacher,
one composite year 3–4 teacher and two mathematics coaches. The Mudlark LS team
included two of the school’s mathematics coaches whilst the Swan LS team included
the third school’s mathematics coach and the schools’ network mathematics coach.
Two university researchers joined each planning team to observe and facilitate the
planning process. Four two-hour planning meetings were conducted to prepare each
public research lesson.

Public observation and debriefing of research lessons is a feature of Japanese Lesson
Study, so key staff at each school, together with all interested teachers who could be
released from their classes at the time of the research lessons, were invited to observe
the lesson and take part in the post-lesson discussions. The school and the research
team also invited other professionals such as teachers in their school network and
mathematics educators to observe the research lessons and take part in the post-lesson
discussions.

During the whole-day professional learning workshop at the beginning of the
project, one of the researchers modelled a problem-solving lesson using the Marble
Stack Problem (Rivera and Rossi Becker 2008, p. 76). This problem also introduced
teachers to generalisation and algebraic thinking, as early algebra had been selected
by the university research team as the theme for the first lesson study cycle. The
orchestration of whole-class discussion and teacher actions to elicit and extend
reasoning were modelled. The Matchstick Problem (Healy and Hoyles 1999) was
selected by the research team as the problem for both research lessons because (1) it
affords a wide range of expressions of generality; (2) the problem and its spatial
representation are appropriate for both year 3 and 4 students; (3) with appropriate
teacher scaffolding of discussion, it provides opportunities for students to explain
and justify their generalisation; (4) it focuses on algebraic reasoning—an area of
mathematics that had not been emphasised in Victorian primary school mathematics
prior to the introduction of the Australian Curriculum: Mathematics (ACARA
2012); and (5) the problem lends itself to what in Japan would be called a Bjump-
in lesson^, indicating that it could take place at many different points in the
curriculum sequence. As this was the teachers’ first experience of lesson study
and there is no tradition of teaching using the Japanese problem-solving structure, it
seemed too problematic for teachers to be required to find their own tasks. Also, at
the outset of the Lesson Study cycle, the classes in which the research lessons
would be taught had not been determined. Furthermore, as relatively inexperienced

1 Pseudonyms are used throughout for the names of the Lesson Study teams and students.
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Victorian primary teachers, they may have had little knowledge of early algebra or
experience of using these types of problems in their classroom.

The Matchstick Problem (Fig. 1) was introduced to both planning teams at the first
planning meeting by one of the researchers. The problem was presented using a
dynamic image of conjoined one, two, three, four and five squares that concluded with
the problem statement illustrated in Fig. 1. Following the lesson structure typical of
Japanese problem-solving lessons, the Lesson Study team members solved the problem
and then participated in a whole-group discussion of their solutions. For the remainder
of the first planning meeting and the next three planning meetings, the teachers and
coaches in the planning teams were in charge of planning the research lessons for their
students. During the third of the four planning meetings, each team decided who would
teach their research lesson. The year 3 teacher was randomly selected to teach the
Mudlark’s research lesson to their class (7- to 8-year-old students) and the year 4
teacher (8- to 9-year-old students) volunteered to teach the Swan’s research lesson. As
it happened, both of these research lessons were conducted at the same school on the
same day, one after each other.

Methodology

The data collected included the two research lesson plans, observations, and field
notes, photographs and video recordings of the research lessons and post-lesson
discussions, and copies of students’ work. The lesson plans in particular the
learning goals and anticipated solutions, and children’s written work were coded
using the generalisation architecture and four ways of communicating generality
presented in Table 1. Teacher actions when launching the problem and whilst
monitoring children’s work on the problem were collected using field notes and
video recordings that were transcribed. These actions were coded as eliciting,
supporting or extending students’ learning (Fraivillig 2001). Coding of the tran-
scribed video recording of the whole-class discussions in each lesson identified the
Btalk moves^ (Anderson et al. 2011) that teachers used to elicit children’s reasoning
and to explain and justify their generalisations. Initial coding was conducted by the
first author and verified by the second author. Disagreements regarding coding of
specific data were resolved through discussion between the two authors. Student
responses selected for discussion were compared with the solutions of all students
in the class, and with regard to the levels of communicating generality and align-
ment with the learning goals. The two lesson plans and their enactment with respect
to the pedagogical actions of the teachers were compared and contrasted to form
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I used some matchs�cks to make squares connected side by side as shown below.
How many matchs�cks would I need if I was to make 8 squares?
What if there were 100?

Fig. 1 The Matchstick Problem as presented during the first planning meeting and to the year 3 class for the
Mudlark LS team



conjectures about teaching practices that supported children’s generalisation. Key
themes of the post-lesson discussions enabled triangulation of the analysis of these
teacher practices.

Research lesson plans

Detailed lesson plans for enactment of the Matchstick Problem were prepared by each
LS team following the template provided by the researchers. The plans included
learning objectives, the problem statement, anticipated student solutions to the task
and procedures that they would follow. The Mudlark LS team was more focussed on
content objectives whilst the Swan LS team focussed on problem-solving objectives.
The Mudlark team’s anticipated solutions were more detailed and included questions
and prompts for each anticipated solution.

Learning objectives

Mudlark year 3 research lesson plan The Mudlark LS team documented the follow-
ing objectives for the year 3 lesson:

& Students will find at least one solution to the problem.
& Students will use effective mental and written strategies for solving the problem
& Students will begin to move from additive to multiplicative thinking (Mudlark LS

lesson plan)

These objectives address the problem-solving proficiency in the Australian Curric-
ulum: Mathematics, as well as content objectives in the number strand. However, the
research team did not document specific connections to algebra or specific learning
objectives regarding generalisation. Perhaps this was because the research lesson
teacher who documented current and expected achievement of each student in the class
in the lesson plan believed that only some students in his classroom would be able
instantiate generalisation using a quasi-variable multiplicative expression.

Swan year 4 research lesson plan The learning objectives developed by the Swan LS
team included reference to pattern and generalising as well as the problem-solving
proficiency in their current mathematics curriculum. Their learning objectives were the
following:

& Having confidence to approach a problem.
& Students use problem-solving strategies to recognise a pattern and formulate

generalisations.
& Students identify and continue and describe a pattern
& Written and verbal communication of multiple solutions.
& Generalise solutions to solve various outcomes. (Swan LS lesson plan)

However, these objectives were not ordered to predict different levels of generality
or a possible learning trajectory.
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Anticipated solutions

Mudlark year 3 lesson plan The Mudlark LS team documented and explained four
possible generalisations (Fig. 2), the classroom teacher’s anticipated achievement for
each student in the year 3 class, and a list of anticipated student solutions together with
possible teacher questions or prompts (Fig. 3). The possible generalisations document-
ed included images to show the commonality in both the spatial and numerical
structures, together with expressions of recursive generality and algebraic expressions
of generality. The explanations that accompanied these diagrams and symbolic expres-
sions included a worded expression of the generality together with an analysis of
children’s thinking related to the learning goals. These comments were connected to
their learning goals with respect to multiplicative thinking. For example, Bthis solution
shows additive thinking and while it will produce the correct answer, students might
encounter a problem when finding the solution to 100 boxes. In this case the students
are encouraged to find another way to represent the addition and moved towards
multiplicative thinking^ (Mudlark Lesson Plan).

In addition, the lesson plan included 16 anticipated student solutions (see Fig. 3)
encompassing all the forms of communicating generality as well as likely incorrect
expressions (for example, line 9 Fig. 3). These were ordered according to level of
communicating generality. This figure also included questions that the teacher might
use to notice pattern, elicit and extend children’s reasoning at each level of generality
when monitoring children’s independent work or during the whole-class discussion.
These prompts were intended to support students to grasp generality, to explain their
expression, to test and justify a generalisation, and to challenge students to consider
more efficient expressions of generality.

Swan year 4 lesson plan The teachers expected the students to produce multiple
solutions and eight anticipated solutions were documented in the lesson plan (Fig. 4),
but these were not sequenced according to level of generality. Four of these anticipated
solutions illustrate recursive generality expressions. The others illustrate not grasping
generality, a quasi-generality expression and an algebraic expression of generality. The
explanations accompanying these possible solutions describe the spatial and numerical
patterns using verbal expressions of recursive generality. The Swan LS team lesson
plan did not provide any specific information on the children’s mathematical achieve-
ment or anticipated solutions for the problem in the lesson plan, though this list of
possible responses was gathered when members of the Swan LS team trialled the task
in classrooms other than the class to be used for the research lesson.
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(1) 4 matchsticks + 3 + 3 + 3 etc 
(3) 4 + (3n-1)

(2) First matchstick + 3 + 3 + 3 etc 
(4) 4 + (3n-1) 

Fig. 2 Grasped generalities and expressions of generality in Mudlark LS lesson plan



Enacting structured problem solving

The lessons in each of the classrooms followed the Japanese Lesson Study structure.
However, the launch of the problem and the student reflection on learning prompts
differed between the two research lessons resulting in differences in students’ learning.
Both teachers needed to use questions to elicit children’s reasoning during the whole-
class discussion as these students were not forthcoming in explaining their work
without these prompts. Gesture was used by both the teachers and the students to
communicate pattern or structure in the diagram as they explained their solutions. The
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No.* Anticipated Response Possible Questions/Suggestions

4 Make it first with matchsticks 
then draw it

See above – can you use numbers to show what you’ve drawn? 
Can you see a pattern? What do you notice here? Which bit did 
you draw first? How did you draw it? Draw it again for me –
how did the drawing help you work out how many matchsticks 
there were?

6 Repeated addition (4+4+4+4) “Show me that on the drawing?” “Can you see the problem 
here?” see above

7 4+3+3+3 etc “Can you show me in another way?” See if they can move on to 
multiplicity

9 4+ 3n-1 (no brackets) What do each of these numbers mean? Why are you taking one 
away? Can you circle each number and point to where that 
relates to in the diagram?

11 4+3x99 (or the like)

Encourage verbalisation (as above) “Does it always work?” 
Push towards generalisations.
How many other ways to solve the problem can you find? 

12 1+3xn
14 n x 4 – 4
15 Across the top and bottom + 

ends + in-between-y ones 
(n+1)+(2n)

Fig. 3 Anticipated student responses and teacher questions/suggestions (Mudlark Lesson Plan). *Indicates the
number in the sequence of anticipated solutions included in the plan. This numbering was not included in the plan

Possible Solu�ons: 

Count All 

Students count each matchs�ck 
individually. 

3 + 3 + 3 + 3 + 3 + 1

Students see matchs�cks in groups 
of 3 with 1 matchs�ck on the end. 

4+ 3 + 3 + 3 + 3

Students see 4 matchs�cks at the 
beginning of the diagram and then 
add on by groups of 3 matchs�cks. 

2 + 2 + 2 + 2 + 2 + 6

Students see top and bo�om 
matchs�cks paired up and 
then add the middle 6 
matchs�cks. 

5 + 5 + 6 

Students see 2 groups of 5 matchs�cks 
along the top and bo�om and 6 in the 
middle. 

4 + 2 + 4 + 2 + 4

Students see a pa�ern of 4, 2, 4, 2, 
4 matchs�cks. 

Half (8 + 8)

Students separate matchs�cks into 
groups. 

Generalisa�on (a x 3) + 1 

(5 x 3) + 1 

Students find a 
generalisa�on to apply to a 

greater number of squares in 
a picture.

a b c d

e f g h

Fig. 4 Possible solutions (Swan’s lesson plan)



Mudlark research lesson teacher relied upon prompts included in the lesson plan and
included annotation on the board so that other students could follow processes ex-
plained. The Swan research lesson teacher relied more on the student explaining their
reasoning and whilst posing some challenging prompts tended to revoice and interpret
the student’s explanation rather than use other talk moves. The prompts used by the
Mudlark research lesson teacher during the summing up of the lesson encouraged
students to compare and contrast and consider more efficient solutions. On the other
hand, the whole-class discussion during the summing up focussed on problem-solving
strategies.

Launch of the problem

Mudlark year 3 research lesson The teacher launched the Matchstick Problem using
a worksheet displayed on the whiteboard (Fig. 1). The teacher read the text on the
worksheet and posed the following support and challenging questions before distrib-
uting the worksheet to the students:

What are you noticing, what do you see? How are you going to record your
thinking when you are going to do your work? So start to have those ideas now so
when you go back to your desk, you will be able to work straightaway. I could
see that people already start to notice some things which will be really really good
when you go back to your table. So how many matchsticks if there were 8 and
what if there were 100? But remember to think about the five first.

The worksheet provided space below the diagram for the students to write and draw.
So whilst the Mudlark LS team did not include a specific learning objective about
noticing and continuing patterns, the representation of this problem assumed that
students would notice recursion in the pattern.

Swan year 4 research lesson The teacher launched the problem using a diagram
depicted on an electronic white board and then read the statement from the worksheet
(Fig. 5):

Here is a picture made up of some matchsticks. How many matchsticks are there
altogether? How can you show your thinking using the diagram?

The teacher used gesture during this introduction to emphasise that the diagram
showed conjoined squares in one diagram and then the same diagram repeated in
underneath. When responding to children’s questions, she reiterated that there were
two diagrams. BSo you might show different ways^ [to show your thinking using
the diagram]. At this stage of the lesson, there was no suggestion that their
thinking might be applied to a diagram showing more conjoined squares made
with more matches. The planning team had decided that the research lesson teacher
would extend individual students at their point of need as she roamed the room
interacting individually with students. The Swan LS team therefore expected their
students would notice pattern in the spatial representation of one case in the
sequence of conjoined squares.
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Student individual work on the problem

Following the launch of the problem, the students in each class worked individually.
The teacher in each research lesson roamed the room interacting with individual
students and scanning the strategies, solutions and expressions of generality. The other
lesson study team members and invited observers were scattered around the room
performing the Bthousand eyes^ role to carefully study the processes used and solutions
generated by students in the class. Their observations are analysed in the next section
on the post-lesson discussion.

Swan year 4 lesson As the lesson progressed, the teacher monitored the children’s
work and those who had found two solutions were provided with another worksheet to
find other solutions in accord with the challenging prompts included in the lesson plan:
BCan you find other ways?^ or BShow how this would work for 8, 10?^ For example,
when discussing one child’s numerous solutions, the teacher asked BWhich strategy do
you like best?^ and following the student response BWhat if there were eight squares,
could you use the strategy that you used for 5 to work out how many in 8?^
Consequently, approximately six students were challenged to test their Bstrategy^ by
considering cases with more conjoined squares. The lesson plan did not clearly
document the criteria that the teacher would use when deciding to pose this challenge.

Whole-class discussion

In each classroom, the teacher selected students to come to the board and present
their solution. These were sequenced according to level of generality; however, the
Swan LS teacher also included a solution that was not a generalisation. Both
teachers used prompts to encourage students to explain and justify their strategy
or expression of generality.

12 C. Vale et al.

Fig. 5 Student worksheet for year 4 lesson



Mudlark year 3 lesson The whole-class discussion was conducted in the last 20 mi-
nutes of the lesson. The teacher selected four students whose work was displayed,
annotated and discussed using the whiteboard. The order was based on the order of
anticipated solutions shown in the Mudlark lesson plan. The first two examples
illustrated noticing the spatial structure—that is seeing and grasping the generality
spatially and numerically as a pattern of adding three. The first example also addressed

Anticipating students’ reasoning and planning prompts in structured... 13

Fig. 7 Section of the whiteboard record of year 3 whole-class discussion

Fig. 6 Quasi-generalisation as recorded by Jess (year 3) on his worksheet



the problem of double counting, a difficulty for students who did not succeed in
grasping generality. The final two samples of students’ work illustrated both recursive
and quasi-generalisation (see Figs. 6 and 7). The teacher used these two students’
solutions to illustrate how to record the repeated addition number sentences for five and
eight squares (4 + 3 + 3 + 3 + 3 + 3 + 3 + 3 = 25) and to explain how these repeated
addition number sentences could be expressed using multiplication (8 × 3 + 1 = 25).

When discussing the children’s strategies, the teacher elicited their generalisations,
explanations and justifications annotating the expressions on the board using the
children’s words (Fig. 7). The child and teacher’s gestures during this interaction
enabled other students to notice the spatial and numerical structures in the diagram
and expressions, and make connections between them. For example, when interacting
with Jess (Figs. 6 and 7), the teacher posed questions such as

Teacher (pointing to Jess’s worksheet): Why do you have 4 + 3 + 3 + 3 + 3 + 3 +
3 + 3 = 25? What does that represent? (Teacher writes this expression on the
board so that all students can see it.)

Jess: no response

Teacher: What does that mean? (Pause) Why have you got 4 for the first one and
then all these 3s over here?

Jess (pointing to the first box): Only this box has 4 in it. (He points to the four
matchsticks in the first box). And all these (sweeps his hand across the other
boxes) I’ve not counted them but that one’s already taken by that one (points to
the fourth match in the first box and then sweeping his fingers around the three
other matches in the second box) and that one’s already taken by this one and this
one is already taken by that one (pointing to the third and fourth boxes).

Later in this interaction, the teacher worked through each number in the quasi-
generalisation multiplicative expression, encouraging Jess to recall and restate the
explanation he previously provided the teacher whilst he was monitoring the children’s
independent work:

Teacher (pointing to the 3 in the expression 8 × 3 + 1): What do you think that 3
represents in your number sentence?

Jess: (inaudible but teacher records Bnumber of matchsticks^ as an annotation).

Teacher: What does that 8 represent then?

Jess: How much boxes.

Teacher (pointing to the 1): And why is that 1 there?

Jess: And then I plus another 1?
Teacher: Where would that 1 come from?
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Jess: (Pointed to the first matchstick in the first box.)

During this interaction, the teacher made explicit the relation between symbols
included in the expression and the diagram. He identified the quasi-variable—that is
the Bnumber of boxes^—and the constants in the expression—that is the Bnumber of
matchsticks (per box)^ and the Bbox one extra [matchstick]^—using annotations for
each of the numbers in the expression. Finally, the teacher asked whether this strategy
would work for 100 boxes. Together, they worked through each element of the
expression and the child calculated 301 as the answer. This exchange enabled the
teacher to model the generalisation for other students.

Swan year 4 lesson The teacher selected five children’s work for presentation and
discussion towards the end of the lesson (see Fig. 8). The selection illustrated a range of
solutions, making a distinction between those that were expressions of generality and
those that were not. The first three solutions illustrated counting by ones to check the
solution and expressions of recursive generality: counting by threes or repeated addi-
tion number sentences.
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Fig. 8 Year 4 Neriage—whole-class discussion

Fig. 9 Multiplicative expressions that do not express generality (Gary, year 4)



Next, the teacher selected a student to explain his strategy that involved the use of
multiplicative expressions (Fig. 9). This child, who had previously used a recursive
expression (4 + 3 + 3 + 3 + 3), explained his second method as follows:

Gary: Yeah so I thought a quicker way would be times and I worked out that
that’s an even number (pointing at 16) so you can times it …(inaudible) so I
worked out that eight times two equals sixteen (8 × 2 = 16).

During the discussion of his solution for eight conjoined squares (12.5 × 2 = 25), the
teacher asked BWhere did you get the 25 from?^ The teacher continued by stating:
BYou’ve worked backwards haven’t you? And counted them all first so you still had to
draw the diagram. I reckon if you’d had more time you could have found an easier
way .̂ The teacher’s intention appears to have been to show that not all strategies could
be applied to higher numbers of conjoined squares, that is, were generalisations but the
teacher responded to her own question rather than waiting for the child to reply.

The teacher selected Anna’s quasi-generality for the final solution to be discussed
(Fig. 10). Anna was one of three students who had noticed spatial structure of five
matches at the top, five at the bottom and six in the middle. When questioning Anna,
the teacher emphasised visualisation and seeing the spatial structure:

Teacher (pointing to the loops around the matches at the top and bottom): Do you
want to talk about first why you were drawing the lines like that so that they [the
other students] can understand what you were seeing?

Anna (using gesture to trace over her drawing): There are 5 sticks at the top and 5
sticks at the bottom so I put two times there (recorded as 5 + 5). There were 6 in
the middle so 2 times 5 is 10. Then I added 6 which equals 16 (recorded as 5 + 5
= 10 + 6 = 16).2

The teacher then invited Anna to explain what happened for eight squares. Anna
pointed to her equation and explained that where there was a 5 she put an 8 and Bthat one
was 6 (using a hop with her fingers to indicate one more) so I used 9^. She then
explained her solution for 10 and 100 squares, which the teacher noted she did without
the aid of a diagram. The teacher asked her to remind the students why she chose the
numbers 100, 101 and 100 for her sum, which the student explained as being the number
of matches on the top, in the middle and at the bottom. The teacher chose this solution to
illustrate how this expression could be easily applied to much larger numbers of squares
in the diagram and hence provided an illustration and explanation of generalising.

Summing up and student reflection

Mudlark year 3 lesson Following the presentation and discussion of the selected
solutions, the year 3 teacher invited the students to compare and contrast the strategies
in order to provoke reflection on their learning:

2 The teacher did not comment on the accuracy of this equation.
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So look at these four strategies we have here, they’re all pretty interesting
aren’t they? Some are really, really quick. Some take a little bit more time…
What I’d like you to do is have a look at the other people’s methods on the
board. Have a look at your method... And just write about it. (Pause) What
you think worked well, what you think about other people’s methods, has your
thinking changed from the very start when we started this activity? …

The children’s reflections suggest that their learning continued during the discussion
of different children’s solutions, reasoning and ways of recording or communicating
their generalisation. As encouraged by the teacher, the children’s written reflections
typically reported on the thinking or strategy used by someone else in the classroom:

Jess’s was very good. His addition is good to [sic]. (Bella, who grasped generality
and tried unsuccessfully to express recursive generality)

I liked how Jess did his because he knew the answer quick. Also I learned that I
can solve this problem in different ways. (A child who recorded a recursive
expression)

I think Rick’s way will work for 100 because it will be quick and easy. I think
Rick’s way was similar to Jess’s way because they both had times tables on it. (A
child who tried unsuccessfully to express the relationship multiplicatively)

The students tended to appreciate the next level of reasoning or generality. That
is, students who did not count systematically identified this as something they
should do next time, and students who used recursive expressions realised that they
could rephrase their additive expressions multiplicatively to make it easier to find
solutions for larger number terms in the growing pattern.

Swan year 4 lesson At the end of the discussion, the teacher invited the students to
reflect on their learning:
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Fig. 10 Quasi-generality expressed in an additive relationship (Anna, year 4)



Teacher: What is the most important thing that we’ve learnt from sharing our
strategies and working on this lesson?

Student: Double check and prove that your answer is right.

Teacher: How do we prove that Anna’s answers are right?

Student: If it works from the first one and you double checked the first one and
then it works for the second one and you double check the second one it probably
works for all.

The teacher interrupted to revoice and reinforce Bdouble check^, emphasising the
need to be able to test and justify your answers in order to proceed to other cases.
Another student offered Ba quicker way is to try and find a pattern first^; however, this
was not elaborated. Three responses were recorded on the whiteboard Bdouble check
answers^, Bprove^ and Bpatterns^. The teacher then set the reflection task: BHow has
your thinking changed after completing this lesson?^ Not surprisingly, the children’s
written reflections focussed on these points, as well as creating multiple solutions, rather
than generality.

My thinking has changed now because of me finding patterns and finding things
that I know already. Its [sic] very easy finding patterns. (A child who recorded
multiple solutions including recursive generalisation and random number
sentences that equalled 16)

A few students appreciated the efficiency of Anna’s solution for finding answers for
Blarge numbers^ of squares, but it was not clear that they appreciated generality:

My thinking has changed because at the start I was making number sentences then
when [the teacher] said can you figure out how many in 10 and I had to draw a
diagram andwhen I sawAnna’s I don’t have to draw a thing. (A child who expressed
a recursive generalisation for 5 squares but was not challenged by other cases.)

Other students formed incorrect generalisations for other numbers but realised their
solutions were not accurate, for example

My thinking has changed from going like, If the 10th one is 21 for the 100th one I
should do 21×10, but it has changed to being confident in myself and double
checking my ANSWERS! (A child who expressed a recursive generalisation but
was not challenged by other cases)

Observations and post-lesson discussion

Following each of the research lessons and just prior to the post-lesson discussion, all
the children’s written responses were collected by the research team so that they could
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prepare their initial statements for the post-lesson discussion. In this section, we provide
some analysis of all the children’s written responses and key points raised in the post-
lesson discussions. The analysis revealed the diversity or variation in students’ noticing
of pattern and structure and the ways of communicating generality observed during the
research lessons. Students’ approaches and solutions not included in the whole-class
discussions were raised in both post-research lesson discussions. The need to Bjump in^
whilst students were working individually to challenge students to communicate the
generality more efficiently in the year 3 class or to test the expression of generality with
other cases was raised by a research team member or the Bexpert other^ in both post-
lesson discussions.

Observation and analysis of children’s solutions

Each child’s solutions were coded according the category of generality presented in
Table 1. The number of solutions from year 3 and year 4 students fitting each level of
grasping and communicating generality and the evidence used to categorise the level
are displayed in Table 2. The data show that the students in each class who grasped
generality used more than one strategy of noticing and grasping generality or more than
one expression for communicating generality, that is a factual, recursive and/or quasi-
generality. Year 4 students produced, on average, three different solutions. From the
solutions and expressions recorded by each student, the highest level of generality
communicated was identified and the number of year 3 and year 4 students

Table 2 Frequency of solutions recorded by year 3 students (N = 14a) and year 4 students (N = 18)
categorised by level of communicating generality and strategy used

Grasping
generality

Communicating
generality

Evidence according
to strategy
or expression

Year 3
solutions
N

Year 4
solutions
N

Does not grasp
generality

Does not communicate
generality

Cannot count all 2 1

Counts all unsystematically 2 6

Random number sentences 0 13

Looking for pattern but not
successful

2 0

Gasping generality Factual generality Counts all systematically 5 3

Uses materials 1 0

Visually using drawing
(and gesture)

7 6

Recursive generality Uses counting pattern 2 3

Repeated addition 5 14

Whole-object strategy 0 4b

Quasi-generalisation Additive expression 0 3

Multiplicative expression 3 2

Total 29 55

aWork sample of one child could not be read due to poor-quality photocopied image
b Three of these solutions were incorrect
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demonstrating each level of generality is recorded in Table 3. Five year 4 students used
a quasi-variable expression of generality, fewer than might have been expected when
compared with outcomes for the year 3 students. No students recorded an explicit or
algebraic generalisation.

Mudlark year 3 lesson In the lesson plan, the year 3 class teacher predicted that
most of his students would solve this problem by counting all—43% of students did
this—and that some students would do this unsystematically—21%. The research
lesson teacher included examples of factual and recursive (14%) generalities and
two solutions illustrating quasi-generality (21%) in the whole-class discussion.
During the post-lesson discussion, the research lesson teacher and other planning
team members were concerned that some students did not notice the pattern either
when counting the number of matches for five squares or when constructing or
drawing eight squares. Observers reported that some students struggled to count
systematically even with the aid of materials. The teacher thought that after noticing
this difficulty, he should have intervened to provide some enabling or supporting
prompts. The Boutside expert^ also noted that some students were constrained in
demonstrating a higher level of generality by their number knowledge such as
counting by three, adding 3 or multiplication facts for 3. He agreed with the idea
of a Bjump in^ especially to ensure that students were recognising and describing
the pattern created when conjoining squares.

Swan year 4 lesson The year 4 research lesson teacher selected a solution fitting each
of the levels in Table 3 for the whole-class discussion. Five students (28%) expressed a
quasi-generality, three of these used a multiplicative expression, for example Alwin
who recorded two different equivalent expressions: 4 + (4 × 3) = 16 and (3 × 5) + 1 =
16. But this solution was not selected because the classroom teacher had not seen it
when roaming. The number of observers in the room may have impeded the teacher’s
capacity to monitor the students and select solutions for discussion. The lack of a
challenging prompt for all students to increase the number of squares to 8, 10 and 100
during the lesson was one of the key issues discussed during the post-lesson discussion.
It was raised by the Swan planning team, observers and the outside expert. The research
lesson teacher also stated that she thought that whole-class discussion enabled her to
test whether their expressions of generality worked for other cases. However, the
student reflections suggested that the learning reported by some students focussed on
deriving multiple solutions.

Table 3 Level of communicating generality observed for year 3 students (N = 14) and year 4 students (N = 18)

Communicating generality Year 3 students
N (%)

Year 4 students
N (%)

Does not communicate generality 3 (21) 1 (5)

Factual generality 6 (43) 2 (11)

Recursive generality 2 (14) 10 (56)

Quasi-generality 3 (21) 5 (28)
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Discussion

The aim of Japanese Lesson Study is to research the effectiveness of particular
problems and their enactment for developing students’ understanding of mathematical
concepts. Hence, the focus of observation, reflection and evaluation is whether or not
the learning objective has been achieved. The analysis of these two different research
lessons based on the Matchstick Problem found that, whilst the students produced the
anticipated range of solutions for the problem documented in the lesson plans and the
literature (Cooper and Warren 2008; Fujii and Stephens 2001; Lannin et al. 2006;
Mulligan and Mitchelmore 2009; Radford 2000, 2008, 2012; Rivera and Rossi Becker
2008; Yeap and Kaur 2008), the students’ written reflections indicated different
learning outcomes in each class. Three key findings of the study are (1) the importance
of the statement of the learning goal for designing the problem representation and its
launch, (2) the documentation of anticipated solutions to support teachers to monitor
and conduct Bpurposeful scanning^ for the selection and sequencing of students’
responses for presentation and discussion, and (3) the documentation of prompts and
questions in the research lesson plan. The first two are common characteristics of
effective structured problem-solving lessons (Inoue 2010; Stein et al. 2008; Takahashi
2008) and the third provides new insights into the planning and enacting of structure
problem-solving lessons.

The learning goals differed quite markedly for the two lessons with the year 3 lesson
focused on developing multiplicative thinking in an algebraic context, whilst the year 4
lesson focussed of developing generalising and problem-solving proficiencies. Both
research teams were satisfied that their learning goals were achieved. For the year 3
class, this was evidenced by the few students who Bmove[d] from additive to multi-
plicative thinking^ (Mudlark lesson plan) and the students who commented on more
efficient strategies or expressions used by their classmates in their written reflections.
Evidence of achieving the learning goals in the year 4 class was based on the
observation of each of their anticipated solutions by the team members and evidence
that many students Brecognise[d] pattern and formulate[d] generalisations^ (Swan LS
lesson plan). Commentary during the year 4 post-lesson discussion focussed on
extending the problem from five to eight conjoined squares rather than selecting a
more representative sample of higher-level expressions of quasi-generality for compar-
ison during the whole-class discussion.

The other critical difference between the two research lessons, and the major finding
from this study concerned the documentation of prompts and questions in the research
lesson plan. The teachers in the Mudlark LS team prepared questions and prompts for
the teacher to elicit students’ reasoning, to support students to notice and attend to
pattern, to challenge students to generalise, and to address anticipated misconceptions
in expressions of generality. The documented supporting and challenging prompts
together with anticipated solutions were very helpful for the year 3 teacher when
eliciting reasoning and sharing expressions of generality during whole-class discussion.
Using visual cues, gestures and annotations, Jess and the year 3 teacher together
communicated the generalisations being made. In so doing, they directed the other
children’s attention to specific elements of the diagram and expressions so that they
could notice common and repeated elements and begin to make connections between
mathematical symbols and the diagram. The year 4 teacher also succeeded in eliciting
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one child’s reasoning to form a quasi-generality and test that it would also be true
for other cases. However, the prompts and challenges prepared by Swan LS team
were to extend the geometric pattern to include cases for other numbers of
conjoined squares, rather than to challenge students to consider more efficient
expressions of generality.

Both teachers succeeded in eliciting students’ generalisations, but neither teacher
engaged the class in discussion of the various solutions as is the practice in Japanese
problem-solving lessons (Shimizu 1999; Takahashi 2008). Neither teacher called on
students to repeat or extend the reasoning communicated by the students whose
solutions were presented during the whole-class discussion (Anderson et al. 2011),
though the year 4 teacher did ask whether anyone else had used particular strategies as
they were discussed. Pedagogical practices promoted by the education system in which
this study was conducted strongly endorse the use of open-ended problems with
multiple solutions that can be solved using multiple strategies to enable access and
engagement by students with diverse levels of mathematical achievement (DEECD
2012). However, this does not mean that for all problems, the aim is for students to
generate as many solutions as possible. Rather, the problem-solving process and
discussion of solutions should enable students to learn something new (Becker et al.
1990). Teachers need to be aware of the range of possible solutions in order to scaffold
children’s thinking and encourage students to notice variations and compare and
contrast reasoning to seek the optimal solution for the context (Inoue 2010; Shimizu
1999; Stein et al. 2008).

Advocates of problem-solving approaches argue that teachers need to complete the
problem first themselves before using it in the classroom (Sullivan et al. 2015). But this
is not the same as generating a set of anticipated solutions, that is the range of responses
that students in the class are likely to produce, or the reasoning actions used to develop
these solutions. Teachers also need to identify those solutions that satisfy the learning
objective as well as sequence these responses to provide a trajectory for students’
learning during the whole-class discussion. For lessons with a reasoning learning
objective, such as generalising or justifying, teachers also need to anticipate students’
reasoning, beyond noticing invariance to grasp generality. This study was limited by its
focus on one generalising task and the inexperience of participants in Japanese Lesson
Study and the use of structured problem-solving lessons. Further research of teachers’
planning of structured problem-solving lessons which focuses on anticipating student
solutions, the language and symbols students will use to represent and describe their
conjecture, to explain their conjecture using examples and to test explicit expressions of
generality is needed.

Conclusion

Selecting student Bsolutions^ and the posing of questions to elicit mathematical
reasoning remain an issue that needs further research. The use of structured problem-
solving lessons enabled the teachers in this study to develop children’s capacity to grasp
and communicate generalisations to varying degrees. Solving the problem themselves
as well as anticipating children’s solutions enabled teachers to notice and attend to
variation in students’ responses when roaming the class and to select student solutions
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for whole-class discussion. Including eliciting, supporting and extending or challenging
prompts for each anticipated solution enabled one teacher to attend to misconceptions
or misinterpretations of the task and to elicit students’ reasoning when interacting
individually with students and during the whole-class discussion of solutions. These
prompts were particularly focussed on noticing what stayed the same and what changed
(Mason 2010), that is grasping generality. Further research regarding the neriage phase
of the lesson in which student’s responses are compared and contrasted and of prompts
for self-assessment that support students to continue to reason—compare, contrast,
justify and generalise—is needed.
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