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Abstract: The failure mechanism of heterogeneous rocks (geological materials), especially under
hydraulic conditions, is important in geological engineering. The coupled mechanism of
flow-stress-damage should be determined for the stability of rock mass engineering under triaxial
stress states. Based on poroelasticity and damage theory, a three-dimensional coupled model of
the flow-stress-damage failure process is studied, focusing mainly on the coupled characteristics
of permeability evolution and damage in nonhomogeneous rocks. The influences of numerous
mesoscale mechanical and hydraulic properties, including homogeneity, residual strength coefficient,
loading rates, and strength criteria, on the macro mechanical response are analyzed. Results
reveal that the stress sensitive factor and damage coefficient are key variables for controlling the
progress of permeability evolution, and these can reflect the hydraulic properties under pre-peak and
post-peak separately. Moreover, several experiments are conducted to evaluate the method in terms
of permeability evolution and failure process and to verify the proposed two-stage permeability
evolution model. This model can be used to illustrate the failure mechanics under hydraulic
conditions and match different rock types. The relation of permeability with strain can also help
confirm appropriate rock mass hydraulic parameters, thereby enhancing our understanding of the
coupled failure mechanism in rock mass engineering.

Keywords: coupled flow-stress-damage model; heterogeneous; permeability evolution; failure
progress; numerical investigation

1. Introduction

The failure mechanism under hydraulic conditions in heterogeneous geotechnical materials
is a significant issue and challenge in petroleum and mining engineering [1–3]. Failure initiation,
propagation, coalescence, and out of control in-rock engineering are vital to ensuring safe and efficient
production [4–6]. When new failures occur, the main migration pathways are formed and easily cause
complicated dynamic mutation of the fluid flow, which should be considered seriously to prevent
the induction of water inrush, gas outburst, and other dynamic disasters [7]. Experimental research
results show that rock permeability is a function of confining pressures, pore pressures, stresses and
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stress-induced damage [5,8–10]. Flow and transport behavior within developing fractures is extremely
complicated, coupling characteristics of damage on the evolution law of permeability needs to be
evaluated effectively.

Although rock tests in the laboratory or in situ are good measures to observe the fracturing process
and reveal its mechanism [11,12], conducting a large number of such experiments, especially in situ
tests, is exceedingly expensive. Conversely, numerical methods provide an alternative approach
to study the development and evolution of cracks in geotechnical materials. Many researchers
applied several different numerical methods to investigate the crack propagation in rocks and the
macroscopic scale effect in permeability of discontinuous jointed rock masses [13–19]. The finite
element method (FEM) is popular and generally accepted in rock mechanics problems due to its
convenient and maturity in handling nonlinear solutions and rock heterogeneity. In recent years, an
extended FEM has been developed and may become promising for further research, especially in
fracture analysis [16,19]. Other methods, such as displacement discontinuity method [20,21], discrete
element method [22], boundary element method [13], and particle flow code [23], have been introduced
for specific applications. Meanwhile, fracturing of anisotropic rocks, the mechanism of fracture
coalescence under different criterion, and elastoplastic theory on the failure process of heterogeneous
rocks have been the focus of research attention [14]. Tang and Liang et al. focused on materials
homogeneity statistics law, and developed the finite element code of rock failure process analysis
(RFPA) to study failure process in rock-like materials; furthermore, they applied three-dimensional
RFPA (RFPA3D) to investigate the fracture mechanism of rock samples containing a preexisted cracks [2].
Numerical simulations provide numerous phenomena that have already been demonstrated in in-situ
and laboratory tests, but methodology and model parameterization remains controversial.

The real stress state of rock mass is triaxial, and we need to confirm this as an irrefutable fact
to evaluate the stability of rock engineering. Coupled flow-stress-damage mechanism under triaxial
stress states is a vital issue [1,5,24–28]. Moreover, fracture mechanics are difficult to use for establishing
an analytical model and investigating the failure process variation of three-dimensional (3D) cracks,
considering the heterogeneous anisotropy and nonlinear features of rocks and complicated constraint
conditions [11]. Most numerical models are simplified to plane-stress or plane-strain for modeling
laboratory tests or extending to engineering problems due to the need for a balance between accuracy
and computation time. Although a computation and analysis model under two-dimensional conditions
(2D) can reveal mechanisms to a certain extent, a 3D model can better approximate actual situations,
especially in spatial fracture surfaces and flow paths. Considerable research results have shown
marked progress in the mechanism of coupled stress-seepage [7,29–31]; however, the failure process
of 3D modeling still needs further study. A good method for computing 3D failure processes in
nonhomogeneous materials was provided [1,2]; however, additional computing power (parallel
computation) is needed to obtain ideal results. With regard to the coupled characteristics of flow and
porous medium, this method does not consider the production and dissipation of excess pore pressure
arising from loading, and the sample is assumed to be fully saturated.

Coupled relationships between mechanical parameters and hydraulic properties are important
and worth exploring [32,33], and thus should be realized. For exhibiting differences, the manner
by which rock samples fail under certain conditions should be identified first. Certain tests
involving saturated/unsaturated cylindrical rock specimens under conventional triaxial are relatively
common [34–36]. Although a classical elastic solution for the macroscopic mechanical behaviors
of the rock specimen in aforementioned tests is widely used, compaction-induced pore pressure
notably increases to a peak point immediately after the application of an instant load and eventually
dissipates [37,38]. The maximum order of magnitude of the tensile tangential stress and induced pore
pressure can reach approximately 21% and 37% of the average axial stress, respectively, and there is
likely to be sufficiently high for crack initiation during the compaction of rock-like materials with a
weak tensile strength [36]. A poroelastic solution for cylinders rock sample under different loadings has
been developed, and suggested advice for describing this phenomenon has been provided [36,39,40].
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Pore pressure only affects the mechanical responses of dilated and damaged rock salt [41], however, the
rules of damage development and evolution and the relationship between permeability and damage
on poroelasticity need further study. The poroelastic solutions for rock specimens under hydrostatic
and triaxial conditions are necessary for precise predictions of the macroscopic mechanical behavior of
the saturated samples.

The current study mainly focused on the coupling characteristics of flow-stress-damage in
heterogeneous rocks based on poroelasticity. A 3D numerical model was established for study
by using FEM with the software Comsol Multiphysics with Matlab, considering the mechanism
of flow-stress-damage and different heterogeneity degrees, loading rates (displacement per unit time,
LR), residual strength coefficients (the ratio of residual strength to initial strength, RSC), and strength
criteria. Moreover, indoor rock mechanical tests were carried out to enhance the theory and method
in terms of the failure process coupled with permeability evolution and to verify and compare them
with the proposed model. This model could be applied to reveal the propagation of fractures and the
coupled fluid flow and to illustrate the macroscopic mechanical characteristic of rock masses according
to accumulative microcosmic failure. It is expected through the investigation to obtain profound
understanding of the coupled flow-stress-damage mechanism and to provide a theoretical foundation
for rock mass engineering application.

2. Theoretical Model

2.1. Mechanical Equilibrium Equation

The rock is assumed to behave as a linear elastic medium based on poroelasticity theory. The static
equilibrium equation of the porous medium can be governed by the following:

σij,j + Fi = 0 i, j = 1, 2, 3, (1)

where, σij,j = ∂σij/∂xj is the component of total stress tensor and Fi is the component of the body force
in the ith direction.

The constitutive relation for the deformed porous medium (positive for tension) can be
expressed as

εij =
1

2G
σij −

(
1

6G
− 1

9K

)
σkkδij +

α

3K
pδij, (2)

where K and G are the bulk modulus and shear modulus of rocks, respectively. α is the Biot’s coefficient
which can be obtained by experiments, p represents the fluid pressure in the pore and δij represents the
Kronecker delta, which is 1 for i = j and 0 for i 6= j.

2.2. Failure Criterion and Damage Evolution Equation

Based on damage mechanics theory, the elastic modulus of rock degrades gradually as damage
occurs, which can be expressed as (as shown in Figure 1):

E = E0(1− D), (3)

where E and E0 are the elastic modulus of the damaged and undamaged elements, respectively.
D represents the damage variable. Here, the element and its damage are assumed to be isotropic,
consequently, E, E0, and D are scalars.

In this study, the maximum tensile stress criterion and the Mohr–Coulomb (MC) criterion are
used to evaluate the tension damage and shear damage, respectively, which can be expressed as
Equation (4) [42,43].

F1 = σ1 − ft = 0 F2 = −σ1 + σ3
1 + sinϕ

1− sinϕ
− fc = 0, (4)
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where σ1 is the first principal stress, σ3 is the third principal stresses, ft is the uniaxial tensile strengths,
fc is the uniaxial compressive strengths, ϕ is the internal frictional angle, and F1 and F2 are tensile and
shear damage threshold functions, respectively. Here, the tensile stress criterion is used preferentially,
and is initially applied to evaluate whether elements are damaged under tension; only the undamaged
elements under the tensile conditions are checked for shear damage by using the MC criterion [6].

Furthermore, the Drucker-Prager (DP) criterion does not consider the effects of the invariant J3 on
the cross-sectional shape of the yield surface. This criterion is a smooth function based on the invariants
I1 and J2 together with two other constants αdp and Kdp, as stated in Equation (5). This criterion is
sometimes also named the extended Von Mises criterion because it is equivalent to the Von Mises
criterion when setting αdp = 0.

Fαdp I1 +
√

J2 − Kdp = 0, (5)

F = σ1 −
αs

2
(σ2 + σ3)− ft = 0 σ2 ≤

σ1 + αsσ3

1 + αs

F =
1
2
(σ2 + σ3)− αsσ3 − ft = 0 σ2 >

σ1 + αsσ3

1 + αs

, (6)

where F is the damage threshold functions, αdp and Kdp are the coefficients of DP strength criterion,
and αs is the influence coefficient of the intermediate principal stress.
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Figure 1. Elastic damage-based constitutive law of elements under uniaxial stress.

The traditional MC and Hoek–Brown strength criteria does not consider the intermediate principal
stress effect and should be further discussed, whereas the intermediate principal stress effect should not
be neglected in 3D studies. Higher strength values are obtained under the plane-strain condition due
to the strengthening influence of the intermediate principal stress [44–47]. The DP and unified strength
criteria (twin shear (TS) criterion) [47], both of which consider all principal stresses, are adopted
instead of F2 with F in this study. The MC criterion is a popular criterion in soil/rock mechanics.
This criterion states that failure occurs when the normal and the shear stresses acting on any element
in the geotechnical material satisfy a yield function (not considering intermediate principal stress
and other shear stress). The MC criterion provides an irregular hexagonal pyramid in the principal
stress space, generating singularities in the derivatives of the yield function. The MC criterion causes
numerical difficulties when treating plastic flow at the corners of the yield surface. The TS criterion
considers all stress components causing the failure of any element. This criterion satisfies the property
of geotechnical materials and provides a good solution to the tension problem, and the compression
meridian limits are unequal in the geotechnical materials.

As illustrated in Figure 1, the damage variable can be expressed as
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D =


0 F1 < 0 and F2 < 0

1− |εt0/ε|n F1 = 0 and dF1 > 0
1− |εc0/ε3|n F2 = 0 and dF2 > 0

. (7)

where εt0 is the maximum tensile principal strain, εc0 is the maximum compressive principal strain, ε3

is the third principal strains and ε is the equivalent principal strain and defined in Equation (8) [2].

ε =

√
〈ε1〉2 + 〈ε2〉2 + 〈ε3〉2 〈x〉 =

{
x x > 0
0 x < 0

(8)

The rock specimen in this study is assumed to comprise several mesoscopic elements to
characterize rock heterogeneity, and the mechanical characteristic of these elements are assumed
to follow a typical Weibull distribution, which is defined in Equation (9) [43]:

f (u) =
m
u0

(
u
u0

)m−1
exp
(
−
(

u
u0

)m)
, (9)

where u and u0 are the mechanical parameter of the elements and the scale parameter related to
the material parameters average, respectively. m is the shape parameter reflecting the homogeneity
degree and is defined as a homogeneity index. The value of m illustrates the statistics rule of the
mechanical parameter.

2.3. Flow Equation

The fluid is assumed to conform to Darcy’s law, and the mass conservation equation for fluid flow
in porous rock material can be expressed as follows [39,48]:

q = − k
µ
· (∇p + ρg∇Z), (10)

∂p
∂t

+∇ · (Mq) = −αM
∂εvol

∂t
, (11)

where k represents the rock permeability, ρ is the fluid density at the in-situ condition, which can be
considered as incompressible, q and p represent the velocity vector and pore fluid pressure, µ and g are
the fluid dynamic viscosity and gravity, respectively; t is the real time, Z is elevation, M represents
the Biot modulus, α is the Biot-Willis coefficient and is the change rate in the volumetric strain of the
porous matrix. The right-hand term of Equation (11) can be interpreted as the expansion rate of the
pore space. As it increases, the volume fraction available for the fluid also increases, thereby allowing
liquid to sink.

Finally, the undrained Poisson ratio νu should be noted. The drained shear modulus is identical
to the undrained shear modulus; thus, the drained and undrained Poisson’s ratios are [48]:

ν =
3K− 2G
6K + 2G

νu =
3Ku − 2G
6Ku + 2G

, (12)

where Ku represents the undrained bulk modulus of rock. The Biot modulus M can be expressed
as follows:

M =
3K(νu − ν)

α2(1− 2νu)(1 + ν)
. (13)

According to the fundamentals of poroelasticity [48], porosity φ is related to the effective confining
pressure P′ and the shear modulus of the solid phase Gs. φ0 is the porosity at the unstressed
state. Mutation coefficient ξ is introduced in Equation (15) to express permeability change due to
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damage [49,50], β represents the stress sensitive factor, and can be measured in-situ and in the laboratory
on three different scales, more details are presented in Louis’ work [51].

φ = φ0e−3P′/4Gs , (14)

k(σ, p) = ξ k0e−β(σii/3−αp), (15)

Rock permeability can be relevant to its porosity; the generalized cubic relationship of permeability
and porosity can also be used for matrices [52–56], as shown in Equation (16).

λ =

(
φ

φ0

)3(1− φ0

1− φ

)2
. (16)

Although the permeability is hereafter considered to be a stress-independent functional
relationship, the above relationship is modified considering the flow-stress-damage process.
Equation (17) indicates the exponential function for the absolute flow permeability considering porosity
and damage [57]:

k = k0λ× eαD D, (17)

where k0 is the initial permeability, and k is the current permeability under non-zero stress conditions.
In this study, the stress-permeability relationship is developed based on indoor tests and the

combination of Equations (15) and (17) yields:

k(σ, p) = k0eαD D−β(σii/3−αp) (18)

The damage coefficient αD and the stress sensitive factor β are the key variables for controlling
the progress of permeability evolution, which is a complicated and coupled progress; the damage
coefficient αD shows the increases in permeability, whereas the stress sensitive factor β state the
decrease in permeability. The results of our experimental study confirm the previous statement on the
topic, and match well with the Equation (18), more details will be discussed later. In other words, the
pre-peak and post-peak hydraulic properties are described by different parameters separately.

3. Experimental Testing

3.1. Rock Specimens and Testing Procedure

To investigate the influence of different test parameters (pore and confining pressure) on the
permeability evolution during the complete stress-strain curve, we conducted the experiments using
an electro-hydraulic servo-controlled rock mechanics testing system (MTS) 815.02. The maximum
displacement and loading capacity are 25 mm and 2700 kN, respectively. The test system contains
two subsystems, namely, axial load and pore water pressure load systems. The test process and
detailed structures of the triaxial cell are shown in Figure 2. This servo-controlled system have two
typical control (load and displacement loading) while the test data are recorded automatically. In the
experiment, rock samples were tested at hydrostatic stresses of 6 and 8 MPa with a certain pore
pressure gradient, and then the load was increased with the LR of approximately 0.005 mm/step
to failure under conventional triaxial compressive stresses. Loads, deformations, and permeability
of tested sandstone samples were recorded simultaneously. The experimental method adopted the
transient method, and the implementation steps were as follows: (1) the cylindrical rock specimens
were oven dried for 24 h or vacuumed and then saturated with water for 48 h before application. The
sample was installed onto the base plate, and the piston was maintained in contact with the upper
surface of sample, and then the triaxial cell was dropped, and oils were injected into the cell. (2) Axial
pressure (P1), confining pressure (P2), and hole pressure (P3, P4) were controlled by the computer to
reach and maintain certain values. (3) The experiment was started with axial compression applied to
the first experimental point, with P2, and P3 remaining constant at the lower side of the pore pressure
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P4, seepage results under pressure difference ∆P = P3–P4, and the ∆P-t curve was plotted. (4) Loading
was increased to the next experimental point.

Meanwhile, mercury intrusion porosimetry (MIP) was conducted for determining the porosity
of rock specimens, and scanning electron microscopy (SEM) was carried out for observing the
characteristics and connectivity of pore structure. Sandstone from a coal mine in Tangshan City, Hebei
Province, China, were selected for these tests. The sandstones were taupe, heterogeneous, and devoid of
visible weak structures. The cylindrical samples were cored to the size of Φ50 × 100 mm approximately
and oven dried for 24 h before application. Some other cylindrical rock samples were also prepared to
determine the Young’s modulus, Poisson’s ratio, and uniaxial compression strength (UCS) of the rock
materials according to the International Society for Rock Mechanics (ISRM) suggested method.
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3.2. Test Results

Two sets of standard cylindrical samples were subjected to different confining and pore pressures.
The parameters of these rocks obtained from the tests are presented in Table 1. Peak stress and strain
increase couple with the increase in hydraulic gradient and confining pressure. The average UCS
of the samples was 110.0 ± 10 MPa, and the permeability was approximately 0.2 × 10−6 Darcy to
8 × 10−6 Darcy. Figure 3 illustrates the SEM photograph of the sample F-3 and the curves of pore
diameter versus the intrusion volume of F-1 and F-3. The fine-grained texture sandstone is mainly
composed of quartz, calcite, iron oxide, and clay. The quartz crystal shape is principally granite-type
single-crystal, the cementation and the contact method of particle are pore type and point-linear contact,
respectively. A typical crystalline and blocky structure was shown in Figure 3a,b, the sandstone is
a macroscopically heterogeneous fine grained rock material with an average bulk density of about
2530 kg/m3. Furthermore, the pore structure of the samples was tested using MIP, and the porosity
was approximately 5% (Table 2), the vast majority of the pores were in the range of 0–1 µm (Figure 3c).
Numerous studies demonstrate a correlation between pore geometry and strength of different type
rocks [58–60]. Although specifically correlation for extrusive volcanic rocks, grain orientation may be
an essential feature of sandstones and affect the strength anisotropy [59]. On this basis, we did not
fully consider pore geometry and instead focused on grain anisotropy (heterogeneous) in this article.
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Table 1. Some test conditions and parameters.

Lithology Number Confining
Pressure/MPa

Inlet Water
Pressure/MPa

Differential
Pressure/MPa

Peak
Stress/MPa

Peak Strain/
× 10−3

Permeability/
× 10−6 Darcy

Sandstone

F-1 6.0 1.8 0.5 97.58 5.602 0.2169–0.3387
F-2 6.0 2.3 1.0 93.09 5.297 0.2093–8.5461
F-3 6.0 2.7 1.4 101.64 7.004 0.1499–4.3382
F-4 6.0 3.1 1.8 121.38 6.84 0.2018–4.2451
E-1 6.0 2.8 1.5 139.75 5.84 0.9075–7.8942
E-2 8.0 2.8 1.5 151.05 6.01 0.0406–3.5561
E-3 10.0 2.8 1.5 159.42 5.29 0.0514–3.1963
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Table 2. Pore structure of several samples. 

Number 
Sample 

Weight (g) 

Intrusion 

Volume (cc/g) 

Volume Percentage of Different Pore 

Diameters （%） Porosity 

(%) 0–1 1–10 10–100 100–1000 

(µm) (µm) (µm) (µm) 

F-1 3.6715 0.0181 90.06 3.87 3.87 2.21 4.59 

F-3 3.8185 0.0200 87.00 6.00 6.00 1.00 5.05 

Figure 4 reveals the complete stress-strain-permeability curve of the typical sample during 
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Figure 3. Microscopic structure of sandstone: (a) ×600 SEM photograph; (b) ×1500 SEM photograph;
(c) mercury intrusion porosimetry (MIP) accumulated volume curves.

Table 2. Pore structure of several samples.

Number
Sample

Weight (g)
Intrusion

Volume (cc/g)

Volume Percentage of Different Pore Diameters (%)
Porosity (%)0–1 1–10 10–100 100–1000

(µm) (µm) (µm) (µm)

F-1 3.6715 0.0181 90.06 3.87 3.87 2.21 4.59
F-3 3.8185 0.0200 87.00 6.00 6.00 1.00 5.05

Figure 4 reveals the complete stress-strain-permeability curve of the typical sample during
permeability testing. The two types of curves are stress-strain and permeability-strain. The permeability-
strain curve initially decreases due to compression, gradually increases before the point of peak strength,
and then increases sharply thereafter. Reference [8] showed three typical permeability-strain curves, but
pointed out the peak value of permeability occur in the strain softening region with a frequency of 11/16.
Our test results are consistent with these typical permeability-strain curves. Data from the laboratory
observations can be used to calculate the mesosize parameters of stress-seepage coupled progress,
especially in Equations (15) and (17), except for the methods mentioned in [51]. The material parameters
of the numerical simulation in this article were selected accordingly (Table 3). The parameters are
equivalent mesosize parameters, which are different from normal laboratory tests [57].

Table 3. Material parameters.

Parameters Symbol Value

Homogeneity index m 6
Elasticity modulus E 20 GPa

Poisson’s ratio ν 0.18
Compressive strength σc 170 MPa

Tensile strength σt 17 MPa
Frictional angle ϕ 30◦

Initial permeability k0 2 × 10−6 Darcy



Energies 2018, 11, 1923 9 of 16Energies 2018, 11, x FOR PEER REVIEW  9 of 16 

 

 

  
(a) (b) 

Figure 4. Stress-strain-permeability curve of rock sample; (a) Sample F-2; (b) Sample E-3. 

4. Numerical Simulation 

The main experimental observations were further investigated by applying numerical 
simulations using flow-stress-damage failure process based on poroelasticity. The differential 
equations of the flow-stress-damage model are solved numerically by using the FEM with the 
software Comsol Multiphysics with Matlab. The adaptive LR was used to match the laboratory test 
when certain element failures occurred: the modulus and strength parameters reduced following 
Equation (7), the numerical model began a loop calculation, and all other conditions remained 
unchanged until no new failure occurred. Figure 5 shows the modeling setup, discrete mesh, and 
element quality histogram of the 3D numerical model in this article. The multifrontal massively-
parallel sparse-direct solver was selected, and the time-stepping method involved backward 
differentiation formulas (BDF) with the order of accuracy varying from one (that is, backward Euler) 
to five [61]. BDF methods have been used for a long time and are known for their stability. 

σ2=σ3

σ1

σ1

σ2=σ3

pdown

pup

p

  

 

Element quality

N
um

be
r 

of
 e

le
m

en
ts

of
 s

im
ila

r q
ua

lit
y

 

(a) (b) (c) 

Figure 5. Three-dimensional (3D) numerical model: (a) The setup for modeling; (b) The discrete mesh 
with 422,051 elements; (c) Element quality histogram. 

Analytical solutions were implemented to reveal the indoor tests to a certain extent. Coupled 3D 
model was applied for experiment simulation to study stresses-seepage and the failure in triaxial 
stress. The input mechanics parameters and geometry structure for this model were rely on 
properties of test specimens and an experimental setup. The results are discussed, and additional 
details are presented and compared with the laboratory observations. According to the cylindrical 
rock samples, the numerical model with the same size of Φ50 × 100 mm was used. For the stress 
boundary, the bottom boundary was fixed, whereas the top boundary was loaded at 0.005 mm/s with 
a confining pressure of σ2 = σ3 = 6 MPa. True triaxial conditions (σ2 ≠ σ3) were not considered in this 
study because of space limitations. Such conditions will be studied in future publications. For the 

0
1
2
3
4
5
6
7
8
9

0
10
20
30
40
50
60
70
80
90

100

0 0.002 0.004 0.006 0.008 0.01

Pe
rm

ea
bi

lit
y 

 /E
-6

D
ar

cy

St
re

ss
 σ

1-
σ 3

/M
Pa

Axial Strain

σ-ε laboratory test

k-ε laboratory test

0

0.5

1

1.5

2

2.5

3

3.5

0
20
40
60
80

100
120
140
160
180

0 0.002 0.004 0.006 0.008 0.01 0.012

Pe
rm

ea
bi

lit
y 

 /E
-6

D
ar

cy

St
re

ss
 σ

1-
σ 3

/M
Pa

Axial Strain

σ-ε laboratory test 

k-ε laboratory test

Figure 4. Stress-strain-permeability curve of rock sample; (a) Sample F-2; (b) Sample E-3.

4. Numerical Simulation

The main experimental observations were further investigated by applying numerical simulations
using flow-stress-damage failure process based on poroelasticity. The differential equations of the
flow-stress-damage model are solved numerically by using the FEM with the software Comsol
Multiphysics with Matlab. The adaptive LR was used to match the laboratory test when certain
element failures occurred: the modulus and strength parameters reduced following Equation (7), the
numerical model began a loop calculation, and all other conditions remained unchanged until no new
failure occurred. Figure 5 shows the modeling setup, discrete mesh, and element quality histogram of
the 3D numerical model in this article. The multifrontal massively-parallel sparse-direct solver was
selected, and the time-stepping method involved backward differentiation formulas (BDF) with the
order of accuracy varying from one (that is, backward Euler) to five [61]. BDF methods have been used
for a long time and are known for their stability.
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Figure 5. Three-dimensional (3D) numerical model: (a) The setup for modeling; (b) The discrete mesh
with 422,051 elements; (c) Element quality histogram.

Analytical solutions were implemented to reveal the indoor tests to a certain extent. Coupled
3D model was applied for experiment simulation to study stresses-seepage and the failure in triaxial
stress. The input mechanics parameters and geometry structure for this model were rely on properties
of test specimens and an experimental setup. The results are discussed, and additional details are
presented and compared with the laboratory observations. According to the cylindrical rock samples,
the numerical model with the same size of Φ50 × 100 mm was used. For the stress boundary, the
bottom boundary was fixed, whereas the top boundary was loaded at 0.005 mm/s with a confining
pressure of σ2 = σ3 = 6 MPa. True triaxial conditions (σ2 6= σ3) were not considered in this study
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because of space limitations. Such conditions will be studied in future publications. For the flow
boundary, the bottom boundary showed a high pressure at pdown = 3.1 MPa, whereas the top boundary
presented a low pressure at pup = 1.3 MPa, and flow did not occur in the other boundary.

5. Results and Discussions

5.1. Failure Pattern and Permeability Evolution in Heterogeneous Degrees

Figure 6a,b show the numerically simulated progressive failure process and flow field distribution
under confining and hydraulic pressures, respectively, with heterogeneity degrees of m = 6. First,
failure initiation is at a low strength element because of the distribution of spatially statistical material
parameters. Tensile and shear damages (0 < D ≤ 1 for shear damage and −1 ≤ D < 0 for tensile
damage) occur during this process [57]. Figure 6a,c,d show the damage zone evolution under step
loading conditions at different heterogeneity degrees. The mesoscopic elements are marked new
damage zone when an absolute value of D exceeding 1 in the numerical simulation.
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Figure 6. Progress of damage and flow field under different heterogeneity degrees: (a) Damage with
m = 6; (b) Flow field with m = 6; (c) Damage with m = 3; (d) Damage with m = 9.

At Step_143_13, shear damage propagates and results in this shear damage zone extends (at
Step_143_16) into the nearby area, and complete failure occurs at Step_143_19. Meanwhile, shear
damage and the tensile damage appear alternately. Shear damage mainly appears at the beginning,
whereas tension damage mainly appears and acts on the rock’s typical properties to induce complete
failure. Increasing shear damage appears with small m (Figure 6c), and additional tension damage
occurs with large m even with initial failure emerging on the boundaries (the area marked with A0 in
Figure 6d). The discreteness exceeds that with small m, and the strength exhibits the inverse trend
accordingly. This outcome means that fewer elements of the sample exist near the mathematical
expectation of the strength with small m, thereby resulting in lower strength. However, no exact
relations between m and strength exist. A certain study supported the determination of the relations
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under some conditions [62]. Complete stress-strain curves with/without water were obtained
via our 3D numerical mode (Figure 7a). The results show brittle/ductile characteristics with the
decrease/increase in heterogeneity degree. The stress and strain of dry samples are, notably, slightly
higher than those of the saturated and wet samples. The results explain well the weakening effect of the
rock strength by water. Interestingly, stress-strain curves enter the unstable fracture stage in advance
with a small m. Rock brittleness gradually decreases and the nonlinear mechanical characteristics are
gradually enhanced.
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ratio of residual strength to initial strength (RSC) values; (c) Different displacement per unit time (LR)
values; (d) Different strength criteria.

Flow field distribution is more evident in the new cracks. When an element of rock sample
undergoes compression or failure, its permeability changes as the relationship in Equation (15) stated
above. Hydraulic properties can be changed with the stress state. Meanwhile, new group of fractures
form a macroscopical seepage pathway (area marked with A, B, and C in Figure 6b), and the formed
seepage pathway throughout the sandstone sample at complete failure. Moreover, the same situation
occurs under confining and hydraulic pressures with different heterogeneity degrees. The trend also
indicates that the rock sample will immediately reach the last failure, which occurs in a short time.
This phenomenon may aid in warning and forecasting in mining and tuning engineering; moreover, it
can help in the analysis of the premonition information, especially in hydraulic fracturing. The pressure
for crack initiation in hydraulic fracturing is approximately 10 MPa [1], which means increased tension
damage will appear in advance along with a varying failure pattern. Before failure, permeability and
porosity decrease with the increase in stress. However, the trend may be reversed, and permeability
maybe increase by more than one to three orders of magnitude. Several experimental tests have
illustrated that a strong correlation between permeability and volumetric change exists.
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5.2. Effect of Different Parameters and Strength Criteria

Rock failure is a gradual and non-continuous process that shows a localization phenomenon.
Rock/rock mass possesses residual strength after failure. RSC illustrates the value of residual strength
compared with initial strength. The stress-strain curve may be different when applied to different types
of rock. Figure 7b illustrates the rules of different RSC values. The stage of the curve after peak strength
changed with different RSC values. RSC minimally affected the elastic modulus during the initiation of
loading on account of the accumulated damage process. Then, the trend changed near the peak strength
point. However, apparent stress drop did not occur with higher RSC values. Inversely, brittleness
was revealed under small values of RSC. Furthermore, the failure pattern changed with different RSC
values and can be used to explain the marked shear smooth crack under certain conditions.

The ISRM suggests a loading rate of 0.002–0.005 mm/step in rock laboratory tests. The results
may be changed under different LR. A large LR induced impact failure, whereas the low LR showed
rheological behavior. Both conditions are needed to specialize rock mechanics. Thus, this factor
does not merit any additional discussion in this work. Several numerical tests were conducted
under different constant and adaptive LRs for comparison with the laboratory test and to verify the
perfect accuracy of the numerical simulations. The adaptive step is more applicable in controlling
the computation time effectively than is the constant LR. Moreover, the adaptive step changed from
0.00002 mm/step to 0.02 mm/step automatically with the development of damage.

Figure 7c shows the comparison between constant and adaptive LR, which yielded virtually
identical types of stress-strain curves. However, slight differences exist on the stress or strain level.
Meanwhile, the results of the adaptive LR and LR = 0.005 mm/step almost overlap. In general, the
constant LR can match the accuracy requirement, but should be studied further under certain specific
conditions. Such conditions include an exceedingly small constant LR for inducing new damage and
massive amounts of computation on 3D real damage modeling, which entails long computation time
and large resources.

The widely used strength criteria are MC, DP, TS, and Hoek–Brown criteria. Figure 7d illustrates
the complete stress-strain curve by using different strength criteria. The results from the TS criterion
are the most conservative, and the stress-strain level under the DP criterion is enhanced and the
highest. As stated above, the production and dissipation of excess pore water pressure causes damage
development. When excess pore pressure appears and is sufficient to induce new damage, the
failure criterion is implemented and used to estimate the failure of the element. Strictly speaking,
the Hoek–Brown criterion is an empirical function that is commonly used while dealing with rock
masses of variable quality because the material parameters can be estimated based on simple field
observations together with knowledge of the UCS of the intact rock. This article did not cover the topic
given the uncertainty regarding experiential parameters.

5.3. Relation of Permeability-Strain under Different Combined Variables

Figure 8a,b show the comparison between test data and numerical simulation results; the validity
of the present model is verified. Figure 8c,d show the complete permeability-strain curve by using
different combined variables. By keeping other variables constant and changing the damage coefficient
αD, the stress sensitive factor β, and RSC, the influence of the three items on the permeability-strain
can be determined. Figure 8c illustrates that β = 0.3 MPa−1, αD = 3, and RSC = 0.03 can match well
with sample F-3 in the laboratory test. αD controls the level of the ultimate permeability, and the stress
sensitive factor β controls the entire trend and influences the contribution of stress to permeability.
Figure 8d reveals the results under different αD and RSC values; RSC and αD play opposite roles
in influencing the level of the last permeability, except for the experimental error and rock sample
properties. Thus, the three items affect the permeability-strain relation. Although the permeability
notably increased by more than three to four orders of magnitude in actual mining, we obtained
results of approximately one to two orders of magnitude, which clearly underestimates the values
obtained from the laboratory tests and needs further study. The combined variables should be tested
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and selected reasonably in actual engineering. Notably, no significant difference in comparison with
the laboratory results was observed. Numerical results on the permeability-strain curve show the
same change trend without regard to downsized flow channels, and other channels are completely
blocked. The results perfectly explained the influence on permeability-strain under different combined
variables. In addition, the stress sensitive factor may be changed in accordance with failure initiation,
propagation, coalescence, and out of control. Thus, further specific and in-depth research should
be conducted.
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6. Conclusions 

A 3D flow-stress-damage method based on poroelasticity was applied to investigate the failure 
mechanism of rock samples under hydraulic conditions; the method was then compared with the 
laboratory observations and was analyzed to determine the influence of different material parameters 
and strength criteria. The study found that the stress sensitive factor β and the damage coefficient αD 
are key variables of permeability evolution-characterization under pre-peak and post-peak, 
separately. In addition, RSC influences post-peak permeability change. Based on the test data, a two-
stage permeability evolution model was proposed and verified, and the model can be used to 
illustrate the failure mechanics under hydraulic conditions and to match different rock types for 
considering heterogeneity. 

Different heterogeneity degrees affect the mechanics beyond the elastic limit strain. The strength 
decreased with the decrease in heterogeneous degree. The complete stress-strain curve shows 
ductility at small m values and brittleness at large m values. Moreover, a large RSC means evident 
plasticity. Inversely, the brittleness is revealed under smaller values of RSC. In the present numerical 
investigations, all parameters mentioned above exert important influence on the stress-strain-
permeability relation. Meanwhile, whether the selected strength criterion is conservative should 
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6. Conclusions

A 3D flow-stress-damage method based on poroelasticity was applied to investigate the failure
mechanism of rock samples under hydraulic conditions; the method was then compared with the
laboratory observations and was analyzed to determine the influence of different material parameters
and strength criteria. The study found that the stress sensitive factor β and the damage coefficient
αD are key variables of permeability evolution-characterization under pre-peak and post-peak,
separately. In addition, RSC influences post-peak permeability change. Based on the test data, a
two-stage permeability evolution model was proposed and verified, and the model can be used to
illustrate the failure mechanics under hydraulic conditions and to match different rock types for
considering heterogeneity.

Different heterogeneity degrees affect the mechanics beyond the elastic limit strain. The strength
decreased with the decrease in heterogeneous degree. The complete stress-strain curve shows
ductility at small m values and brittleness at large m values. Moreover, a large RSC means
evident plasticity. Inversely, the brittleness is revealed under smaller values of RSC. In the
present numerical investigations, all parameters mentioned above exert important influence on the
stress-strain-permeability relation. Meanwhile, whether the selected strength criterion is conservative
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beneficial in determining the appropriate parameters for a certain rock.
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