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It is shown that elastodynamic reciprocity provides a simpler approach for deriving the far-field dis-

placements due to buried (sub-surface) sources in a half-space, compared with integral transform

techniques. The auxiliary fields employed in this approach are the fields associated with the reflec-

tion of plane waves of the three possible polarisations, and the required far field can be expressed in

terms of these well-known auxiliary fields. The crucial step in this approach is to evaluate a surface

integral involving cross-work terms between an outgoing spherical wavefront and the auxiliary

fields consisting of incident and reflected plane waves. This integral can be evaluated by the station-

ary phase approximation for the two-dimensional case, or by a generalisation of this approximation

for the three-dimensional case. Although this evaluation involves several distinct contributions, the

final result is shown to be very simple, and it can be interpreted as a generalisation of a known

result for the one-dimensional case, whereby the net contribution arises only from counter-

propagating waves of the same mode. The results derived for a buried force are extended to the

case of buried cracks by exploiting the body force equivalents for displacement discontinuities

across a surface. VC 2017 Acoustical Society of America. https://doi.org/10.1121/1.5009666

[ANN] Pages: 2979–2987

I. INTRODUCTION

Achenbach1 has recently presented an extensive discus-

sion of elastodynamic reciprocity, including several exam-

ples of practical applications.2–10 He noted that the solutions

obtained via reciprocity can often be derived in an equally

simple or simpler manner by other approaches, notably inte-

gral transform techniques. However, that is not the case for

buried source problems in a half-space, or half-plane, for

which reciprocity provides a simpler and more elegant

approach. This has been illustrated for laser-generated ultra-

sound,5,6 and more recently for a Mode I crack as a source of

acoustic emission.10 However, these illustrations have

focussed on deriving only the surface wave motions due to

those sources. In many contexts, it is also of interest to char-

acterise the far-field bulk-wave radiation or scattering pat-

terns due to buried sources or scatterers. The aim of this

paper is to show that an application of reciprocity again pro-

vides a simple and elegant approach for this purpose.

The appropriate auxiliary solution that will be employed

is the well-known solution for the reflection of a plane wave

at the traction-free boundary of a half-space (or half-

plane).11–13 For the two-dimensional (2D) case, the crucial

step in implementing the reciprocity approach turns out to be

the use of the stationary phase approximation to evaluate the

cross-work term between an outgoing circular wavefront,

and the (total) field due to an incoming plane wave. For the

three-dimensional (3D) case, a multi-dimensional extension

of the stationary phase approximation is required to evaluate

this cross-work term between an outgoing spherical wave-

front and the field due to an incoming plane wave. In both

cases, a detailed consideration of all the contributions to this

cross-work term is lengthy, but the final result conforms to a

simple rule that is a straightforward generalisation of a

known result for the one-dimensional case.1

The present work is motivated by applications to struc-

tural health monitoring14,15 where it is of interest to charac-

terise Lamb wave scattering by cracks and delaminations in

plate-like structures, particularly when these forms of dam-

age occur at or near the boundary of a hole or a straight

edge.16–19 Representations for the scattered field due to

cracks and delaminations have the same form as the repre-

sentations for the radiated field due to crack-like sources,

except that the source density is an induced source density

that depends on the incident field.20–25 In general, this

induced source density can only be determined computation-

ally,26–30 but it is often sufficient to estimate the source den-

sity by using, for example, a quasi-static approximation that

is appropriate in the short crack (or long wavelength) limit.31

Indeed, in that limit, the radiated or scattered field from a

crack can be approximated by a point source consisting of a

particular combination of force doublets (or dipoles), which

represents the field due to an infinitesimal crack ele-

ment.20–23 The present work will only consider in detail the

field for a buried force or crack element in a half-plane ora)Electronic mail: francis.rose@dst.defence.gov.au

J. Acoust. Soc. Am. 142 (5), November 2017 VC 2017 Acoustical Society of America 29790001-4966/2017/142(5)/2979/9/$30.00

https://doi.org/10.1121/1.5009666
mailto:francis.rose@dst.defence.gov.au
http://crossmark.crossref.org/dialog/?doi=10.1121/1.5009666&domain=pdf&date_stamp=2017-11-01


half-space, but it will be clear that the approach is also advan-

tageous for any configuration for which there is a convenient

analytical solution for the field due to an incident plane wave.

This includes therefore the case of cracks and delaminations

at or near the boundary of circular or spherical holes.32

The paper is organised as follows. The buried source

problem is formulated in Sec. II for a 2D point force (or line

load), and a solution based on reciprocity is presented. The

key step in deriving this solution is considered in detail in

Sec. III, where it is shown that an application of the stationary

phase approximation leads to a simple rule for evaluating the

cross-work surface integral. This approach is extended to the

3D problem for a buried force in Sec. IV, which requires an

extension of the stationary phase approximation to multi-

dimensional integrals.33,34 This solution serves as the building

block for the representation of the radiated or scattered field

due to various sources or scatterers. The case of a 3D crack-

like scatterer is considered in Sec. V where it is shown that

reciprocity leads to a compact representation for the far-field

displacements. These compact representations for buried sour-

ces constitute the novelty in the present work relative to the

existing literature. Finally, some straightforward generalisa-

tions of the present approach are briefly noted in Sec. VI.

II. SOLUTION FOR A TWO-DIMENSIONAL BURIED
FORCE

The reciprocal theorem for time-harmonic elastic fields

can be stated as follows (Ref. 1, Sec. 6.2):ð
V

ðf A �uB� f B �uAÞdV¼
ð

S

ðTB �uA�TA �uBÞdS; (1)

where u, f denote, respectively, the elastic displacement and

the body force for two states identified by the superscripts A,

B, with the time factor e�ixt omitted, and T denotes the cor-

responding traction vector, i.e., Ti ¼ rjinj where rij denotes

the stress tensor, n ¼ nj the outward normal to the closed

surface S, and the summation convention over repeated sub-

scripts applies. To illustrate the application of this theorem

for buried sources, consider first the 2D plane strain problem

for a point force in an isotropic half-plane. State A is chosen

to be the solution of the equations of motion

ðkþ lÞrr � uþ lr2uþ qx2u ¼ �f ; (2a)

where k; l denote the Lam�e parameters, q the density, and

the body force is given by

fx ¼ PdðxÞdðy� lÞ;
fy ¼ 0;

(2b)

with d denoting the Dirac delta function, corresponding to a

horizontal force as shown in Fig. 1. This solution is subject

to the traction-free boundary condition

T ¼ 0 on y ¼ 0; (2c)

and the requirement of representing outgoing waves, in

accordance with the Sommerfeld radiation condition. The

far field can therefore be expected to consist of outgoing

longitudinal and transverse waves travelling with speeds

cL; cT , respectively, and with amplitude exhibiting the char-

acteristic inverse-square-root spatial decay for 2D wave

motion. Thus, an appropriate ansatz for the far field is

uA
r � AL

x hð ÞX kLrð Þ;
uA

h � AT
x hð ÞX kTrð Þ;

X krð Þ ¼
ffiffiffiffiffiffiffiffiffiffi

i

8pkr

r
eikr; (3)

where r; h denote polar coordinates, kL ¼ x=cL; kT ¼ x=cT

the wavenumbers, and the symbol � is used here and in the

sequel to denote asymptotic equality, i.e., omitting terms that

are asymptotically negligible compared with the retained term

for kr� 1, where k ¼ kL or kT : The functions AL;AT charac-

terising the angular dependence remain to be determined.

Before proceeding, it is noted that the function X in Eq.

(3) is the far-field asymptotic expansion of the free-space

Green function for the 2D scalar wave equation. More pre-

cisely, this Green function is the solution of

r2Gþ k2G ¼ �dðxÞdðyÞ; (4a)

that satisfies the Sommerfeld radiation condition. This solu-

tion is given by (Ref. 1, Sec. 6.6)

G r; hð Þ ¼ i

4
H 1ð Þ

0 krð Þ � X krð Þ: (4b)

This choice for the radial dependence in the ansatz corre-

sponds to that used for defining the scattering amplitude in

the context of diffraction tomography.35–38

State B is chosen to be the field due to an incident plane

wave that also satisfies the traction-free boundary condition

in Eq. (2c). More precisely, to determine AL
x ; the incident

wave must be chosen to be a longitudinal wave (P-wave) of

unit amplitude, given by

uILðx; yÞ ¼ d0eikLa�x;

d0 ¼ a ¼ �ðcos h0; sin h0Þ;
(5)

with a denoting the unit vector in the direction of propaga-

tion, as indicated schematically in Fig. 1, and d0 the unit

vector characterising the polarisation of the incident wave.

The total field due to this incident wave will be denoted by

FIG. 1. (Color online) The two-dimensional configuration for a buried point

force in a half-plane y � 0 showing the volume V and surface S employed in

Eq. (1), as well as the incident plane wave that generates the required auxil-

iary field.
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uBLðx; y; h0Þ: This field is well known.1,11–13 It consists of

the incident wave and two reflected plane waves, as follows:

uBLðx; y; h0Þ ¼ uIL þ A11uRL þ A21uRT ; (6a)

uRL ¼ d1eikLb�x; b ¼ d1 ¼ �ðcos h0; sin h0Þ; (6b)

uRT ¼ d2eikTc�x; c ¼ ð�sin w0; cos w0Þ;
d2 ¼ �ðcos w0; sin w0Þ; (6c)

j sinw0 ¼ cosh0; j¼ cL=cT ¼ 2ð1� tÞ=ð1� 2tÞ½ �1=2;

(6d)

A11 ¼ ðsin 2/0 sin 2w0 � j2 cos22w0Þ=D; (6e)

A21 ¼ ð2j sin 2/0 cos 2w0Þ=D; (6f)

/0 ¼ p=2� h0; D ¼ sin 2/0 sin 2w0 þ j2 cos22w0:

(6g)

The key features of this solution are (i) the x-component of

the reflected wave vectors must be equal to that of the inci-

dent wave, in accordance with Snell’s law; (ii) the propaga-

tion vectors b; c; and polarisations are therefore given by

Eqs. (6b), (6c), and the reflection coefficients A11; A21; are

readily derived from the boundary condition Eq. (2c).

Because the geometry does not involve any characteristic

lengths, these reflection coefficients do not depend on fre-

quency (or wavelength): they only depend on the angle of

incidence h0 (measured from the x axis, as indicated in Fig.

1), and the Poisson ratio t, through the parameter j defined

in Eq. (6d).

On applying Eq. (1) to these two states, one finds that

the left-hand side (LHS) reduces to PuBL
x ð0; l; h0Þ; by virtue

of Eq. (2b) and noting that f B ¼ 0; whereas the right-hand

side (RHS) will be shown in Sec. III to reduce to �ðk
þ2lÞAL

x ðh0Þ; thereby leading to

AL
x h0ð Þ ¼ �

1

kþ 2l
PuBL

x 0; l; h0ð Þ: (7)

Next, to determine AT
x in Eq. (3), the incident wave is

chosen to be a transverse wave of unit amplitude incident at

an angle h0 to the x axis, as specified by

uITðx; yÞ ¼ d0eikTa�x;

a ¼ �ðcos h0; sin h0Þ; d0 ¼ ðsin h0;�cos h0Þ:
(8)

The total field can again be expressed as the sum of three

plane waves, as follows:1,11–13

uBTðx; y; h0Þ ¼ uIT þ A12uRL þ A22uRT ; (9a)

uRL ¼ d1eikLb�x; b ¼ d1 ¼ ð�sin /0; cos /0Þ;
sin /0 ¼ j cos h0; (9b)

uRT ¼ d2eikTc�x; c ¼ ð�cos h0; sin h0Þ;
d2 ¼ �ðsin h0; cos h0Þ; (9c)

A12 ¼ �ðj sin 4w0Þ=D; (9d)

A22 ¼ ðsin 2/0 sin 2w0 � j2 cos22w0Þ=D; (9e)

w0 ¼ p=2� h0; D¼ sin 2/0 sin 2w0þj2 cos 2w0: (9f)

It is noted that in this case, the character of the solution is

different for values of the incident angle h0 below a critical

value hc defined by j sin hc ¼ 1: For h0 ¼ hc the reflected

longitudinal wave is at grazing incidence, i.e., the wave vec-

tor is aligned with the negative x axis; for 0 < h0 < hc; the

reflected longitudinal wave is an inhomogeneous plane

wave, still propagating in the direction of the negative x
axis, but with an amplitude that decays exponentially with

depth y from the boundary y ¼ 0:
With this choice for the B-state, and the ansatz in Eq.

(3) for the A-state, Eq. (1) now leads to

AT
x h0ð Þ ¼ �

1

l
PuBT

x 0; l; h0ð Þ: (10)

Thus, it can be seen that an application of reciprocity leads

to a compact expression for the angular dependence of the

far field due to a buried horizontal force, involving only the

well-known solution for plane wave reflection in a half-

plane. Furthermore, the notation clearly suggests how the

result might be extended to a point force of arbitrary direc-

tion. The preceding analysis can be repeated for a vertical

force, leading to the same results as in Eqs. (7) and (10), but

with the x-component of the B-field replaced by the y-

component.

These results can now be combined to obtain the far-

field solution of Eqs. (2a) for an arbitrarily directed body

force acting at an arbitrary point n; as specified by

f ¼ Fdðx� nÞ (11a)

in a half-plane y � 0 subject to the traction-free boundary

condition Eq. (2c) and the Sommerfeld radiation condition,

in the following form:

urðr; hÞ � ALðhÞXðkLrÞ; (11b)

uhðr; hÞ � ATðhÞXðkTrÞ; (11c)

AL h0ð Þ ¼ �
1

kþ 2l
F � uBL n; h0ð Þ; (11d)

AT h0ð Þ ¼ �
1

l
F � uBT n; h0ð Þ; (11e)

where uBL and uBT are the fields given by Eqs. (6) and (9),

corresponding to the reflection of an incident longitudinal or

transverse plane wave, respectively.

It is worth pointing out that the preceding derivation

based on reciprocity is definitely simpler than the alternative

approach based on integral transforms, which would require

a separate representation for the potentials in the domains

0 � y < l and l < y <1; leading to a requirement to solve

a set of six simultaneous equations for six unknown coeffi-

cients, so as to satisfy the matching and boundary conditions

on y ¼ l and y ¼ 0:39,40 By contrast, for the case of surface

forces, the integral transform approach would only require
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the solution of two simultaneous equations for two unknown

coefficients, which can be considered to be a comparable

level of simplicity to the solution for plane wave reflection

that also requires the solution of two simultaneous equations

to determine the reflection coefficients.

III. EVALUATION OF THE SURFACE INTEGRAL

We return now to evaluating the surface integral on

the RHS of Eq. (1) for the case of a horizontal force and

an incident longitudinal wave, i.e., for state A given by Eq.

(3) and state B by Eq. (6). The surface S is taken to be a

closed curve consisting of a straight segment �R < x < R
along the x axis, closed by a semi-circle of radius R, as

shown in Fig. 1. The integral along the straight segment

vanishes in view of the traction-free boundary condition

Eq. (2c) that applies for both states, leaving only the inte-

gral around the semi-circle.

Consider first the contribution from the second term on

the RHS of Eq. (1), which leads toð
S

�TA �uBdS¼�R

ðp

0

ðrA
rru

BL
r þrA

rhuBL
h Þdh

¼ iðkþ 2lÞkLRXðkLRÞfI1þA11I2þA21I3g
� ilkTRXðkTRÞfI4þA11I5þA21I6g;

(12a)

where we have used the asymptotic expressions for the stress

components of the A-field, viz.,

rA
rr � ðkþ 2lÞuA

r;r ¼ iðkþ 2lÞkLXðkLRÞAL
x ðhÞ;

rA
rh � luA

h;r ¼ ilkTXðkTRÞAT
x ðhÞ; (12b)

and a comma preceding a subscript indicates as usual a par-

tial derivative with respect to that subscript. The three terms

in each of the curly brackets in Eq. (12a) arise from the three

plane waves constituting the B-field, as indicated in Eq. (6a).

Consequently, evaluating Eq. (12a) reduces to evaluating the

following six integrals:

I1 ¼
ðp

0

AL
x ðhÞ cosðh� h0Þe�ikLR cosðh�h0Þdh; (13a)

I2 ¼
ðp

0

AL
x ðhÞ cosðhþ h0Þe�ikLR cosðhþh0Þdh; (13b)

I3 ¼
ðp

0

AL
x ðhÞ cosðh� w0ÞeikT R sinðh�w0Þdh; (13c)

I4 ¼
ðp

0

AT
x ðhÞ sinðh� h0Þe�ikLR cosðh�h0Þdh; (13d)

I5 ¼
ðp

0

AT
x ðhÞ sinðhþ h0Þe�ikLR cosðhþh0Þdh; (13e)

I6 ¼
ðp

0

AT
x ðhÞ sinðh� w0ÞeikT R sinðh�w0Þdh: (13f)

For large values of R, these integrals can be evaluated by the

stationary phase approximation,11 which is asymptotically

exact, i.e., the neglected terms are negligible compared with

the retained term for kR� 1; where k ¼ kL or kT : Thus, for

I1; the stationary phase condition occurs for h ¼ h0; which

leads to

I1 �
ffiffiffiffiffiffiffiffi
2pi

kLR

r
AL

x h0ð Þe�ikLR; (14a)

whereas for I2 the stationary phase condition occurs for

h ¼ p� h0; leading to

I2 � �
ffiffiffiffiffiffiffiffiffi
2p

ikLR

r
AL

x p� h0ð ÞeikLR; (14b)

and for I3 the stationary phase condition occurs for h ¼ w0

þp=2; leading to

I3 � 0; (14c)

because of the term cosðh� w0Þ in the integrand.

This last result has an intuitively plausible physical

interpretation: it indicates that the cross-work term corre-

sponding to the work done by the radial stress component of

state A, which propagates with speed cL; working through

the displacement associated with the mode-converted trans-

verse plane wave of state B, which propagates with a differ-

ent speed cT , is asymptotically equal to zero for large R. For

the same reason, it is found that

I4 � 0; (14d)

I5 � 0; (14e)

whereas

I6 �
ffiffiffiffiffiffiffiffiffi
2p

ikTR

r
AT

x w0 þ p=2
� �

eikT R: (14f)

The same approach can now be used to evaluate the first

term on the RHS of Eq. (1), to obtain

ð
S

TB �uAdS¼R

ðp

0

ðrBL
rr uA

r þrBL
rh uA

h Þdh

¼ iðkþ2lÞkLRXðkLRÞ
	fI7þA11I8þA21I9g
� ilkTRXðkTRÞfI10þA11I11þA21I12g:

(15)

It can again be verified that only three of these six new inte-

grals are non-zero, viz., I7; I8; and I12: Moreover, two of

those non-zero integrals cancel the corresponding terms in

Eqs. (14), leading to

I1 þ I7 ¼ 2I1;

I2 þ I8 ¼ 0;

I6 þ I12 ¼ 0:

(16)

These results can now be substituted in Eqs. (12) and (15) to

obtain the result previously stated in Sec. II, Eq. (7), thereby

completing the required proof.
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It can be observed that, although the detailed derivation

is lengthy, because it involves a consideration of 12 distinct

contributing terms, the final result is very simple: the net

contribution to the RHS of Eq. (1) arises from the terms

leading to the integrals I1 and I7: These terms arise from the

counter-propagating longitudinal waves in the two states A
and B. The stationary phase approximation results in an

effect similar to that of a Dirac delta function, in the sense

that the RHS of Eq. (1) only depends on the angular factor

AL
x ðhÞ for h ¼ h0; which is the angle of incidence of the lon-

gitudinal plane wave employed for state B, and which also

corresponds to the stationary phase condition for I1 and I7:
The stationary phase approximation also leads to non-zero

integrals for the terms corresponding to waves of the same

mode propagating in the same direction, but these contribu-

tions cancel out between the two terms on the RHS of Eq.

(1). These results can be regarded as a generalisation to 2D

elasticity of the corresponding result for 1D wave propaga-

tion, as presented in Ref. 1, Sec. 1.5, but noting the following

differences: (i) there are now two bulk-wave modes, and the

non-zero contribution arises only from the counter-

propagating waves of the same mode; and (ii) the choice for

the auxiliary state now entails specifying a particular angle

of incidence, in addition to a direction of propagation, and

the contribution from the counter-propagating waves arises

only from that particular angle.

The preceding analysis can now be repeated to derive

the result stated in Eq. (10) for the transverse wave compo-

nent of the far field, Eq. (3), by employing as state B the field

due to an incident transverse wave, as given by Eq. (9). As

noted in Sec. II, the mode-converted wave in this case is an

inhomogeneous plane wave for a certain range of incident

angles. However, this does not affect the above simple rule,

because the mode-converted wave again makes no contribu-

tion to the RHS of Eq. (1).

IV. THREE-DIMENSIONAL SOLUTION FOR A BURIED
POINT FORCE

There are two points of novelty when applying reciproc-

ity to derive the 3D analogue of the results presented in Sec.

II for a 2D buried force, viz., (i) a multi-dimensional gener-

alisation of the stationary phase approximation is

required;33,34 (ii) the auxiliary field must now include the

anti-plane field due to the reflection of a shear horizontal

(SH) wave,11–13 in addition to the plane strain fields that

were employed in Sec. II. Accordingly, the field that was

previously described in Sec. II as being due to a transverse

incident wave will now be identified as being due to an inci-

dent shear vertical (SV) wave, for clarity.

A. Solution for a horizontal force

Let state A represent the solution of the 3D version of

Eqs. (2a) and (2c), with the body force f now specified by

fx ¼ PdðxÞdðyÞdðz� lÞ;
fy ¼ fz ¼ 0; (17)

as shown in Fig. 2, and we again require the solution that sat-

isfies the Sommerfeld radiation condition. Thus, a suitable

ansatz for the far field is now

uA
r ðr; h;uÞ � AL

x ðh;uÞKðr; kLÞ; (18a)

uA
h ðr; h;uÞ � ASV

x ðh;uÞKðr; kTÞ; (18b)

uA
uðr; h;uÞ � ASH

x ðh;uÞKðr; kTÞ; (18c)

K r; kð Þ ¼ eikr

4pr
; (18d)

where ðr; h;uÞ denote spherical polar coordinates, and

Kðr; kÞ is the free-space Green function for the 3D scalar

wave equation, i.e., the 3D analogue of Eq. (4). The corre-

sponding stress components that will be required for evaluat-

ing the RHS of Eq. (1) are

rA
rr � ðkþ 2lÞuA

r:r ¼ iðkþ 2lÞkLKðr; kLÞAL
x ðh;uÞ;

(19a)

rA
rh � luA

h;r ¼ ilkTKðr; kTÞASV
x ðh;uÞ; (19b)

rA
ru � luA

u;r ¼ ilkTKðr; kTÞASH
x ðh;uÞ: (19c)

The auxiliary fields chosen for state B are the fields gen-

erated by incident plane waves of three different polarisa-

tions, identified by superscripts L, SV, and SH. Thus, to

determine AL
x ðh;uÞ; for a particular direction ðh0;u0Þ, the

appropriate B-field is that due to an incident longitudinal

wave of unit amplitude given by

uILðx; y; zÞ ¼ d0eikLa�x;

d0 ¼ a ¼ �ðsin h0 cos u0; sin h0 sin u0; cos h0Þ: (20)

This field is denoted by uBLðx; y; z; h0;u0Þ; and it is impor-

tant to note that despite the 3D setting, this is the same 2D

plane-strain field that was employed in Sec. II, but rotated

about the z-axis through an angle u0. Therefore, one can

again write

FIG. 2. (Color online) The three-dimensional configuration for a buried

point force in a half-space z � 0 showing the volume V and surface S
employed in Eq. (1), as well as the incident plane wave that generates the

required auxiliary field.
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uBLðx; y; z; h0;u0Þ ¼ uIL þ A11uRL þ A21uRSV; (21)

where the reflected plane waves uRL and uRSV are also rotated

through the same angle u0, and the reflection coefficients

A11;A21 are those given earlier by Eqs. (6e) and (6f), but

care is required in transcribing these coefficients, as well as

the detailed expressions for the displacement and stress com-

ponents, due to differences in notation between the 3D case

and the 2D case presented in Sec. II. In particular, h now

denotes the polar angle measured from the z-axis, rather than

the x axis, and the z-axis now corresponds to the y-axis for

the 2D case.

To evaluate Eq. (1), S is taken to be the surface of a

hemi-spherical domain V of radius R> l, as indicated in

Fig. 2. The LHS reduces to PuBL
x ð0; 0; l; h0;u0Þ; by virtue of

Eq. (17), and recalling that f B ¼ 0: As for the RHS, the

integral over the flat portion z ¼ 0 again vanishes by virtue

of the boundary condition in Eq. (2c), which applies for

both states A and B, leaving the integral over the hemi-

spherical surface, which can be expressed as follows:

RHSEq:ð1Þ¼R2

ð2p

0

ðp=2

0

ðTB �uA�TA �uBÞsinhdhdu:

(22a)

Each of the terms in this integral involves several contribu-

tions arising from the various plane waves comprising the B-

field, which leads to integrals involving different exponen-

tials. For example, the second term of Eq. (22a) leads to

�R2

ð2p

0

ðp=2

0

ðrA
rru

BL
r þ rA

rhuBL
h þ rA

ruuBL
u Þ sin hdhdu:

(22b)

Using Eqs. (19)–(21), the first term of this expression can be

further expanded as follows:

�R2

ð2p

0

ðp=2

0

rA
rru

BL
r sin hdhdu

¼ iðkþ 2lÞkLR2KðR; kLÞfI1 þ A11I2 þ A21I3g:
(22c)

Here I1 is the 3D analogue of the integral defined by Eq.

(13a), which is now given by

I1 ¼
ð2p

0

ðp=2

0

AL
x ðh;uÞe�ikLR cos v cos v sin hdhdu; (23a)

cos v ¼ r̂0 � x̂ ¼ sin h sin h0 cosðu� u0Þ þ cos h cos h0;

(23b)

where v denotes the angle between the unit vectors r̂0 ¼ �a;
and x̂ ¼ x=jxj, and r̂0 can be regarded as pointing in the

direction of the source of the incident plane wave. The inte-

grals I2 and I3 are similarly the 3D analogues of the integrals

defined by Eqs. (13b) and (13c), with the exponential terms

in these integrals again arising from expressing a plane wave

in terms of spherical polar coordinates. These integrals can

be evaluated asymptotically for large kR by an extension of

the stationary phase approximation to multi-dimensional

integrals.33,34 For the purposes of illustration, it will suffice

to note here the result for I1, which arises from the stationary

phase condition for h ¼ h0;u ¼ u0; so that cos v ¼ 1;

I1 � i2pAL
x h0;u0ð Þ e

�ikLR

kLR
: (23c)

Each of the three terms in Eq. (22b) will lead to three

integrals, and the first term in Eq. (22a) will also lead to nine

integrals. For brevity, these integrals will not be presented in

detail here. It is sufficient to note that the stationary phase

approximation again leads to the same conclusion as in Sec.

III for the 2D case, viz., (i) integrals like I3 arising from

cross terms involving waves of different modes vanish

asymptotically; (ii) integrals like I2 arising from cross terms

involving waves of the same mode propagating in the same

direction are non-zero, but these contributions cancel out

between the two terms in Eq. (22a). Thus, the simple rule

again applies: the RHS of Eq. (1) can be evaluated by using

double the value associated with the integral I1 which arises

from counter-propagating waves of the same mode. This

leads to the result

PuBL
x ð0; 0; l; h0;u0Þ ¼ �ðkþ 2lÞAL

x ðh0;u0Þ; (24)

thereby providing an explicit solution for AL
x ðh;uÞ in terms

of the known B-field.

This procedure can now be repeated to determine the

two other angular functions in Eqs. (18b) and (18c).

However, the pattern for this derivation is now clear, and it

will suffice to record next the result for the general case of a

buried force.

B. Solution for a point force of arbitrary orientation

For ease of reference, we shall summarize here the prob-

lem formulation as well as the solution obtained by applying

the reciprocal relation in Eq. (1).

The far-field displacements corresponding to the solu-

tion of the 3D time-harmonic equations of motion for an

arbitrarily oriented point force given by

ðkþ lÞrr � uþ lr2uþ qx2u ¼ �f ; (25a)

f ¼ Fdðx� nÞ; n ¼ ðn; g; fÞ; f > 0; (25b)

in a half-space z > 0 subject to the traction-free boundary

condition.

T ¼ rjinj ¼ 0 on z ¼ 0; (25c)

with n ¼ ð0; 0;�1Þ; and the Sommerfeld radiation condi-

tion, can be derived from Eq. (1) in the following form:

urðr; h;uÞ � ALðh;uÞKðr; kLÞ; (26a)

uhðr; h;uÞ � ASVðh;uÞKðr; kTÞ; (26b)

uuðr; h;uÞ � ASHðh;uÞKðr; kTÞ; (26c)
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K r; kð Þ ¼ eikr

4pr
; (26d)

with

AL h0;u0ð Þ ¼ � 1

kþ l
F � uBL n; r̂0ð Þ; (26e)

ASV h0;u0ð Þ ¼ � 1

l
F � uBSV n; r̂0ð Þ; (26f)

ASH h0;u0ð Þ ¼ � 1

l
F � uBSH n; r̂0ð Þ; (26g)

r̂0 ¼ ðsin h0 cos u0; sin h0 sin u0; cos h0Þ; (26h)

where uBL;uBSV; uBSH; denote, respectively, the auxiliary

fields generated by an incident longitudinal, shear vertical,

and shear horizontal plane wave, with propagation direction

given by �r̂0: The fields uBL;uBSV are the plane-strain fields

given by Eqs. (6) and (9) but rotated around the z-axis

through an angle u0; keeping in mind the differences in nota-

tion between the 3D and 2D coordinates. The field uBSH is

similarly obtained by rotating the anti-plane field due to an

incident unit amplitude shear-horizontal plane wave in a

traction-free half-space.11–13 Thus, by reducing the solution

for a buried point force to the well-known solutions for plane

wave reflection in a traction-free half space, the reciprocal

relation Eq. (1) can justifiably be claimed to provide a sim-

pler solution than would be obtained from a direct applica-

tion of integral transform techniques.

V. SOLUTION FOR BURIED CRACKS

The solution derived in Sec. IV for a point force pro-

vides the Green function that underpins representation theo-

rems for the radiated or scattered field due to crack-like

sources and scatterers,20,21,23–25 as well as volume sources

and inhomogeneities,21,22 in a half-space. In particular, a

crack or delamination can be modelled as an open surface R
across which the elastic displacement can be discontinuous.

This discontinuity is quantified by

DuðxÞ ¼ uþðxÞ � u�ðxÞ; (27a)

where uþ denotes the displacement on the top face of R; as

indicated by the specified direction for the normal vector n
in Fig. 3, and u� denotes the displacement on the bottom

face. The time-harmonic scattered field due to the crack can

then be expressed as follows:20,21

umðxÞ ¼
ð

R
DuiðnÞcijklGmk;lðx; nÞnjdRðnÞ; (27b)

where cijkl denotes the elasticity tensor, which can be

expressed in terms of the Lam�e parameters for an isotropic

material,

cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ; (27c)

whereas Gijðx; nÞ denotes the Green function representing

the ith component of displacement at a field point x due to

the jth component of force applied at the point n, and dRðnÞ

denotes an infinitesimal element of area on the surface R:
The displacement discontinuity that serves as the source

strength in Eq. (27b) must generally be determined computa-

tionally. In the case of the radiated field due to crack growth,

the time evolution of the surface R must also be determined,

which requires a time-domain formulation.26–29 However,

valuable insights can often be obtained by using various

approximations. In particular, it is useful to consider the

point-scatterer limit for which the source strength can be

specified in terms of Dirac delta functions.

A case of particular interest is a Mode I (tensile) crack

element, with the crack surface R lying in the yz-plane, i.e.,

n ¼ ð1; 0; 0Þ in Fig. 3, which can be specified as follows

Dux ¼ UdðyÞdðz� lÞ on x ¼ 0;

Duy ¼ Duz ¼ 0; (28)

where the source strength U represents the crack volume,

i.e., the integral of the crack opening Dux over the area R,

which can be estimated by a quasi-static approximation for

small cracks (relative to the wavelength),31 and the location

ð0; 0; lÞ can be regarded as the centroid for this volume. On

substituting Eq. (28) into Eq. (27), the integral can be inter-

preted as the field due to a particular combination of force

doublets (or dipoles) as shown in Fig. 4.20,21 This equiva-

lence means that the field due to the crack element in Eq.

(28) can also be specified as the solution of Eq. (25a) with

the body force specified as follows:

FIG. 3. (Color online) A surface of displacement discontinuity R; represent-

ing a crack or delamination in a half-space z � 0:

FIG. 4. (Color online) The force doublets comprising the body force equiva-

lent for a Mode I crack element, with the crack lying in the plane x ¼ 0.
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fx ¼ �ðkþ 2lÞUd0ðxÞdðyÞdðz� lÞ; (29a)

fy ¼ �kUdðxÞd0ðyÞdðz� lÞ; (29b)

fz ¼ �kUdðxÞdðyÞd0ðz� lÞ: (29c)

The advantage of this alternative specification is that the

field can be easily derived by applying Eq. (1). Consider, for

example, the case of a horizontal doublet, specified by

fx ¼ �ðkþ 2lÞUd0ðxÞdðyÞdðz� lÞ;
fy ¼ fz ¼ 0: (30)

By following the approach presented in Sec. IV A for a hori-

zontal force, one would now obtain, instead of Eq. (24),

Uðkþ 2lÞuBL
x;xð0; 0; l; h0;u0Þ ¼ ðkþ 2lÞAL

x ðh0;u0Þ:
(31)

The reason for retaining the factor ðkþ 2lÞ on both sides of

Eq. (31) is to make it easier to see that by summing the con-

tributions from the three doublets in Eq. (29), one would

obtain

UrBL
xx ð0; 0; l; h0;u0Þ ¼ ðkþ 2lÞAL

x ðh0;u0Þ: (32)

This derivation can be repeated for the other angular func-

tions to show that the far field due to the Mode I crack ele-

ment specified by Eq. (28), or equivalently by Eq. (29), is

given by the ansatz in Eq. (18) with

AL
x h0;u0ð Þ ¼ 1

kþ 2l
UrBL

xx 0; 0; l; h0;u0ð Þ; (33a)

ASV
x h0;u0ð Þ ¼ 1

l
UrBSV

xx 0; 0; l; h0;u0ð Þ; (33b)

ASH
x h0;u0ð Þ ¼ 1

l
UrBSH

xx 0; 0; l; h0;u0ð Þ: (33c)

The fact that only the rxx component of the respective auxil-

iary fields is required for this solution is intuitively plausible:

it is only that stress component that does work against the

Mode I crack opening Dux for a crack lying in the yz-plane.

Although this result has been derived here in the context of

the bulk-wave contributions to the far field, it can readily be

verified that it also applies for the surface wave contribution,

i.e., the reciprocity approach for deriving the surface motions

due to a buried Mode I crack element specified by Eq. (28)

will only require the rxx component of the Rayleigh wave

field, which serves as the auxiliary field. This result appears to

have been overlooked in previous work.10

The preceding observation for the field due to a Mode I

crack element paves the way for the following generalisation

which can be derived by applying Eq. (1) in conjunction

with the body-force equivalent for displacement discontinu-

ities. The far field due to a crack element specified by the

displacement discontinuity

Du ¼ Udðx� nÞ; n ¼ ðn; g; fÞ; f > 0; (34a)

across a surface with normal n, is given by Eqs. (26a)–(26d)

with

AL h0;u0ð Þ ¼ 1

kþ 2l
Ujr

BL
ji n; r̂0ð Þni; (34b)

ASV h0;u0ð Þ ¼ 1

l
Ujr

BSV
ji n; r̂0ð Þni; (34c)

ASH h0;u0ð Þ ¼ 1

l
Ujr

BSH
ji n; r̂0ð Þni: (34d)

Whilst this result is of interest in its own right, as a

point-scatterer approximation for buried cracks, it can also

be used as the building block for representing the far field

due to an arbitrary displacement discontinuity DuðxÞ across

an arbitrary surface R, as shown in Fig. 3. This far field is

again given by Eqs. (26a)–(26d) with

AL h0;u0ð Þ ¼ 1

kþ 2l

ð
R

Uj nð ÞrBL
ji n; r̂0ð ÞnidR nð Þ; (35a)

ASV h0;u0ð Þ ¼ 1

l

ð
R

Uj nð ÞrBSV
ji n; r̂0ð ÞnidR nð Þ; (35b)

ASH h0;u0ð Þ ¼ 1

l

ð
R

Uj nð ÞrBSH
ji n; r̂0ð ÞnidR nð Þ: (35c)

Thus, by using the reciprocal relation in Eq. (1), it has

been possible to derive a very general formula for the scat-

tered far field due to a buried crack in a half-space, in

terms of (i) the stress fields associated with plane wave

reflection in a half-space, which are well known, and (ii)

the displacement discontinuity across the crack, which

needs to be determined computationally, or estimated by

various approximations.

VI. DISCUSSION AND CONCLUSION

It has been shown that the elastodynamic reciprocal

relation expressed by Eq. (1) leads to a compact solution for

the far field due to a buried point force in a half-plane or

half-space. This solution involves the displacements associ-

ated with auxiliary fields corresponding to plane wave reflec-

tion in the half-space, for incident waves of longitudinal,

shear-vertical, or shear-horizontal polarisation. These are

well known two-dimensional fields (plane strain for incident

longitudinal and shear-vertical waves; anti-plane strain for

an incident shear-horizontal wave), which must be rotated

through the azimuthal angle u0 to obtain the 3D solution for

a buried force. This solution for a point force in turn pro-

vides the Green function for representing the far field due to

more general buried sources or scatterers. In particular, it

was shown that the far field for crack-like scatterers can be

expressed in terms of the displacement discontinuity across

the crack and the associated stress components of the auxil-

iary fields. Thus, the use of reciprocity can justifiably be

claimed to provide a simpler and more elegant solution than

alternative approaches based for example on integral trans-

form techniques.
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Clearly, the reciprocity approach can also be used to

advantage to derive the far field for other configurations

involving a semi-infinite or infinite domain, provided that

the required auxiliary fields corresponding to plane wave

incidence are again available in a convenient analytical

form. This includes the case of a half-space covered by a

thin layer, as well as two half-spaces joined by a thin layer,

or by an interface with a linear traction law.41 Furthermore,

this also includes the case of buried sources or scatterers

located at, or close to, the boundary of a circular or spherical

hole, for which analytical solutions are available for the

problem of plane wave incidence.32 Thus, the present work

has a wide-ranging scope for practical applications in non-

destructive evaluation and structural health monitoring.

Finally, although the focus in the present work has been

on deriving the bulk-wave contributions to the far field, it is

worth noting that the present approach would also provide a

more direct derivation, relative to that presented in Refs.

1–5, for the surface wave motion due to a buried force in a

half-space, and the Lamb-wave modes generated by an arbi-

trarily directed force in an elastic layer, in the sense that it is

not necessary to resort to constructing a field corresponding

to the sum of an outgoing and an incoming circular-crested

wave. Instead, the auxiliary field can be taken to be a plane

wave, the crucial step being the use of the stationary phase

approximation to evaluate the RHS of Eq. (1).
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