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In an earlier paper, Blennerhassett & Hall (1979) investigated the linear 
stability of the flow between concentric cylinders of finite length. The 
inner cylinder was taken to rotate, while the outer cylinder was fixed. 
Furthermore, the end walls rotated such that the flow was purely circum
ferential. In this paper the finite amplitude development of the unstable 
disturbances to the flow is considered. It is found that the usual perturba
tion expansion of nonlinear stability theory must be modified if the 
cylinders are not infinitely long. The bifurcation to a Taylor vortex flow 
in finite cylinders is shown to be two-sided. The latter effect is shown to 
be a direct consequence of the finiteness of the cylinders and by taking 
the cylinders to be very long, we recover the results obtained previously 
for the infinite problem. The interaction of the two most dangerous 
modes of linear theory is also investigated. For certain values of the 
length of the cylinders the initial finite amplitude Taylor vortex flow is 
shown to become unstable to another class of axisymmetric disturbances. 
The effect of perturbing the end conditions towards the no-slip conditions 
appropriate to most experimental configurations is also discussed. Some 
discussion of the instability problem in very long cylinders with fixed 
ends is given.

1. I n t r o d u c t i o n

In this paper we shall investigate the response of circumferential flows in finite 
cylinders to centrifugal instabilities. In very long containers it is observed experi
mentally that the disturbed flow is periodic along the axes of the cylinders and this 
flow is usually called a Taylor-vortex flow. Until recently the large number of 
theoretical papers on this problem have assumed that the cylinders are infinitely 
long. If this assumption is made and the inner cylinder rotates then linear stability 
theory predicts that this flow becomes unstable when the angular velocity of the 
inner cylinder reaches a certain critical value. If the angular velocity is increased 
slightly above this value, then nonlinear stability theory shows that a stable 
supercritical equilibrium flow exists. However, if the angular velocity is further
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increased the axisymmetric Taylor vortex flow itself becomes unstable to wavy 
vortex modes that are periodic along the axes of and around the cylinders.

The purpose of this paper is to show how the nonlinear theory used in the infinite 
problem must be modified to investigate the flow between cylinders of finite 
length. For this reason it is worth discussing the essential details of the results 
of nonlinear stability theory applied to the Taylor problem. The method is dis
cussed in detail by Stuart (1971) and is essentially based on the ideas given in the 
context of parallel flow stability theory by Stuart (i960) and Watson (i960).

Suppose then that Qc is the critical angular velocity computed from linear theory 
and that the corresponding non-dimensional wavelength of the most dangerous 
disturbance of linear theory is 2n/ko0. We now expand the angular velocity Q of 
the inner cylinder in the form

D = Q c + eQx, (1. 1)

where e is small and positive. The disturbance velocity field v is expanded in the 
form

v = v0e% + v xe + v2e% + ... .
Here z>0 etc. depend on the axial and radial coordinates and some slow time scale 
r defined by

r = et.
If ^ is a non-dimensional axial variable then v0 is taken to be proportional to 

(T) Vao> where A is an amplitude function and now depends only on the 
radial variable. The second-order term vx arises from the quadratic nonlinearities 
of the Navier-Stokes equation and therefore comprises terms proportional to 
e± 2 i a n d  further terms independent of 0 . The latter terms then interact with 
v0 to generate order-e^ terms proportional to e±iA:«̂ . Thus two nonlinear interactions 
are required before the fundamental mode reproduces itself. This property is a 
direct consequence of the sinusoidal axial dependence of the disturbances of linear 
theory.

If the order differential system is to have a solution it is found that A (r) must 
satisfy an equation of the form

dH/dr = crQxA 4- (1.2)
where cr and are positive and negative constants, respectively, which must be 
calculated numerically. Similar equations are obtained when the nonlinear 
stability properties of parallel flows and fluids heated from below are considered. 
Equation (1.2) is called the ‘amplitude equation’ and is characterized by a cubic 
nonlinearity. In all of these problems the cubic nonlinearity is a direct conse
quence of the sinusoidal spatial dependence of the disturbance of linear theory. 
Thus if any of these problems is now considered in a bounded region in which a 
sinusoidal dependence is no longer necessary then we expect that this special 
property could be altered. However we know that (1.2) gives a good description 
of the onset of Taylor vortices in very long cylinders and so it follows that any 
theory that we develop for finite cylinders must in some sense lead to equilibrium



flows consistent with (1.2) for long cylinders. It is the aim of this paper to present 
such a theory by using perturbation methods.

Suppose then that we now restrict the cylinders to be of finite length and that 
the ends of the cylinders are at rest. The basic flow set up when the inner cylinder 
rotates is now three-dimensional and can only be calculated numerically, unless 
the speed of rotation of the inner cylinder is small. Thus even before the onset of 
any instabilities a circulatory flow exists in the cylinders. Related studies in Benard 
convection theory by Daniels (1977) and Hall & Walton (1977) suggest that this 
flow develops smoothly into a Taylor vortex flow without any bifurcations taking 
place. In addition to the three-dimensional nature of the basic flow, any distur
bances to the flow will be influenced by the end walls which constrain the possible 
fluid motions between the cylinders. We shall concentrate on the latter effect in 
this paper and describe the bifurcation problem in cylinders having end walls 
rotating such that the basic flow is purely circumferential. For such flows we show 
that if the length of the cylinders is of the same order as their separation then the 
amplitude equations determining finite amplitude disturbances have quadratic 
nonlinearities. We shall then show how the bifurcation picture changes when the 
length of the cylinders increases. We shall also show how perturbing the end-wall 
conditions towards more realistic conditions causes the development of Taylor 
vortex flows to be smooth and not to be a result of a bifurcation from a circum
ferential flow.

The linear stability theory for the flow that we consider here has recently been 
discussed by Blennerhassett & Hall (1979), hereafter referred to as I. In that 
paper it was found that the class of unstable disturbances to the flow could be 
divided into those having axial velocity even about the mid-plane of the cylinders 
and those having axial velocity odd about that plane. Depending on L, the non- 
dimensional length of the cylinders, the most dangerous disturbance can be either 
odd or even. In fact for a given value of L there exists an infinite sequence of values 
for Q at which disturbances become unstable. For large values of L the results 
given in I show that the critical value of Q differs from its value for the infinite 
problem by an amount of order L~2. The linear theory given in I will serve as a 
starting point for the nonlinear theory to be considered here. The procedure adopted 
is outlined below.

In § 2 we shall formulate the partial differential system governing the stability 
of circumferential flows in finite cylinders. In § 3 we determine finite amplitude 
solutions of these equations by perturbation methods. In §4 we discuss the 
numerical work required to determine the coefficients of the amplitude equations 
that characterize the equilibrium flows, while in §5 the possible solutions of the 
latter equations are discussed. In § 6 we consider the effect of taking the cylinders 
to be very long and show how, at a fixed large value of L, we obtain results consistent 
with both the finite-length theory of § 3 and the nonlinear theory for the infinite 
problem. In § 7 we investigate the effect of taking more realistic end conditions, 
while in § 8 we compare our theoretical results with the experimental results of
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Benjamin (1978). Some further discussion of the instability problem in long 
cylinders is also given. In particular, a model appropriate to fixed end walls is 
proposed.

2. F o r m u l a t i o n  of t h e  p r o b l e m

We consider the flow of a viscous incompressible fluid of kinematic viscosity v 
between concentric cylinders of radii R0 and and of common length 2 
The inner cylinder rotates with angular velocity Q while the outer cylinder is at 
rest. We restrict our attention to the small gap limit 0 and define dimen
sionless coordinates x and ^ by

x = { r  — R Q)/d,  =  ( 2 . 1 a ,  6 )

where r is the distance of any point from the common axis of the cylinders while z 
measures distance along that axis. The boundaries of the cylinders are defined by 
x = 0,1 and (f) = ±L.

If d/R0 < 1,and the cylinders are infinitely long, the fluid moves with azimuthal 
velocity I2I?0(0, l —x, 0). We assume that the ends of the cylinders in the problem 
to be considered here rotate with this velocity so that the basic flow between the 
cylinders is purely circumferential.

We now suppose that this flow is perturbed in an axisymmetric manner such 
that the new velocity field is (— \{v/d) u, 1 — x) + \QRqv, — \{v/d) w). We note 
that the azimuthal component of the disturbance velocity is scaled on QR0 while 
the radial and axial components are scaled on \v/d, the factor \  and the minus 
sign are introduced for convenience. We further note that the perturbation pressure 
p  associated with the above disturbance is independent of the polar angle 6. The 
Taylor number T  associated with the basic flow is defined by

T  = 2D2R0 d3/v2(2.2)

We define an operator l and a time variable r* by
02  02

V (2'3  ̂

and t* — ( v(2.4)

The equations that determine u, v and w are obtained by eliminating the pressure 
from the first and third momentum equations and by using the continuity equation.
We obtain

(?— 0/0t *)Iu - T ( 1 - x ) v^ =  #  + (2-M

( l - d / d T * ) v - u  = IQ3, = 0, (2.56,

where Qx = uux + — \T v2, (2.6

Q2 = uwx + ww(f>, (2.66)

Qz =uvx + wvp (2.6 c)



We must solve the foregoing partial differential system subject to the no-slip 
conditions at the ends and curved surfaces of the cylinders:

u — v = w = 0, = 0,1, (2.7a)

u = v = w = 0, (j) = ±L. (2.76)
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3. F i n i t e -a m p l i t u d e  s o l u t i o n s  f o r  L ~ 0 (1)
In I it was shown that, depending on the length of the cylinders, the most 

dangerous disturbance can have an axial velocity component even or odd about 
the plane 0 = 0. The main results of I are shown here in figure 1 which is reproduced 
from that paper. We see that in addition to the first odd and even eigencurves 
there are further higher modes. In fact there is an infinite sequence of pairs of odd 
and even eigencurves which interlace when L varies. We denote the first even and 
odd critical Taylor numbers by T^(L) and T0(L) and near any point of intersection 
( L*, T*) of these curves we can write

Tv{L) = T* + (L-L*)T% + ... , (3.1a)

T0(L) = T* + (L-L*)T% + .... (3.16)

We note that all the intersection points of the curves shown in figure 1 are such that 
T%, are both negative. Thus if, for example, the even mode is the most
dangerous for L < L* while the odd mode becomes the most dangerous for L > L*.
We now assume that the point ( L, T) is close to the intersection point (L*, T*). 
More precisely we write

T = T* + eTt + + ... (3.2a)

L  = L* + eLv (3.26)

where e is small and positive while Lv Tv T2, etc. are prescribed constants of order 
e°. A straightforward analysis of the linearized form of (2.5) shows that the growth 
rates of the first odd and even modes are of order e when — is of order e. Thus 
we define a slow time variable r  by

r = er*. (3.3)

We now expand the disturbance velocity ( v w)T in the form

/ ̂ 2°\ / ̂ 2e\
+ e2| v2o)+ e2| )+  .. ,

\«W  V a
(3.4)

where subscripts o and e denote velocity fields having axial velocities odd and even 
about the plane z — 0 respectively.

We note immediately that in (3.4) we have assumed the finite-amplitude solution 
in the neighbourhood of the bifurcation point is rather than
as is the case in the Taylor problem in an infinite region. We shall discuss this point
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in more detail later but the need for such a scaling will quickly become apparent 
in the following analysis.

We now substitute for u from (3.4) into the equations of motion (2.5) and for 
T  from (3.2a). If we further replace 0/ 0t* by e 0/07 we can equate terms of order 
e to show that ue and u0 are determined by

& 0-0 0,

due dwe du0
dx 00 0# 00 0,

(3.5)

F igure  1. The first th ree  even and  odd eigencurves of th e  linear stab ility  problem . 
------ , E ven  m odes; -------, odd modes.

together with no-slip boundary conditions at 0,1 and 0  = + The partial 
differential operator «£? appearing in (3.5) is defined by

&

(&_ 02 y
1 0*2 + 002/ ■T*(i —

02  02  

0^2+ 002- 1
(3.6)
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The solution of the linear problem was given in I and, using the notation of that 
paper, we write

/ un{ \
a (t)2  0Ln \ vn(x)sinkn(j) 1, 

\ K  (x)/Kcos
/ un{ \

B ( t ) X  fin  I v n ( I .

f-K(x)/kn\ sin
n = 1

(3.7a)

(3.76)

Here the axial wavenumbers kn and the corresponding eigenfunctions are deter
mined by the usual eigenvalue problem of the infinite problem, which is

(d2/dx2- k 2)2un + T*k2n { l - x ) v n =  0, j
(d2/  dx2 — kn)2 vn — un = 0, u 0, x = 0,1.)

We note, however, that expansions of the form (3.7) would not be appropriate for 
the infinite problem because at any value of only a finite number of the kn are 
real. In fact for the values of T*and L* that we consider here only kx and k2 are 
real and we assume that 0 < kx < k2. A rational ordering of the infinite set of axial 
wavenumbers is discussed in I. Essentially the eigenvalues fall into an infinite set 
of groups of three and the rath such group has corresponding eigenfunctions having 
azimuthal velocities with ra — 1 zeros in (0,1).

The constants ccn and fin appearing in (3.7) are chosen to satisfy the no-slip 
condition at the ends of the cylinders defined to first order in by = The
existence of such sets of constants specifies the eigenrelations TE = TE(L*) = *
= T0(L*) = T0.

The eigenfunctions un(x), vn(x) are taken to be normalized such that l sin mux
l i ^ 0

x v Zm_2dx, sm.mnxvZjn_1dx and sin dcr, for ra=  1, 2, 3,..., are all
Jo Jo

equal to 10-3. We further take oq = 1 and 1 so that the linear solution is then 
completely specified except for the amplitude functions 4̂ (r) and B(t) which will 
now be determined. At order e2 we obtain inhomogeneous partial differential 
equations for (u20,v20) and ( u2e,v2e). These equations must be solved such that at 
x = 0,1 the functions u2e, v2e, w2e, u20, v20, and w20 all vanish. Furthermore we 

require that the disturbance velocity field be zero at = ± It follows from 
(3.26) and (3.4) that at (j) = L*

- L xA{r)X ocnkr
n=  1

l xB ( t ) x  f i n K
71=1

uncos knL*\
vn cos knL* I ,  

— u'nsin knL
un sinknL* \ 

vn sin knL* I. 
\K  cos knL * / k J

(3.9 a)

(3.96)
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The solutions of the order-e2 partial differential equations that satisfy the required 
conditions at x = 0,1 are

dJ3
dr -  2n=l

cos kntfi

+ BT1{ -  X
n — 1

00 00

+ 2 2n= 1 m — n

Pnen4> Sln K<t>

PJn</> ( f y  sin K t -( £ )  cosK4>

(A 2Xn*m ~ B2PnPm) C0S (K + <f>

/ V \
\«W

+ (A2anocm + B2/? J J  (f} m)cos (kn -  ^1 + 2  /?*(r) ( M  cos
\ 9nm/J n= 1

(3.10 a)

f-n 4> ( " 'j  COS kn<j> + an j sin k j ,dAf " 
dr U -i

-M2\ SU=1 L
00 00

+ AB  2  2
n=lm=n

K  ( M  cos W  + «„({*) sin lcn<f>] + S  a J w M s i n i ^  
\^n/ \onJ J n=l V̂ n/

-  i^mPn +  anPm) ( { r ™ )  ™  iK  +  <t>xjnmj
+ (<*» An ~ *mPn) ^ 2 ^ ) sin (K ~ ^ j • (3.106)

We note that the linear (in A and B) terms of the above solutions contain terms 
proportional to 0 cos kn<f>and 0 sin&w0 . In the infinite Taylor problem such terms 
would not be acceptable since the velocity field would not be periodic in the ^ 
direction. The functions Fn, Gn, f n, gn are determined by

(d2/dx2- k 2n)2Fn + k2nT * (i-x )G n
= u 'n -k lun+ e -  k2nun) -  1 -  x) J ,

(d2/da;2- k2n) Gn- F n = vn+
(3.11)

Fn = Gn = F'n = 0, * = 0, 1,
and

(d2/dx2 -  k2n)2f n + k2T*{ t - x ) g n
= -  k2n{ 1 -  *) vn + 8- -  1 -  *) ,

(d2/dx2- k 2n)gn- f n =
fn = 9n = fn  = 0,* = 0, 1.

► (3.12)

Here the constants en and 8n are chosen such that the above systems have a solution. 
If we define the adjoint function pair (w+, by

(d2/  dx2-  k2)2 u+-v+ = 0, 
(d2/dx2 -  k2) v+ + T*( 1 -  *) k2nu+

( ^ n ) 0, X

n —0,|
0 , 1, J

(3.13)
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then it is easily shown that the en and 8n are given by

-  f [ « » «  -  K u n) + v+ vn\
«» = 71--------------~ ---------------------------------------------- , (3-14)

{2knv iv n + u*[ikn(u '^-k lun) - 2T * ( l-x )k nvn]}Ax 
J 0

+ JCn f U%(1 — vn dx
*» = 7 I---------------------- ----------------------------------------• (3-15)

{2knv+ vn + u il4l:Ju" -  i-v  j  -  2T*( 1 -  x) kn»„]} dx

The remaining undefined functions in (3.10) are those associated with the non
linearity of (2.5). The ordinary differential systems which determ ine/^, 
glm are

[dZ/dx2- ( k n±Jcm)Z]f%m + T * {\-x ) =
[d2/d ^  -  (kn ± kn)*] glm - p nm =

f P  — nP — f P f — f) /y* — 0 1 J nm nm J nm ^ v, x. ^

(3.16)

Here the functions appearing on the right of (3.16) are given in appendix A and we 
take the plus sign on the left side if p = 1 and the negative sign if = 2. We have 
assumed above that the wavenumbers kn are such that for all integers i, j  and

ki± kj71— Ip ■

However, such a resonant case could be easily dealt with by then seeking a solution 
proportional to 0cos kp(f).This situation was not encountered in the cases investi
gated but clearly we cannot rule out the possibility of such a situation for all 
values of ( L*, T*).

The functions oc*(t) and /?*(r) must now be chosen so as to satisfy the no-slip 
condition on the disturbance velocity field at the ends of the cylinders. This is done 
by applying conditions (3.9a, b) to the velocity components given by (3.10a, b). If 
the resulting sets of equations are multiplied by 1, 2, 3,... and inte
grated from x = 0 to x = 1 we obtain the following equations for the infinite sets 
{<**} and {^*}:

— M{a*} = E1dA/dr + E2A 1\+ E3AL1+ E^AB, (3.17a)

-N {/3*} = F1dB/dT + F2BTl + F3BL1 + F4A 2 + F5B2. (3.17

Here the infinite square matrices M and N  together with the infinite column 
vectors JE1? E2, etc. are defined in appendix A.

Finally we use the condition that (3.17) should have a solution. If and {/?+} 
are the solutions of the adjoint systems

K } T M 0, 

{/?+}t a  = o,

(3.18)

(3.19)
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then the required conditions are

e1d̂ 4/d r = (e2T1 + e3L1)A

A dB /dr = ( fA + fM B + ftA '+ fr B * .

(3.20 a) 

(3.20 b)

These are the equations that must be solved to find the amplitudes A ( t ) and 
of the even and odd disturbances. A discussion of the solutions of these equations 
is postponed until after §4, where the computations required to determine the 
coefficients of (3.20) are discussed which are given by

We now summarize the essential details of the calculations required to determine 
the coefficients in the amplitude equations derived in §3. We first describe the 
method used to locate the points (L*, T*) in the ( , T) plane, where the eigen- 
curves of the first odd and even disturbances intersect. A rough value for ( *, T*) 
can be estimated from figure 1. The eigenrelations TE = TE(L) and TQ = T0(L) are 
specified by the vanishing of the determinants of the infinite matrices M  and N  
defined in appendix A. These matrices were approximated by 12 x 12 matrices 
obtained by retaining only the first twelve wavenumbers in the expansions of the 
velocity components. In I it was found that, given a value of TE or T0, such an 
approximation enabled the determination of the corresponding value of L on an 
eigencurve correct to three decimal places.

For a given value of T*these twelve wavenumbers were obtained by solving for 
the eigenrelation kn = kn(T*) associated with (3.8). This was done by finding three 
independent solutions of (3.8) satisfying the required conditions at 0. These 
three solutions can then be combined to satisfy any two of the boundary conditions 
at x — 1. The third condition at x = 1 is then satisfied automatically if kn is an 
eigenvalue. The numerical integrations were carried out by a fourth-order Runge- 
Kutta scheme with forty steps on the interval (0, 1). Having determined the first 
twelve axial wavenumbers and the corresponding eigenfunctions we can generate 
the 12 x 12 matrices approximating M and N. We then used a double Newton 
iteration procedure to find ( L*, T*) such that the determinants of the approximating 
matrices vanished simultaneously. Such a procedure is computationally very 
expensive since the axial wavenumbers must be recalculated each time that T* 
is altered. The eigenfunctions of the (3m — 2)th, (3m — l)th, and 3mth wavenumbers 
for m = 1, 2, 3, 4 were normalized such that the integral from 0 to = 1 of the 
azimuthal velocity component multiplied by sin mica: was equal to 10~3. Having 
found an eigenvalue T* = T*(L*) the eigenvectors ctn and fin, n = 1,..., 12 can be

£*%  = _{a +yr =
L * \  = K f  E„ L**ff = {/St}? Fs, i = 2, 3, 4,

(3.21)

Here the factor L*2 is introduced for convenience.

4. T h e  n u m e r i c a l  w o r k  f o r  L ~ 0 (1)



determined and this was done such that ct1 = (31= 1. The equations of the adjoint 
systems MTx = 0 and N Ty = 0 were then solved for the a£ and /?+ which were 
normalized such that a f  = /?/" = 1.

We now discuss the calculation of the second-order linear functions f n, gn, Fn, 
and Gn for n = 1, 2 ,..., 12 specified by (3.11) and (3.12). These equations can only 
be solved after en and 8n have been calculated from the solvability conditions (3.14) 
and (3.15) respectively. Thus it is first necessary to compute the function pair 
(Un,v£) adjoint to the eigenfunction pair ( , of (3.8). This was done in exactly
the same manner as for the function pair (un,vn) and we note that no further 
iteration on kn is required since (3.8) and its adjoint system have the same 
eigenvalues Jcn(T*). The integrals defining en and 8n were then evaluated by using 
Simpson’s rule and the results used to solve (3.11) and (3.12).

We now turn to the evaluation of the f}im, f* m, for n = 1 , 2 , . . . ,  12, 
m — n , ..., 12. These functions are obtained by solving the inhomogeneous systems 
specified by (3.16) for different values of m, n, and This was done by first calcu
lating three independent solutions of the corresponding homogeneous system 
satisfying the boundary conditions at x = 0. These solutions were combined with 
a particular solution of the inhomogeneous system satisfying the conditions at 
x = 0 and such that the conditions at x = 1 were satisfied.

The integrals given in appendix A were then evaluated by using Simpson’s rule 
and the results used to generate E1} Flf etc. Finally, the coefficients in the amplitude 
equation (3.20) were obtained by using (3.21). Before giving our numerical results 
we give a list of checks that were carried out to verify parts of the calculation.
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Numerical checks
(i) The dependence of the coefficients in the amplitude equation on the number 

of wavenumbers used was investigated. It was found that twelve wavenumbers are 
sufficient to give all the coefficients correct to two significant figures.

(ii) The growth rates e2 ef1 and / 2 / f 1 were compared with the growth rate of 
the most dangerous wave of the infinite problem at the same Taylor number. 
Moreover the growth rates asymptote to about 3.8 x 10-3 when L increases. This 
compares well with the value of 3.8 x 10~3 interpolated from table 3 of the paper 
by Davey et al. (1968).

(iii) A few solutions of the inhomogeneous systems (3.11), (3.12) and (3.16) were 
checked by numerical differentiation.

(iv) At an intersection point ( L*, T*) the slopes of the ( , TE) and ( , curves 
are given by -  e2e^1 and - / 2 f ^ 1. The values calculated agree well with the slopes 
at the intersection point estimated from figure 1.

The results are summarized in table 1. The calculations were restricted to only 
the first six values of ( L*, T*) shown in figure 1 because of the large amount of 
computer time required to solve for the coefficients of the amplitude equations. 
We note that if we retain twelve axial wavenumbers in the first-order solution then
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there are 180 different second-order functions to be determined, the solution for each 
requiring the numerical integration of four sixth-order differential systems. More
over we shall see in § 5 that the solutions of the amplitude equations corresponding 
to the values in table 1 form a consistent pattern so that a more exhaustive series 
of calculations would probably be redundant.

Table 1

4 x 4 x 4 x
L * 21* 1 0 %  e r 1 e3e i 1 104e4e1_1 10% / r 1 A / r 1 l o 'A / r 1 10% / r 1

1.32 4204 35 6.63 488 34 2.72 - 8 5 7 353
1.84 3785 36 0.95 151 37 2.37 - 5 4 4 119
2.36 3624 37 1.08 21 37 0.46 - 3 3 15
2 87 3546 37 0.26 - 1 1 38 0.58 44 - 9
3.37 3504 37 0.36 - 4 38 0.15 5 - 3
3.88 3474 38 0.10 3 38 0.24 - 1 2 2

5. T h e  s o l u t i o n s  of  t h e  a m p l i t u d e  e q u a t i o n s
f o r  L ~  0(1)

In this section we shall discuss the equilibrium solutions of (3.20) for the parti
cular values of the coefficients e1, f 1 etc. given in § 4. The three equilibrium solutions 
of these equations for (AB, Bb) are obtained by setting d̂ 4 /d r = d2?/dr = 0 and 
solving the resulting equations to give

(I)

o'IIttlIIH \

(II) — 0, Bb — — (A^i +A
(III) BE = ~{e2Tx + e3Lx)e lx,

L A  V e4
M e2Ti + e3̂ r]\l^

el ) \  7

(5.1)

The type I solution is the trivial one that corresponds to the unperturbed state. 
The type II solution represents a finite amplitude odd disturbance that exists 
for all values of Lx and Tx. (We note that odd and even modes correspond to distur
bance velocity fields that are respectively symmetric and antisymmetric about the 
mid-plane 0 = 0.) Finally the type III solution corresponds to a disturbance that 
is neither odd nor even. Since .4 E must be real this disturbance does not exist for 
all values of Lx and Tx. However it is easy to show that for the values given in 
table 1 this solution exists for Tx in the range — <~TX<~ TXB = Lx(e3f 5 — e4/ 3)
x (e4,f2 ~̂A)-1- The latter value corresponds to the ^-coordinate of the point of 

intersection of the lines BE = — (f2Tx + f zLx) f ^  and BE = — (e2Tx + e^1.
The stability of the equilibrium solutions can be investigated in the usual way. 

We perturb the equilibrium flow by writing

A = A E + ae<T\  +



where a and 6 are small and independent of r. Substituting for A and B from the 
above into (3.20) and retaining only linear terms in a and b, we obtain

cre1a = a(e2Tx + ezLx + e^B#

rfib  = «(2/4̂ e ) + HA + 2/5£ e ).

The growth rates oq, <r2 are determined from the roots of the quadratic equation 
that ensures the existence of a non-trivial solution to the above homogeneous
equations. If the real parts of oq and cr2 are both negative the equilibrium flow is
stable. If either growth rate has positive real part the equilibrium flow is unstable. 
The three equilibrium solutions (5.1) corresponding to the different values of 
(L*, T*) given in §4 were investigated in this way. The stability properties of the
equilibrium solution depend on the coefficients etc. at any value of ( T*).
However, surprisingly enough, at any value of ( *, T*) there are only two distinct 
cases to consider.

(a) The most dangerous mode an odd disturbance
Suppose that L x is such that the most dangerous mode is an odd mode. The 

trivial solution is then stable until the bifurcation point — is reached
and unstable for Tx greater than this value. The equilibrium solution (II) is stable 
for Tx > / 3Li/ sT1 and unstable for Tx < Thus the zero solution and the
type II equilibrium flow exchange stability characteristics at the bifurcation 
point Tx = —fzL xf 2l. The solution of type III is unstable wherever it exists. These 
results are summarized graphically in figure 2a, where continuous lines represent 
stable solutions and dotted lines represent unstable solutions. We conclude that 
when L x is held fixed and Tx increased then, if the odd mode is the most dangerous, 
the unperturbed flow is stable for Tx < — f zLxf 2x and for Tx greater than this value 
an odd disturbance with magnitude proportional to Tx exists. This latter flow 
corresponds to an even number of cells in the range — ^ ^

(b) The most dangerous mode an even disturbance
The stability characteristics of the equilibrium solutions in this case are sum

marized in figure 26. We note that for Tx < — the only stable configuration
is the unperturbed state. If — ezLxe^x < Tx < TXB the only stable equilibrium flow 
is a type III solution corresponding to a disturbance neither odd nor even in 0. 
However this solution exists only for Tx in this range and for Tx > TXB the only 
stable solution is an odd disturbance corresponding to type II in (5.1).

Thus we conclude that, in general, the most likely disturbance to be observed 
is an odd mode, the mixed mode exists for a finite range of values of Tx and is only 
stable when the most dangerous mode of linear theory has an axial velocity even in 0.

The foregoing discussion is directly applicable to an e-neighbourhood of the 
intersection points (L*,T*)calculated in §4. However, the simplicity and order 
of the results encourage us to think that the discussion is relevant to the
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type III

type II

type III

F igure 2a. The equilibrium  solutions of (3.20a, 6) when T0(L* + eLj) < 
------ , S table so lu tio n s ;-------, unstab le  solutions.

type II

type III

type III

F igure 26. The same as figure 2 a b u t w ith  T0(L* + eL l) > TE(L* + eL l).

F igure 3. The equilibrium  am plitude solutions of (3.206) w ith  A  
------ , S table so lu tio n s ;-------, unstab le  solutions.

0.
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intersection points at larger values of L. Moreover since the bifurcation picture for 
L1 > 0 at one intersection point (L*,T*) is identical to that for < 0  at the 
nearest intersection point (£**, T**) with L** > L** we are also encouraged to 
believe that the foregoing discussion is relevant away from the intersection points. 
In fact (3.206) with A = / 3 = 0 describes the bifurcation process for T — T0 ~ 0 (e) 
near any point ( L0,T0(L0) ) on an odd eigenvalue. The equilibrium solution B E 
of (3.206) with A = / 3 = 0 is shown in figure 3. Stable and unstable solutions are

Finite Taylor vortices

Ae

F igure  4. The equilibrium  solutions of (5 .2 ) . -------, Stable
so lu tio n s ;------ , unstab le  solutions.

again denoted by continuous and dotted curves respectively. For this solution we 
are only able to study the stability properties of with respect to odd perturba
tions. Thus, if L0 is a value of L at which even disturbances are the most dangerous 
it is to be expected that, at least for some values of \, the stable finite-amplitude 
solutions shown in figure 3 will be unstable to even perturbations.

Suppose now that the even mode is the most dangerous and is considered in 
isolation from the odd mode. The analysis of § 3 must be repeated with 0. 
Suppose then that L = LE with TE(LE) < TQ(LE) and T  = TE(LE) + + ..., where
e is small and positive. The amplitude of the disturbance must now be taken to be 
O(el) and the amplitude equation corresponding to (3.20a) is obtained at order e$. 
It takes the form

e1dA/dr = e2 (5.2)

Here ex, e2 and e3 are as defined in § 3 and e5 depends on integrals of products of 
the order el and order-e velocity fields. We do not solve for e5 but expect that it is 
negative. This is usual for finite-amplitude centrifugal and convection problems 
but its validity can only be shown by a formidable numerical calculation. However, 
if e5 is negative the bifurcation picture is as shown in figure 4. Such a picture is 
typical of convective and centrifugal instabilities in unbounded containers. We 
conclude this section by summarizing the results we have obtained and conjectured.

(i) In the immediate vicinity of an intersection point of the first two eigencurves 
of figure 1 the only stable finite-amplitude solution is odd in 0 if the odd mode is 
the most dangerous. If the most dangerous mode is even then there is a finite range 
of Taylor numbers for which a stable mixed mode is possible. For Tx greater than 
the upper limit of this range a stable odd mode exists.
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(ii) Suppose T is such that T-m in[TE(L), T0(L)] is small compared to TE{L) 
— T0(L). The initial bifurcation is then two-sided if T0(L) < TE(L) and one-sided 
if T0(L) > Te(L).

6. T h e  l i m i t  -> oo

We now discuss the effect of taking L, the non-dimensional length of the cylinders, 
to be large. We note from table 1 that some of the coefficients in the amplitude 
equations (3.20) approach zero when L-^oo. In fact the asymptotic dependence 
of all the coefficients in the amplitude equations can be obtained by taking the 
second limit L-> oo in § 3. The details of such a calculation are given in appendix B 
and the outcome of this calculation is

ev e„fiJ2~ 0 (L*)°,e3, /3 ~ c4,/4, / 5 -  0 (L*)~4. (6.1)

Thus we see that the coefficients of the nonlinear terms in (3.20) go to zero like 
L~4 when L-> oo. The coefficients of the order-!/-4 terms in the expansions of 
e4, / 4, / 5 are functions of Jc^L, which explains why the values of these coefficients 
given in table 1 change sign for large values of L. In figure 5 we have plotted 
In | e4/e41 against In Lfor the values given in table 1 and a line of slope —4. The 
results shown are not inconsistent with (6.1) given that e4-L4, / 4L4 and / 5L4 are 
order-Z0 functions of k^L. For convenience we shall now drop the star notation 
since the following analysis is not relevant to the points of intersection of the first 
odd and even eigencurves.

We see from (6.1) that for large values of L the quadratic nonlinearity of (3.20) 
becomes less important, as we intuitively expect, since the infinite nonlinear 
Taylor-vortex problem is known to exhibit one-sided bifurcation. In fact we shall 
now show that in very long cylinders the bifurcation is essentially identical to that 
of the infinite problem if the Taylor number differs from its critical value of linear 
theory by an amount large compared to L~s.

Suppose that we proceeded with the analysis of § 3 up to cubic order in the small 
parameter e. Such an analysis would produce an order-e3 velocity field proportional 
to A 3, B3, A 2B, etc. Furthermore, the velocity field associated with such terms does 
not vanish at the ends of the cylinders so such terms would have an effect comparable 
with the quadratic terms when A and B ~ 2>-4. (This assumes that, as is known, 
the coefficients of the cubic terms in the amplitude equations are of order L°.) 
Hence we would have to choose ein (3.2) to be of order L~% to obtain an amplitude 
equation with both cubic and quadratic nonlinearities. However the critical 
Taylor numbers of the first even and odd modes differ by for large values
of L so that the even and odd modes must be considered in isolation from each 
other for such a small Taylor-number range. The first even and odd modes are a 
distance 0(L~2) away from the higher-order modes corresponding to = k, §7t, 
etc. in (B 6).

We first consider the case when the odd mode is the most dangerous mode pre
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dieted by linear theory. We restrict the Taylor number to differ from T0(L) by an 
amount small compared to L~s. Thus we write

T = T0{L) + TJL™+..., (6.2)

where m (> 8) is fixed and we then look for a disturbance of amplitude L~wl+4. We 
therefore expand ( u0,v0) in the form

{u0, Vo) = L*~mB(T) [u00{x, (/)), v0Q{x, + ... , (6.3)

4.8
7 .
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\
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2.5 2.9 3.3 3,5

In 10 L
F igure 5. The dependence of In | e4ê - 11 on In L.

where B(t)is an amplitude function of the slow time variable r defined by r  = L~mr*. 
In fact the form of the amplitude equation that determines the possible equilibrium 
flows of this type cairbe inferred from the analysis of § 3 and the discussion given 
in appendix B. At order L8~2m we find that

The quantities cr and 02 are defined by

cr = lim / 2/ r \
L *-+ oo

e2= lim L * % fT\
L*-+oo

(6.4)

(6.5a)

(6.56)

where/x and /5 are given by (3.21). For brevity we do not give details of the calcu
lation required to obtain (6.4) but note that it is similar to that given for the more 
important case m = 8. The amplitude equation (6.4) has solutions of the form 
shown in figure 3 but with the bifurcation point at Tx 0.
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We now turn to the most interesting case, = 8, and seek a solution by means 
of multiple scales and matched asymptotic expansions. We define a slow spatial 
variable & by

0  = (j>L-\ (6.6)
and a slow time scale r by r  = L~ (6.7)
For large L the disturbance velocity field acquires a boundary-layer structure in 
regions of length 0 (L°) at the ends of the cylinders together with a core region of 
length 0 (L). In the core region we expand ( , v) in the form

(u, v) = L~4 2  [Un(x, 0 , 0 , t ), Vn{x, 0 , 0 , r)] L-
n = 0

while in the boundary layer near 0 = we write
00

( u,v) = L~5 2  \un{x,-*lr,T),vn{x,\lr,T)\L-n,

( 6.8 a )

(6 .86 )
n=0

where \jr = L — <j) and we have anticipated that the boundary-layer flow has veloci
ties of order L~x smaller than those of the core flow. In view of the symmetry of the 
solution about 0 = 0 it is sufficient for us to consider only the boundary layer at 
0 = L.We further expand the Taylor number in the form

T = (T  ̂+ TfL~2 + T$L~3 + ... + T*T-7) + T8L~8 + ... . (6.9)
Here the coefficients T^, T*, T f, ..., Tfare the first eight terms in the expansion of 
T0(L) in powers of L~l and Ts is chosen so as to determine the elevation of T  above 
its critical value T0(L).

We now substitute for ( u,v) from (6.8a) into (2.5) and replace T  by using (6.9) 
and 0/00  by 0/00  + L -1 0/ 0$. Equating terms of order I> 4, we obtain

' 0 2 02 V2
^ +0^2]+ ̂ 2 ! UO -TM - X) q02VO ~ 0’

( w +^ r° ~ u° = 0 \

(6 . 10)

and the solution of this system satisfying the no-slip conditions at the sidewalls is 
(U0,V0) = A o(0 ,T )(uoo,voo)cosJcao(f> + B o(0,T)(U'X„voo(6.11)

Here A o(0 ,7) and Bo(0 ,7) are amplitude functions to be determined while k^, u^, 
are the wavenumber and eigenfunctions of the infinite problem corresponding to 

the critical point on the neutral curve. Furthermore, since we are seeking solutions 
that have axial velocity odd about 0 = 0, we require that A0 and are even and 
odd functions of 0  respectively. At order L5 we obtain a partial differential system 
for (Ulf Vx)which can be solved subject to the no-slip boundary conditions at = 0
and x = 1 to give

(Pi, Vx) = A x{0 ,7) (ux , vm) cos k00(p + Bx{0,7) (uw vx ) sin k^ 0
?)A r)/?

+ (Pu. r„) sin * (Un , Vn ) cos K  <t>. (6.12)



Here A x and Bx are even and odd functions of 0  respectively and (Un , T̂ j) is deter
mined by inhomogeneous forms of the ordinary differential equations satisfied by 
u0o and vx . The details of this system are not needed here, but we note that the 
existence of a solution of that system is ensured if ( T^) is the critical point on
the neutral curve of the infinite problem. At order 6 we require a solvability 
condition to be satisfied if the equations that determine (U2, K>) are to have a solution 
bounded in 0 . If we take T$ to be given by (B 8) then the solvability condition 
requires that

d2A o/d 0 2 + in 2A o = 0 (6.13a)

and d2Bo/d 0 2 + l%2Bo = 0. (6.136)

For the order-jL- 4 core flow to match with the boundary-layer solution we require 
that

B0{± 1,t) = A 0(± l,r) = 0

Finite Taylor vortices 335

so that the only acceptable solutions of (6.13) are

A 0 = bo(T)cos \ = (6.14)

where 60(r) is an amplitude function to be determined. If we now equate terms 
of order L~7 in (2.5), after replacing T  by using (6.9) and 0/00  by 0/00  + L~x 0/ 0$, 
we obtain a partial differential equation for {U3,V3). If this system is to be solved 
subject to the no-slip condition at x = 0, x = 1 for a solution periodic in 0 we 
require that

and

d 2A 
dO2 + 2A 1

T* 712
- ^ |- 6 o(T)cOs|Tt0, (6.15a)

d 2̂ !
d 0 2 +  In 2BX = /?060(r) sin \n  0 , (6.156)

where the constant /?0 is defined by

fio

ux u td x

81c ̂ T* J  ( l -x)v,
+

oo dx

Here (ut>, w£) is the function pair adjoint to (u^, vK). The solutions of (6.15a, 6) are

A x = ( —3r,*7u/4T|)60(T) 0sin|7C0 + 61(r) cos| tc0 , (6.16a)

Bx = (-/?0/ 7t)60(r) ^coslK^-l-aj^JsinlTU^, (6.166)

where ax(r) and 61(t) are amplitude functions to be determined at higher order. 
The boundary-layer solution can similarly be determined by substituting for (u, v) 
for (6.8a) into (2.5) and solving the successive systems of ordinary differential
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equations found by equating like powers of L~n for n = 5, 6, etc. At order we 
obtain

— \B2eik(̂3 1) + c.c.+ S  iUzn+z\ (6.17)
V H  /  n  =  0

where c.c. denotes complete conjugate. Here B1} B2 and the Dn are complex 
functions of r while the Gn are real functions of r. The wavenumbers have been 
ordered so that none of the terms in (6.17) lead to exponential growth with 
Thus k3n+3, for n = 0,1,..., is the set of purely imaginary eigenvalues of (3.8)
lying above the real axis in the complex plane while k3n+1, for 1,2,..., represents 
the set of complex eigenvalues of (3.8) again having positive imaginary parts. 
We must now match (6.17) with the core-flow velocity field at the edge of the 
boundary layer. We can show from (6.12), (6.14) and (6.16) that the appropriate 
matching conditions are

B,

l ( TSttb0c \
2 \ 4 T* + ai8)>
1 (T$nb0c

Po
[ +2 \  4T f
Jtc&qC, =

) ■
+ a i c \

where s = sin k̂Land c = cos kx L.It now remains for us to satisfy the boundary
conditions at \[r = 0. Thus we require that

for all z in (0,1). We now restrict n in the above summations to be less than or equal 
to N  — 1 where N(̂ 2) is fixed. We then multiply each component by sinj7u; for 
j  = 1, 2,..., Nin turn and integrate from = 0 to x = 1 to obtain a system of 3 
linear equations. In fact we obtain 3 Ninhomogeneous equations for the 3 constants 

i ^ 3 ’ Gffbo ,...,G^_^bQ , Dlr b0 ,..., I\/v—i)r ô 1 > •••> i)i These
equations can be solved for T$ for N = 2, 3,4, etc. until the solution converges to 
give T$ to any required accuracy. We omit the details of such a calculation but note 
that T% will be a periodic function of kx L because of the dependence of B 1 and B2 
on sin kx Land co sily . We further note that the amplitude function 60(r) is
not determined at this order.
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This procedure can be continued to higher order in principle and we find that, 
after matching with the core flow, the order-A-p term = 4, 5, 6, 7) in the expansion 
of T0(L) is obtained by solving a set of inhomogeneous equations which must be 
satisfied if up+2, vp+2 and wp+2 are to vanish at = We do not pursue such a 
formidable analysis here but an indication is given of how the amplitude equation 
for 60(r) can be obtained. At order L~8 we find that the core flow velocity field can 
be written in the form

The first harmonic functions t/41, and the mean flow function are determined by

We note, however, that the first harmonic and mean terms in (6.18) are proportional 
to cos2| tc0  and hence will match with terms of order L~10 in the boundary layers. 
Furthermore, these terms interact with the order-L-4 solution in the core to 
produce a flow proportional to cos k0 at order A-12. Similar terms are produced 
by differentiating the order-A-4 solution with respect to r. There are further terms 
proportional to cos k^ (j)arising from the lower-order solutions. In particular there 
are terms proportional to T8b0(r) and others proportional to A6, J56, A600 and 
where A6 and B6 represent the amplitudes of the core flow solution proportional to 
cosA:^ and sin k^ (J) respectively at order L~6. If the order-!/-12 system is to have 
a solution bounded in ^ we can show that

F4) = 62(t) cos2 (K0 / 2L) [(C/41, F41) cos 2 <f> + (0, F40)]
+ terms proportional to cos and sin (6.18)

• (6.19a)

(6.196)

(6.20a)

Here the constants cr and are defined by
i

[k‘iT !X,{ \ - x )u tv (a\diX
o



where (u+, v+) is the function pair adjoint to («„, vn) and where F and G are given
by

F  =  -  U'ly +  2<  U'i -  u l U'xx-  2u l U J
+ ik i(u x U'n + 2*'. U41) -  „ + 2VooF40),

G = (̂̂ 00 F41 +̂ oo U41 + 2W00I41 + ̂ 00 U41 + 2w00F41).
The numerical values of these constants have been calculated by Davey (1962) 
and subsequent authors. Using the results given by Davey, we obtain

t t = 0.0038, Ax = -  10.05.

For convenience the foregoing value for Ax has been obtained by normalizing 
(̂ 00̂ 00) such that = 1- The functions g0(r) and h0(r) depend linearly on 60(r) 
but their precise form is not needed in the following discussion. Suppose that we 
now solve equations (6.20a, b) for the functions A 6 and Z6. The terms inside the 
square bracket in (6.20a) give contributions to Ae proportional to <£>sin|7t$> and 
cos However, of these terms, only those proportional to <Z>sin|7t<£ do not 
vanish at 0  = l and so contribute to the order-Zr10 matching problem. In addition 
the terms <70(r) and h0(T) in (6.20a, b) contribute to the matching problem but the 
resulting terms are proportional to 60(t). We now discuss the nature of the order-Z-10 
boundary-layer solution to which the above solution must be matched. Since the 
first non-zero terms in the expansions of the perturbation velocities in the boundary 
layers are of order Z~5 it follows that the boundary-layer solution at order Z-10 
contains harmonic terms proportional to &q(t). It can be shown that these terms 
match automatically with the core flow. The remaining order-Z-10 boundary-layer 
solution is then matched with the core flow and then the complete order-Z-10 
boundary-layer solution is made to satisfy the no-slip condition at 0. The 
order-Z-10 boundary-layer solution will also contain terms of the same form as 
those in (6.17). However the functions of r  multiplying the eigenfunctions will now 
be different and it is possible to satisfy the boundary conditions at 0 by a 
suitable choice of these functions. We note that some of these functions are deter
mined in terms of 60(r) and T8 by the matching conditions. We recall that at order 
Z-5 it was necessary to choose b0T3 in such a way that the end-wall conditions were 
satisfied. In a similar manner it is now necessary to choose the contribution from 
the bracketed terms in (6.20a) appropriately. Thus the contribution arising from 
the bracketed terms in (6.20a) is treated as an unknown and determined in terms 
of bQ(r) and bl(r). The solution takes the form

d&0/dT =  o-60[Z8-T *(Z )] + A262 + |A 1635 (6.21)

where Tf{L) is the term of order Z-8 in the expansion of T0(L) for large Z. In fact 
T$(L), and A2(Z), the cofficient of the quadratic terms in (6.21), are order-Z0 
functions of kx L while cr and A4 are order-Z0 constants independent of Z. Equation 
(6.21) is the amplitude equation that occurs when the cubic nonlinearities of the 
infinite problem are comparable with the quadratic nonlinearities typical of the
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finite problem. We have shown that this balance takes place when the Taylor 
number differs by an amount of order L~8 from the critical value for odd modes. 
The steady solutions of (6.21) are indicated in figure 6, where continuous and 
dotted lines represent stable and unstable finite-amplitude solutions respectively. 
The diagram is drawn for Aa(Z) > 0; for A2(L) < 0 the minimum point on the
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F igure 6. The equilibrium solutions of (6.21).------ , Stable solutions;
------, unstable solutions. • ,  A /̂SAjix, — 2A2/3 Aj).

solution curve lies on the other side of the = 0)-axis. For large values of Tg 
the stable steady solutions of (6.29) are given by

K = ± 2( - 7’8<r/3A1)i, (6.22)
which is -JS times the corresponding equilibrium amplitude of the unmodulated 
infinite problem. We shall see later that, as shown by Hall & Walton (1977) for the 
corresponding convection problem, this apparent discrepancy is resolved by 
considering T — T0 to be of order L~2. Suppose now that we keep L fixed with 
T0(L) < Te(L) and increase \T — T0(L)\ such that T ~ 0 (L~m) with < 8.
If m = 8 the amplitudes of the equilibrium disturbances are given by (6.21). For 
m < 8 the analysis described above can be repeated to determine the amplitude 
equation appropriate to a disturbance of order L~^m. This equation is given by 
(6.21) with A2 = 0 and with Tg — T% replaced by the limit of when
L->00. In this case bifurcation is one-sided with the minimum point on the solution 
curve now on the T8 axis.

Thus if \T — TQ\is of order L~m with 3 < m <8 the bifurcation to an odd Taylor-
vortex flow is one-sided and symmetric. However if is taken to be order
L~z then | T  — T0\~ \TE — TG\ and the odd mode can no longer be treated in isolation.
The amplitudes of the odd and even disturbances are now taken to be order L~% 
and the flow field is split up into a core region and boundary-layer regions. We 
again find that in the core the velocity field associated with the disturbance is, to 
first order, proportional to cos | 7C0 . If we expand T in the form

T = Ta0+ 771 L~2 + 3 + ...

12 Vol. 372. A
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t = L~h*
then the amplitudes a0(r) and 60(r) of the first even and odd modes are determined by

da0/d r = cra0(T3 -T+ )+  + H)> (6.23a)
d60/d r = crb0(T3-T * )  + lX1b0(< + bl). (6.236)

Here T* and are the order-L-3 terms in the expansions of T0 and TE in powers
of L~l and since T0 < TE it follows that > The steady solutions of (6.23)

F igure 7. The equilibrium  solutions of (6.23a, b) w hen T£ > T*.
------ , S table so lu tions; -------, unstab le  solutions.

and their stability properties are shown in figure 7. The only stable solution is 
the pure odd mode.

If \T — T0\ is increased further then the first odd and even modes become in
distinguishable. However when \ T — T0\ ~ L~2 the 2nd, 3rd ,... even and odd modes 
must then be taken into account. Following Segel (1969) we expand T  in the form

T = T'K + T%L~2+... 
and define a slow time scale r  by

r =  t*L2.

The disturbance velocity field is taken to be 0 {L~X) and in the core we assume that 
the velocity field is of the form

{u, v) = {[̂ 4o(0 ,r)/L ]eifca>56(̂ oo, v00) + 0(Z-_2)} +complex conjugate;
so that the core flow velocity field has amplitude depending on the slow spatial 
variable 0 . At order L~3 in the solution of the core flow problem we find that A 0 
is determined by

^ ° - c™2| ^  = <rrs'4»+Â »4>- <6-24>
where c02 = 0.00342 and cr, Ax are as defined earlier. An investigation of the boundary- 
layer regions shows that (6.24) must be solved subject to the conditions

A 0(± l,r) = 0. (6.25)
The steady solutions of the system specified by (6.24) and (6.25) have been obtained 
previously by Segel (1969) and Daniels (1977). The zero-solution first becomes
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unstable when T2= 771 and the initial spatial dependence of A0 is given by 
A0 ~ cos \ tiO. For larger values of T2 the function A 0 is approximately constant 
except for regions of thickness near 0  = + 1. Furthermore, in the region where 
A0 is constant, |̂ L0| is given by the value predicted by the corresponding 
amplitude equation of the infinite problem. Daniels has shown that this solution 
is neutrally stable and that further solutions of (6.24) bifurcate from the points 
T2 = 771 m2 for m = 2, 3, — The latter solutions correspond to the 2nd, 3rd, etc. 
even and odd modes but all of these solutions are unstable. This concludes our 
discussion of the limit L-> oo for the case TQ(L) < TE(L).

Suppose next that the even mode is the most dangerous and that | | is of
order L~m, where m( > 3) is a constant. In this case the even mode must be considered 
in isolation and it can be shown that finite-amplitude disturbances of order L~^m 
can exist for T > TE.The bifurcation to such flows is of the type shown in figure 6 
but with the minimum point on the horizontal axis. If — is now taken to be 
of order L~3 then the even and odd modes must both be taken into account. In 
fact each mode has amplitude of order L~* and the non-dimensional amplitudes 
a0(r) and 60(r) of the even and odd modes are determined by (6.23) but with < T*.
In this case the only stable mode is a pure even mode and the bifurcation picture is 
as shown in figure 7 with the labels (a0, T£)and (b0, T*) interchanged. If \T — TE\ 
is increased further then the first odd and even modes are then indistinguishable 
and the discussion given above for T0 < T again applies.

We shall discuss further the limit L-> oo in § 8 after discussing the effect of 
perturbations in the end conditions.

Finite Taylor vortices

7. I m p e r f e c t  b i f u r c a t i o n s  a s s o c i a t e d  w i t h  m o r e

REALISTIC END CONDITIONS

The results obtained in this paper have been obtained by assuming that the ends 
of the cylinders rotate in such a way that the basic flow is purely circumferential. 
Suppose now that at the end walls the radial and axial perturbation velocities are 
still zero but the azimuthal perturbation velocity is given by

v(x, ± L ,t) (7.1)

where S(x) is some prescribed function. If the end walls are fixed then we choose 
a = 1 and S(x) = x — 1. However, since we can only make any analytic progress
with (7.1) when a <4 1, we can only hope that the results we obtain give a qualitative 
description of that problem. We take >8(0) = >8(1) = 0 so that, assuming the com
pleteness of the azimuthal eigenfunctions, we can expand S(x) in terms of these 
eigenfunctions. We note that S(x) = x — 1 does not satisfy the boundary condition 
>8(0) = 0 but in that case we replace 8(x) by its Fourier sine series in the interval 
[0,1]. Hence we cannot hope to satisfy the boundary conditions at the end walls 
of the inner cylinder.

The analysis of § 3 can now be repeated with the more realistic end condition (7.1).
1 2 -2
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F igure 8. The equilibrium  solutions of (7.4a, b) w hen/ 6 > 0 and  TQ{L* +  eLj) < TE(L* +  eL t ). 
------ , S table so lu tio n s ;-------, unstab le  solutions.

F igure 9. The same as figure 8 but w ith /6 <  0.

More precisely we choose a in (7.1) to be related to e, the order of magnitude of the 
increment of T  above its critical value, by

a = a0e2, (7.2)
where a0 is 0 (e°). We then repeat the expansion procedure of § 3 and note that the 
boundary condition (3.96) becomes

/  unsinknL *\ /  0  \
u20 = L.Bir) i ^ B nkn l v nsmvnknL* + a 0 S(*) , ^ = ± £ * ,  (7.3)

W  cos knL * /lcJ  0
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F igure 10. The same as figure 8 but with T0(L* + eLx) >

-4e

F igure 11. The same as figure 8 but with / 6 < 0 and 
T0(L* + eL1) >

while the condition (3.9a) remains unchanged since we are restricting our investi
gation to end conditions on v that are even about <fi = 0. The amplitude equations 
(3.20) are then generalized to give

exdA/dr = (e2T1 + e3L1) A +êAB(7.4a)
e2dB/dr = (f2T1+f3L1)B + f4A 2+f5B2+f6, (7.46)

where / 6 = — a0{/?̂ }T Fe, {/?£}, eve ĉ- are as defined in §3 and F6 is an infinite 
column vector defined by

(^«)sn = °> (Fe)3n-2 = W sn-i = J o sm»ica;fl(a;)da;, = 1, 2, 3,... .
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It follows from the definition of / 6 that, depending on cl0 and S(x), the constant 
term in (7.46) can be either positive or negative. We recall from § 4 that the possible 
steady solutions (4 E, ZE)of (7.4) with / 6 = 0 are as shown in figure if the odd 
mode is the most dangerous; otherwise they are as shown in figure 26. In figures 8- 
11 we have shown how figures 2a, 6 are modified if /6 is non-zero. We have assumed 
th a t/5 > 0 and we note that the results for/5 < 0 are obtained by reflecting figures 
8-11 in the Tx axis and changing the sign o f /6 in the following discussion. If 
T0(L) < ZE(Z) the only stable solutions of (7.4) are pure odd modes with A E = 0. 
In this case the stable odd mode decreases monotonically in amplitude with 
increasing Tx if /6 < 0. However if /6 > 0 the solution that develops smoothly from 
Tx = — oo becomes unstable at a finite value of then for a finite interval

of values of Tx there are no stable solutions of (7.4). For greater than the 
values in that interval a stable odd mode exists but the sign of BE now changes. 
Thus the sense of rotation of the vortices changes on either side of this interval. If 
T0(L) > Te(L) then stable mixed-mode solutions exist for in a certain range. 
Either side of this range the only stable solutions are pure odd modes and the sense 
of rotation of the vortices associated with these odd solutions again changes on 
either side of the latter interval if / 6 > 0.

However, if we choose/6 sufficiently large and negative, the interval in figure 11 
where the mixed-mode solution exists can be made to shrink to zero. Likewise the 
mixed-mode solution of figure 9 disappears if / 6 is now taken to be sufficiently large 
and positive.

We now turn to the effect of imperfections when L is large. The discussion in 
§ 6 can be modified to take into account end conditions of the type (7.1) if 1. 
More precisely we must relate a to Lin the limit oo so that a balance is set up 
between the forced solution and a finite-amplitude disturbance.

We first consider the case when a, the constant that defines the amplitude of 
the forced motion, is of order Z~10. The analysis leading to (6.21) can be modified 
to take the boundary condition (7.1) into account. If we write

a = a0Z-10

then the amplitude equation corresponding to (6.21) is

d60/dr = cr60(7T8-T*)-(-A26§ + tA163 + a0/S,0(L). (7.5)

Here cr, T8, T *, A2, f  Ax are as defined in § 6 while S0(L) is an order-Z0 function of L 
the precise form of which depends on S(x). We note that (7.5) determines the 
amplitude of the first odd mode of order Z-4 when the velocities of the ends of the 
cylinder differ from those appropriate to the infinite problem by an amount of 
order Z-10. Some possible equilibrium solutions of (7.5) for different values of 
ot0S0(L) are shown in figure 12 for A2 > 0. In addition to those lying along the 
branches shown further solutions lying between the axis 60 = 0 and the curve 
corresponding to the unforced problem exist. These solutions lie below or above 
the Txaxis depending on whether a0S0 < 0 or a0S0 > 0. We see that if a0£0/A2 < 0



the amplitude of the odd mode increases monotonically with increasing and is 
always stable. If a0$0/A2 > 0, but is less than a certain critical value, the primary 
branch loses its stability for a finite range of values of so that the possibility of 
hysteresis exists. If a0$0/A2 is increased further the primary branch is again always 
stable. Suppose now that A2(L) is taken to be negative, in which case the minimum 
of the a0 = 0 curve in figure 12 lies below the Tx axis. The smoothly developing
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increasing

decreasing

F ig u r e  12. The prim ary  equilibrium  solutions of (7.5) for different values of a 0.
------ , S table so lu tions; -------, unstab le solutions.

solution is then stable for all Tx unless -|a0$0 lies in a certain interval of negative 
values. Finally in this section we discuss the case a ~ L~x when we can follow 
Daniels (1977) to show that A, the amplitude of a disturbance proportional to 

and of order L~x in the core, is determined by

= + + r °- <7-6)

Here the coefficients <r, w2, T2 and Xx are as defined in § 6 while r0 depends on the 
form of S(x). The solutions of (7.6) have been investigated in detail by Daniels 
(1977). It suffices here to say that the constant term in (7.6) fixes a unique stable 
primary branch A = A(Tx, 0 ) along which the solution develops when is increased
from -00. Further stable and unstable solutions of (7.6) exist but if T2 is increased 
from T2 = — 00 these solutions can never be reached.

8. D i s c u s s i o n  of  r e s u l t s

We first discuss the implications of the nonlinear theory developed in § 3 to the 
finite-Z/ problem. In particular we compare the flows predicted by the theory with 
the experimental results of Benjamin (1978). However, at best we can only hope 
for qualitative agreement between theory and experiment since the cylinders used
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by Benjamin in his experiments had radii of the same order of magnitude as their 
separation. Furthermore the ends of the cylinders in Benjamin’s experiments were 
fixed to the stationary outer cylinder.

We assume that the end conditions are of the form given by (7.1) so that the 
forced motion is symmetric about the plane 2 = 0. (We recall that symmetric flows 
have axial velocity components odd about z = 0 so that the odd and even modes 
discussed earlier in this paper correspond to symmetric and antisymmetric flows 
respectively.) The finite-amplitude solutions predicted by our nonlinear theory 
were shown in figures 8-11. No calculations were performed for specific functions 
S(x), which we recall describe the motion of the end plates. However, for different 
values of L,each of the figures appears to lead to flows relevant to Benjamin’s 
observations.

We observe that in each possible case demonstrated in figures 8-11 a symmetric 
flow is set up when the Taylor number is increased from values below the first odd 
and even eigencurves. This smoothly developing flow is the so-called ‘primary 
flow’ discussed by Benjamin. The manner in which this flow changes in the neigh
bourhood of the eigencurves depends on the length of the cylinders and the end 
conditions.

In figure 9 we see that the only possible stable configurations are odd (symmetric) 
modes. However, when Tx reaches the value shown in figure 8, the primary flow
loses its stability. For Tx slightly greater than Txc there is no locally stable attracting 
solution predicted by the theory. However the higher modes shown in figure 1 
could have stable finite-amplitude solutions to which the flow could jump in this 
Taylor-number regime. These higher modes have been neglected in the present 
theory but could conceivably be taken into account by a perturbation expansion 
for some values of L. Unfortunately the number and complexity of the numerical 
calculations required to study the interaction of only the first even and odd modes 
makes such a calculation prohibitively expensive. However the primary branch 
shown in figure 8 could conceivably match smoothly onto a stable higher-order odd 
mode. This would be consistent with figure 6 of Benjamin, which he proposed to 
explain his experimental results. Thus at T = T1C the flow would jump to a higher- 
order stable odd mode. If the latter mode were the second odd mode the number of 
cells would in general change discontinuously by 2 at this Taylor number. This is 
precisely the result obtained experimentally by Benjamin for some L. For different 
values of L Benjamin found that the primary flow remained stable to axisymmetric 
perturbation for all Taylor numbers. This is consistent with figure 9, where the 
smoothly developing solution remains stable for all We now turn to the relevance 
of figures 10 and 11 to Benjamin’s results.

In both these figures the primary mode loses its stability to a mixed mode 
solution for a finite range of values of Tx. Benjamin does not report such an occur
rence but the flow fields associated with figures 10 and 11 shed some light on the 
so-called abnormal modes ’ described by Benjamin. The abnormal modes described 
by him have either three or four cells. The abnormal four-cell mode has radial out



flow at both ends of the cylinders whereas the primary flows observed by Benjamin 
always had radial inflow at the ends. Indeed this result can be confirmed analytically 
for small Taylor numbers by a perturbation expansion in T. At the points of 
secondary bifurcation in figures 10 and 11 the amplitude of the even mode is zero. 
Between these bifurcation points the flow is neither odd nor even except at the 
point in figure 10 where BE = 0 and A E #  0. For Tx near the value appropriate to 
this point the motion will be antisymmetric and will consist of an odd number 
of cells. In fact if L is in the range 1 < L <3 there are three cells. Moreover the 
sign of Be changes in this Taylor-number regime so that the pure odd modes either 
side of the Taylor number range where the mixed mode exists correspond to flows 
having vortices rotating in opposite directions. Thus if the primary branch for 
below this range corresponds to a flow towards the inner cylinder near the ends 
then the flow corresponding to the stable odd mode for larger Tx will be away from 
the inner cylinder near the ends. Thus the ‘abnormal cells’ observed by Benjamin 
are not totally unexpected.

We now propose a tentative description of the transition to Taylor vortex flows 
between long concentric cylinders having end plates fixed. We recall that the 
analysis given in §§ 6 and 7 for the limit L -> co assumed, at best, that the velocities 
of the end plates were such that the basic flow to first order was purely circum
ferential. I t  is informative at this stage to discuss the related Benard convection 
problem described by Segel (1969) and later by Daniels (1977).

We consider a two-dimensional box of length 2Lh and depth h containing a fluid 
heated from below. Segel assumed that the side walls were perfect insulators while 
Daniels allowed the side walls to be slightly imperfect insulators. Thus in Segel’s 
model the basic state is motionless while that described by Daniels has a circulatory 
flow for all Rayleigh numbers. Segel expanded the Rayleigh number for the flow 
in the form

R = ^n*  + R2L~2+...,
where L> 1, and used a multiple-scale analysis to show that a finite-amplitude 
disturbance of size 0(L~X) bifurcates from the zero-solution when R2 reaches some 
critical value. Daniels extended Segel’s analysis to describe flows having slightly 
imperfect insulators as vertical boundaries. In particular, Daniels discussed the 
case when the side-wall temperature conditions are of the form

dT/dx  =

where z is the vertical coordinate and x is the horizontal coordinate. If R is increased 
slowly from zero the basic circulatory flow is confined to boundary layers of length 
0 (h) at the ends. When |JB — ~ L~2 the basic circulatory flow now extends
over the whole length of the box and there is no bifurcation to the convective flow. 
We note that the analysis of Daniels (1977), and the later work of Brown & 
Stewartson (1977), assume that the size of the imperfection associated with the 
side-wall condition is OfL-1), the same order as the size of a finite-amplitude 
motion obtained by Segel. However it is physically unrealistic to assume that the
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degree of imperfection of the side walls is dependent on the length of the box; thus 
we conclude that, for a given insulator, Daniels’ analysis is applicable only to 
boxes of a certain length.

Suppose now that the side-wall conditions are of the form
dTfdx — yf{x),

where y <4 1 and y >0. The analysis of Daniels is relevant to boxes of length
0(y~x). Hall & Walton (1977, 1978) have considered this problem for L ~  0 (y°). 
We shall now give a description of the bifurcation problem for L~x y  1. This 
would seem to be the most relevant parameter range for comparison with experi
mental work for the following reason. Almost all of the experimental work on the 
convection problem and the Taylor problem has been done in a manner designed 
to imitate the flow in an infinite region. In these experiments the imperfections 
arising from end effects are usually fixed and the dimensions of the apparatus are 
also fixed. One assumes that the experimenter then increases these dimensions 
until any further increase in the dimensions no longer changes the measured 
properties of the flow. In the convection problem we therefore claim that the 
appropriate parameter range is 1 > y  > Lr1. Before giving an analysis describing 
this flow we now argue why such an analysis is relevant to the Taylor problem in 
sufficiently long cylinders with fixed end plates.

Suppose now that we consider the flow between long concentric cylinders having 
end plates fixed to the stationary outer cylinder while the inner cylinder rotates. 
If the speed of rotation is small then a formal expansion of the velocity field in 
powers of the Taylor number can be used to determine the flow. Such a procedure 
has been used, for example, by McConalogue & Srivastava (1968) to find the flow 
in a curved pipe driven by a steady pressure gradient. In that problem the velocity 
field is expanded in powers of the Dean number, which is in some sense related to 
the Taylor number for the cylinder problem. However it is not clear whether such 
an expansion would converge sufficiently quickly for it to be useful for the Taylor 
problem. If T  is sufficiently small and the length of the cylinders is sufficiently large 
then the flow is purely circumferential apart from boundary layers of length 0 (L°) 
near the ends. However when T  is increased until T ~ the flow in the boundary 
layer will not decay to zero at the edge of the layer. We assert that, when T = Tx , 
the non-dimensional velocity field at the edge of the boundary layer near ^ = — is

u ~ §Qip+ik̂+D(Wqo, Voof- iu ^ / k ^  + c.c. + (1 — a?) (0,1,0), (8.1a)
and near ^ = L,by symmetry,

u ~ deW+ik»<W> (Un, Voo, î oo/fcoo) + c.c. + (l -x)(0,1,0). (8.16)
Here kis the most dangerous wavenumber of the infinite problem and and 
are the corresponding radial and azimuthal velocity eigenfunctions. The constants 
8 and /? can only be determined by a full numerical integration of the equations of 
motion in the end-boundary layers. However, if this model is correct, then such a 
calculation need only be performed once since /? and 8 are independent of L. We
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assume that the constant 8  is small, since if this were not the case we would have 
no reason to expect the exceptionally good agreement between experimental 
observations in long cylinders and nonlinear stability theory applied to the infinite 
problem. The analysis which we give is also relevant to the problem obtained by 
choosing the end plates to have velocities differing by order 8  from the artificial 
end conditions used in § 3. In this problem, and for the convection problem with 
side-wall conditions of the form dT/dx = y/(z) with Lrx y  < 1, the flow in the 
end layers is obtained by expanding in terms of the non-exponentially growing 
eigensolutions of the linear stability problem. Such an expansion leads to conditions 
similar to (8.1) at the edges of the boundary layers. We note that in this case we 
can specify 8  to be arbitrarily small in (8.1), whereas for the real problem with fixed 
end walls 8is a fixed numerical constant which we here assume to be small. The 
validity of this assumption can only be determined by a formidable numerical 
calculation which we do not attempt here.

Irrespective of how the conditions arise we now determine the flow away from 
the end-boundary layers that matches with (8.1). We expand the Taylor number 
in the form r T„ + T J 2+. ( 8 . 2 )

and define slow axial variables £, 0  by
£ = £0, = <f>/L. (8.3 b)

We further assume that if (8.1) arises from the problem with the ends fixed then 
those conditions remain unchanged at order 8  when T  differs from by an amount 
0(82). Thus we are asserting that (8.1) is determined by the end-wall conditions if 
T  is sufficiently close to T .̂If urepresents the difference of the velocity field from 
the circumferential flow (0, 1 — x,0) away from the ends then we can write

u =  2  £  8mL - nu mn(x,<t(8.4)
m — l n ~ 0

where r is a slow time scale defined by
t =  8t *.

We can determine the umn by substituting for u from (8.4) into the disturbance 
equations. After replacing T  by (8.2), and 0/00 by 0/00 + <£ 0/0£+ 0/00, and
then equating like powers of 8  and L~l, we obtain at order 8

u 10 = A (£ ,0 ,T )e ik*,t, (uoo,v oo, (8.5)

Here A(£, 0, t )is an amplitude function to be determined by solvability conditions 
on the equations determining the higher-order terms in the expansion of In 
fact at order 8 3 and order 8 2/L  we find that

dA d2A i o j
~dr~(T0J W  = aT2A + AiA A

d2A
0£0<Z> 0,

( 8 . 6 )

and (8.7)
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where a = 0.0038, Ax = -  10.05 and w2 = 0.00342. We restrict our attention here 
to the steady-state solutions of (8.6) so that, in view of (8.7), is a function of £ 
only. The simplest solutions of (8.6) are given by

.4 = 0, |A |2 = (8.8 b )

The former solution is valid for all T2 while the latter solution is valid only for 
T2 > 0. However, it follows from (8.1), (8.4) and (8.5) that A satisfies

A( — L8) = eiP+ik*L.

Clearly the solutions given by (8.8) do not satisfy the above matching conditions. 
Some solutions consistent with (8.8) that satisfy the matching condition are easily 
constructed. These solutions are such that A is constant away from boundary 
layers near £ = + L8. The disturbance velocity field then has a double boundary- 
layer structure near each end. The inner boundary layers are of length 0(1) while 
the outer ones extend distances 0(8~1) away from the ends. This contrasts with 
the model proposed by Daniels which has a single boundary layer of length 0(1) 
at each end. If T2 is negative then a solution of (8.6) that satisfies the matching 
condition on A is

A = aeiA+lfc«i {— 2 eav'b[a+ (1 + a2)*]}/{l -  e2â [2a2 + 1 + 2a(l + a2)*]}, (8.9)

where y = L8 — £,
a = (2crT2/Ax)I and b = (— 2<ra>2/A1)£.

This solution tends exponentially to zero when -> oo so that the forced motion 
is confined to a layer of thickness #-1 near 0 = — An identical analysis at = 
shows that a similar boundary layer exists near the other end of the cylinders. 
The solution given by (8.9) breaks down when 0. We replace (8.9) by

A = ae î +i*®-Ltanh (arctanhu-1 ± ay/5), (8.10)

where y and b are as defined earlier while a is now given by

a = (-o-Tg/Aj)!.

We see that, depending on whether the positive or negative sign is chosen in (8.10), 
two of the solutions of the infinite problem given by (8.8 can be obtained by 
letting y-> oo. An identical analysis near (j) = L shows that a similar boundary 
layer exists at the other end of the cylinder but the matching can only be achieved if

P +  lc^L =  Ml,

where n is an integer of order L. If the length L is not such that the above equation 
is satisfied by some n then the disturbance flow field cannot have a constant 
amplitude away from the order-#-1 end-boundary layers. We do not pursue the 
matter further here. We note however, from (8.10), that, if L~x 1, the flow
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away from the ends is no longer uniquely determined by end effects when T  is 
increased through its critical value for the infinite problem. In particular end 
effects are confined to regions of length near the ends of the cylinders for 
T — T^ ~ 8 2 with T < Tx .If T < Txwith > the end effects are confined
to regions of thickness 0(1) at the ends of the cylinders. If T  is increased beyond 
T0o but keeping T — T^ ~ 8 2 then there is a finite-amplitude disturbance over the 
whole length of the cylinders. The non-uniqueness of the flow away from the 0(£-1) 
end boundary layers shows that if 8> L~x end effects have less influence in deter
mining the finite-amplitude motion over the bulk of the flow field. Such a result 
encourages us to believe that in this regime we can reasonably expect to find finite- 
amplitude solutions periodic in £ away from the end layers. These solutions corres
pond to the periodic solutions of the infinite problem that are susceptible to the 
side band instability mechanism. We do not pursue this matter further here.

The author acknowledges some useful discussions on parts of this paper with 
P. J. Blennerhassett, R. C. DiPrima, and J. T. Stuart, F.R.S. The work was 
partially supported by the U.S. Army Research Office.
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A p p e n d i x  A

The functions F \m etc. appearing in (3.16) are given by

k' . -™y' v^ a n a ' ^m ^  n M ^  n "b 7 . "b / ,  ^in n

i / 7  1 7 \ ( U n  u n U m , Um u n u n  u m+ (*» + km) y------1------- +

Flnm = {K + km?{TvnV.

) ■

F n m  =  (k n ~  k m )2 (  ~  F v n Vm  + U n U m  + U m U n  + -j — U m U n  + -j — U n U m \

/  7 1  ̂ I'M u m u n u m u m u n  ^

+ {kn - km)\ -------- 1----------- + ---------1-----------  l>\ K'm **n 1

(*nm = M'n ̂ rn "b Vn  (~r U n  Vm  +  — ,
\ K n  /

( 1 , kv \
~b ^  m® n”b V n -j- ^ Vm j  ,nt'J'nm

where a prime denotes differentiation with respect to If then we have

Fin = 2 K T v l + -  « ) ,

Fin  =  0 ,

G nn ^n *b

Gin = -U nK ~ K Vn-
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The matrices M and N  introduced in § 3 have elements in the (3n— 2)th, (3w— l)th, 
and 3nth rows and Jth column defined by

M3n_2j = sin kjL* f sin nnx da:,
J o

MZn-\ j = sin kjL* f sin nnx dir,
Jo

3 n, j
cos kjL*C1 , . ,—  -—  Uj sin nnx dir,

j Jo

^3n—2, j COt hj L j 5

■̂ 3n-i,j — cot kjL*M3n_lt j, 

nj = tan kjL

while Ex, E3, E4, Fv F3 and jP4 have elements in the 1, and 3nth rows
given by

(E i)3n-2= f  sinwraF S  ameJ<L*umcoskmL*) + oim

(Ei)sn-i = f sin nnxF £  ocmem(L*vm c o s  kmL*) + otm
JO Lm=l J

f 's in n n x f -  £  (̂l * sin lcmL* +  C°S^ L*\  <
J o  L m —lK rn \  k j n

<xm cos kmL*F'm] A
K  J ’

(E3)311—2 ~ sin nnx( £  <xmkmum cos kmL A  dx,
J  0 \ra = l /

W an—1 = f sin nnx ( £  amkmvmcos kmL*\dir,
J  0 \m= 1 /

(^3)377 = -(* sin nnx i£  ccmums\nkmL*\dir,
J  0 \m = 1 /

(£ 4)3n - 2 = f  sinmnxfs S  - W ,  + s W A i « ^  + y i '

+ f a p P m  ^ m P p ) f  p m  8**1 (^p &m) ?

Ws.-i = I sin»it*[ £ 2 -(*mPP + apPJg
J  0 l_p =  l m  = p

+ & m f i p )  9 p m  ( k p  k m ) L *  | 9
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W t )»n =  T  S i n  UKX [  S  £  -  M ,  +  « „  fim) ( f U Y  C 0 3 ( ^ f " l ) £ *
JO Lp = 1 m =p rCp ~r tCm

+ K-  <*mPp) ( /I-) ' dx,

(^1)377-2 = f sinnnxl £  -  fimemumL* sin kmL* dz,
J 0 \ra = l /

(^i)3w- i=  f s in w ^ ( £  +
JO \m = l ]

{F\)zn = sin nic* [JE ^  (f * cos -  j  ^
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+ ̂ s in
Km

( - ^ 3 ) 3 7 7 - 2  — “  j sin nnx | 2  P m  ^  J
J 0  ’ 1  /

f 1 • 1f 00 # \
( ^ 3 ) 3 7 7 - 1  =  — J| sin nnx |1 2  P m  ^m ^  )\m = 1 J

(^3)377 = f sin nnx (£ cosJo \m = l /
F 1 / oo oo

(-̂ 4)377—2 = sin muz I E 2  S  am /£ m cos + km)L*J 0 \p = l m=p
+ ap am flm  cos J  F* &r,

T O 3n—1

TO:

/:

j :

sin TiTc#

sin n7t:r

2  2  V m ^ m 008 (kp +  km )L *
_p — l m =p

+ apamgr|m cos (k-  k j  j dx,

V v  fi' sin(&p + £m)F*
2 j  2 j  “-p a m J pm  , r,

_p =  1 m = p  Kp ' K,m

+ *p &  sin (kp -  fcOT) Zr*1 dx
kp km J

The vectors E2 and F2 are obtained directly from Ex and Fx by replacing em, Fm 
and Gm by 8m,fm and gm respectively. The vector F5 is obtained from F4 by changing 
the sign of the first terms proportional to OLpccm inside the double summation.

A p p e n d i x  B

We shall now show how the asymptotic structure of the coefficients of (3 .20) can 
be determined in the limit L* -> 00. More precisely the following analysis is valid 
for e L *~2.
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Suppose that we expand T*, the value of the Taylor number at a point of inter
section of the first two eigencurves of the linear problem, by writing

T* = Tao + T2L*-2 + T3L *~(B 1)

where T,xis the critical Taylor number of the infinite problem. We can show that 
the corresponding wavenumbers kn have the asymptotic expansions

K = ko0 + kn L*~1 + k12L*~2 + k13L*~3 +..., (B 2a)

k2 = kx - k 11L*-i + k22L*-2 + k2ZL *~3+ ( B

K  = knx + kn2L*-2 + kn2L*-3 + kn^L*-/l +for 3. (B 2c)

Here kro, knao for n ̂ 3 are the eigenvalues of (3.8) with T* replaced by so that 
kx is purely real. The constant kn can be related to the curvature at the critical 
point of the neutral curve of the infinite problem. In fact it can be shown that

lfeu = 0.003 442T2. (B 3)

The remaining coefficients in (B 2) can be expressed in terms of T2, Tx, etc. but 
their explicit dependence on these quantities is not required in the following analysis. 
It now remains for us to expand the an and fin, the coefficients in the even and odd 
eigenfunction expansions (3.7a) and (3.7 b)We anticipate that for large L the 
expansions should be dominated by the first two eigenfunctions which correspond 
to real wavenumbers which are acceptable solutions of the infinite problem. Thus 
we are led to try expansions of the form

oq = oi10 + otn L** - f -tx12L * |
aa = ot20 + cc21L*-1 + cc22L*-1 + ..., 1 (B 4)

<x n =  0Cn lL *~1 +  0cn2L *~1 +  0('n3L *~1 + --->  f o r  3, J
together with similar expansions for the fin. The eigenfunctions corresponding to 
(B 2) are expanded in the form

(+ L *-1!S i \
/

Will

+ . . .

(B 5)

( Vn\ = ( Vnr\ + ( ?'’d
x̂ noo/ \^n2/

+ ..., for ^ 3,

where (v00ua>),v is the solution of (3.8) with kn = kx and Tn = T^, and we note that 
(vl5 ux) is identical to (v2, u2) at order L°. The expansions (B 2) and (B 5) are then 
used to define the infinite matrices M and N given in appendix A. Neglecting 
terms of order L~x we see that the infinite determinants of M and N  are zero if

cos ku = 0 or sin kn — 0,



in which case M  and N  have, up to order L°, their first two columns proportional 
to each other. Thus we are led to the infinite sequence of eigenvalues

&n = ... . (B 6)
The first such eigenvalue kn = | tc corresponds to the most dangerous even and odd 
modes. It is easily shown from M  and N  that in this case a10 = a20 and /?10 = /?20. 
For convenience we choose a10 = /?10 = \so that the asymptotic forms for the first 
even and odd eigenfunctions ue and ve are

{ue,ve) ~ sinA;00̂ cos|(7t/L*)^(w00,v00) + (9(L-1), (B la)
{u0,v0) ~ cos k^̂ cos %(k/L*) (frilly, v^ + (B lb)

The order-X*-2 corrections to the critical Taylor number of the first odd and even 
modes are therefore identical, and from (B 3) are given by

T2 = 771. (B 8)
In fact, by proceeding to higher-order expansions, we can show that the critical 
Taylor numbers of the first even and odd modes first differ at order L~3. However 
the information already obtained is sufficient to estimate the orders of magnitude 
of the coefficients in (3.20). This is done by determining the dominant terms in 
the vectors Ev Fv etc. defined in appendix A. We first note from (3.14) and (3.15) 
that when &l5 k2 and T* are as given by (B 2a, b) and (B 1) then

e4 ~ 0(L*),e2 ~ —e1 + 0(L*°), (B 9a,
8l ~ 0(L*), 82 ~ (B 9c, d)

These equations follow from (3.14) and (3.15) after noting that the term of order 
( L*°)in the denominators of these equations vanishes for 1 and 2, since kx is 
the critical wavenumber of the infinite problem. Thus the dominant terms in the 
vectors Ev E2, Fx and F2, defined in appendix A, are 0(L2). Furthermore we can 
see that, with the above asymptotic forms for the kn, ccn and /?n, the terms of order 
(L*°) in the definitions of E3, Fz cancel so that the dominant terms in these vectors 
are of order ( L*)-1. It now remains to determine the order of magnitude of the 
components of E4, F4, F5 which determine the nonlinear coefficients in the amplitude 
equations (3.20). This is easily done by considering the second-order terms intro
duced by the interaction of the dominant terms in (B 5). Such terms will consist 
of 0(L*°) terms proportional to cos and terms of order L~x proportional to
cos \n(f)/L*. In addition there are terms of order i>* ~2 which, unlike the terms of 
order L*°, L*~x, do not vanish at 0 = ± L*. We can easily show that the second- 
order terms produced by the interaction of the exponentially growing and decaying 
modes with the dominant 0(L°) periodic modes produce terms which do not vanish 
at order (L*)~2 at (j) — ± L*. Thus the vectors JE4, F4 and F5 are of order (L*)~2. 
Hence we have the following asymptotic estimates for the coefficients in (3.20)

,h ~ 0 (L * ) \  e3,f3~0(l*)-3, e4,/4>/ 5 ~ 0(L*)~>. (B 10)
We note that the above asymptotic estimates are consistent with the results 

shown in table 1.
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