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Abstract

It is known that fast magnetohydrodynamic waves partially convert to upward and/or downward propagating
Alfvén waves in a stratified atmosphere where Alfvén speed increases with height. This happens around the fast
wave reflection height, where the fast wave’s horizontal phase speed equals the Alfvén speed (in a low-β plasma).
Typically, this takes place in the mid to upper solar chromosphere for low-frequency waves in the few-millihertz
band. However, this region is weakly ionized and thus susceptible to nonideal MHD processes. In this article, we
explore how ambipolar diffusion in a zero-β plasma affects fast waves injected from below. Classical ambipolar
diffusion is far too weak to have any significant influence at these low frequencies, but if enhanced by turbulence
(in the quiet-Sun chromosphere but not in sunspot umbrae) or the production of sufficiently small-scale structure,
can substantially absorb waves for turbulent ambipolar Reynolds numbers of around 20 or less. In that case, it is
found that the mode conversion process is not qualitatively altered from the ideal case, though conversion to
Alfvén waves is reduced because the fast wave flux reaching the conversion region is degraded. It is also found that
any upward propagating Alfvén waves generated in this process are almost immune to further ambipolar
attenuation, thereby reducing local ambipolar heating compared to cases without mode conversion. In that sense,
mode conversion provides a form of “Alfvén cooling.”

Key words: diffusion – magnetohydrodynamics (MHD) – Sun: chromosphere – Sun: magnetic fields – Sun:
oscillations – waves

1. Introduction

Magnetohydrodynamic (MHD) waves display complex
behaviors in stratified plasmas, such as stellar atmospheres.
The solar atmosphere is a particular case in point. Even
neglecting nonlinearities, the three MHD wave types—fast,
slow, and Alfvén—may change from one type to another as
they propagate up from the photosphere into the chromosphere
and corona.

Two conversion types are fundamental to wave coupling
between the solar interior, where convection excites them in the
first place, and the atmosphere. Specifically, p-modes in the
solar interior, which are predominantly acoustic in nature, are
in effect fast waves since the sound speed c is much greater
than the Alfvén speed a. If these propagate upwards to the
equipartition layer where a=c in a region where the magnetic
field is inclined from the vertical, they split into fast and slow
components in the a>c atmosphere above (Schunker &
Cally 2006). The slow component is now basically a field
aligned sound wave, while the fast component is magnetically
dominated and travels at the Alfvén speed or above. The
proportion of fast and slow flux produced by the split depends
predominantly on the attack angle the wave vector makes to the
magnetic field, with the slow wave favored by small attack
angles.

However, the fast wave eventually reaches a height at which
it reflects. In that neighborhood it may partially convert to an
Alfvén wave, either upward or downward propagating
depending on whether the wave direction is aligned with or
against the field inclination (see Cally & Hansen 2011, for an
analysis in a pressureless (zero β) atmosphere), provided the

wave is not propagating in a vertical plane containing the field
lines. This is a necessarily 3D process.
The two processes are studied concurrently in an atmosphere

with generically realistic sound and Alfvén profiles by Cally &
Goossens (2008), and verified in detailed simulations by
Khomenko & Cally (2011, 2012) and Felipe (2012).
However, all of this modeling assumes ideal MHD. In

reality, the solar atmosphere is only weakly ionized, up to the
transition region. It is sufficiently collisional that a single-fluid
description is still valid though for waves well below the ion-
neutral collision frequency. The p-modes at issue here are very
comfortably in that domain. The nonideal effects of partial
ionization may then be incorporated into a generalized Ohm’s
law (Khomenko et al. 2014a; Khomenko 2015), derived in their
most general forms in Ballester et al. (2017).
In the mid to high chromosphere, to which we shall address

our attention here, ambipolar diffusion is the dominant
nonideal process by an order of magnitude or more, followed
by the Hall effect, and then Ohmic diffusion (see Khomenko
et al. 2014a, Figure 5). The Hall effect may be shown to
provide an additional fast-to-Alfvén conversion mechanism
(Cally & Khomenko 2015), though it is so weak (in its classical
form) that it is ineffective at frequencies well below the ion
gyrofrequency.
Similarly, for solar p-modes with characteristic frequencies

of a few millihertz, an ambipolar Reynolds number defined in
terms of the wave frequency and the chromospheric Alfvén
speed is much larger than one, suggesting little effect on these
waves. Though the presence of small-scale magnetic structures
or turbulence may enhance the diffusivity by orders of
magnitude and reduce the Reynolds number to values where
significant dissipation can be found. We will discuss several
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mechanisms through which this might occur, in particular,
turbulence. Ohmic damping may enter at even smaller scales.

With this enhanced ambipolar diffusivity in place, the aim of
the current article is to explore and assess the role of
chromospheric ambipolar diffusion in fast-to-Alfvén conver-
sion. At the altitudes in question, the Alfvén speed is
sufficiently in excess of the sound speed that the slow wave
can be ignored. This is done by assuming a zero-β plasma in
which the sound speed is neglected. For simplicity, the
magnetic field is assumed uniform and inclined, and the
density is taken to decrease exponentially with height. This
supplies an exponentially increasing Alfvén speed that is
characteristic of the solar chromosphere and is ideal for
producing mode conversion.

2. Mathematical Formulation

Two-fluid calculations (ion-electron and neutrals) show that
the single-fluid approximation is perfectly adequate for waves
of frequency lower than the ion-neutral collision frequency νin
(Zaqarashvili et al. 2011). This certainly applies in the solar
chromosphere for waves of a few millihertz, where the Sun has
most oscillatory power. On that basis, the single-fluid
description is adopted here, though the effect of slippage
between the ions and neutrals is retained using the ambipolar
diffusion term in the generalized Ohm’s law.

2.1. Wave Equations in a Stratified Atmosphere with Uniform
Magnetic Field and Ambipolar Diffusion

In ideal MHD, the electric field is given by E v B= - ´ ,
where v is the mass-weighted combination of electron, neutral,
and ion fluid velocities, and B is the magnetic field. In a
partially ionized plasma, though ambipolar diffusion adds an
extra term proportional to the perpendicular component Jp =
B J B B2´ ´( ) of the current density J B0

1m = ´- ,

E v B J , 10 a pm h= - ´ + ( )

(Khomenko et al. 2014a, Section IV.C), where μ0 is the
magnetic permeability and
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is the ambipolar diffusion coefficient, with ρi being the ion
density, ρn the density of the neutrals, ρe the electron density,
and ρ the total density. The ion-neutral and electron-neutral
collision frequencies are denoted by νin and νen respectively.

With the background magnetic field assumed uniform, the
Faraday equation B Et ¶ = - ´ and the momentum
equation v J BD Dtr = ´ are linearized and combined with
Equation (1) to yield a single vector equation in the plasma
displacement x (where v tx= ¶ ),
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where xc = · is the dilatation and a B 0m r= is the
Alfvén speed. The Alfvén speed a has been defined using the
full density, on the basis that the ions and neutrals are strongly
collisionally coupled. Note that x is necessarily perpendicular
to B. Here the subscript “p” again denotes the component

perpendicular to B and ¶ is the derivative in the magnetic field
direction. In deriving Equation (3), it is useful to note that the
perpendicular part of the current density perturbation can be
written in terms of x as

j B
B

. 4tp 2
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= ´ ¶ ( )

A more compact form of Equation (3) is
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indicating that there is no structural change made to the
governing wave equation by the introduction of ah for a single
frequency wave ( it w¶ = - ). That is, no extra spatial
derivatives are introduced that would lead to fundamentally
different physics. In that sense, ambipolar diffusion differs
greatly from the Hall effect (Cally & Khomenko 2015), which
produces its own novel conversion mechanism.

2.2. Wave Energy Equation and Continuity of Solutions

The associated quadratic wave-energy equation is easily
constructed in a familiar manner (Bray & Loughhead 1974)
from a combination of the momentum equation contracted with
v and the induction equation contracted with b,

e bv b
j
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where e and b are the first-order perturbed electric and
magnetic fields, respectively, j is the perturbed current density,
and vv = ∣ ∣ etc. This identifies the wave-energy density as

v b2 22 2
0 r m= + and the wave-energy flux as the Poynting

flux F e b 0m= ´ . The right-hand side represents the
ambipolar analog of the Ohmic diffusion rate. In this
arrangement,  and F contain expressions involving ah if they
are expanded out in terms of x.
From Equation (5), it is easily seen that v aa

2x h+ must be
continuous and have continuous first partial derivatives at
surfaces of discontinuity in ρ or ah . This is of interest
numerically if diffusion is restricted to a finite region embedded
in an ideal magnetofluid. Since e B v at a

2x h= ´ ¶ +( ), it
follows that e possesses the same level of continuity.
Furthermore, b is also continuous, since b et ¶ = - ´ . It
therefore follows that the flux F e b 0m= ´ is continuous at a
discontinuity of ρ or ah , as is to be expected. These
considerations are relevant to solar prominences, where regions
of cool weakly ionized plasma are sharply embedded in the
corona and ambipolar diffusion is believed to be important
(Schmieder et al. 2013; Díaz et al. 2014; Khomenko
et al. 2014b).

2.3. The Stratified Case

Assume an exponential Alfvén profile such that h a2 2 2w =
e sx h =- , where h is the density scale height, and let yk =
k h siny k f= and k h cosz zk k f= = for future use. Here f is
the angle between the x–z plane containing field lines and the
vertical plane containing the wave vector. Reflection occurs
(classically) where kx=0, i.e., at a k ky z

2 2 2 2w = +( ), or s=κ2

in dimensionless form. Note that x is the vertical direction
(referred to as “up” throughout), to maintain consistency with

2
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Cally & Hansen (2011). The zero of x is arbitrarily placed
where a=ω h.

Introducing the dimensionless ambipolar diffusion parameter
s Re a s hA

1
a

2
a

2 wh h w= = =-( ) ( ), which will be assumed a
function of s only, Equation (5) may be written as

X Xi a a1 , 7t
1 2 2 2 2

p - ¶ - ¶ =-
(( ) ) · ( )

where X i1  x= -( ) . If the ionization ratios and collision
frequencies are independent of position, then so is ò, by
Equation (2).

Dropping the compressive term on the right-hand side,
Equation (7) reduces to an ambipolar-modified Alfvén wave
equation. The resulting local dispersion relation, assuming
wavelengths small compared to the scale height,

i k a k 0 82
a

2 2 2w h w+ - =  ( )

has been explored by Balsara (1996) and by Singh & Krishan
(2010) with other partial-ionization terms included. For small

ah , Equation (8) yields

a k i k , 91

2 a
2w h»  -  ( )

making clear that ah produces Alfvén wave decay. The decay

rate relative to frequency is 1 1 1

2
w t =- - . If 1  , diffusion

may be ignored.
Following Cally & Hansen (2011), the density is assumed to

be stratified in the x-direction, with the magnetic field oriented
at angle θ to that axis. The P, ⊥, and y directions are then as
illustrated in Figure 1. Fourier analyzing in y, z, and t by
assuming X Xx y z t x i k y k z t, , , exp y z w= + -( ) ( ) [ ( )], and

splitting into ⊥and y components, Equation (7) becomes
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The idea is to launch a fast wave in the +x direction from large
negative x, with given real ω, ky, and kz. It then reflects around
where a k ky z

2 2 2 2w = +( ) and partially converts to Alfvén
waves.
The wave-energy flux is

F e b X X X X eRe F
1

Im ,

11

0* * *
m

= ´ = + ¶ [ ] [( · ) ( · ) ˆ ]

( )

where F B0 0
2w m= and the above complex Fourier decom-

position is assumed, and the asterisk denotes complex
conjugation.
The aim now is to explore how the ambipolar term affects

the fast-to-slow mode conversion process.

2.4. Numerical Formulation in the Stratified Case

It is now convenient to introduce the four-vector
U X X s X s X, , ,y y= ¢ ¢^ ^( ), where the prime denotes the s
derivative. Equation (10) may then be written in matrix form as

U AUs 12¢ = ( )

with

A 0 I
P

, 13
Q

= ⎜ ⎟⎛
⎝

⎞
⎠ ( )

where 0 and I are the 2×2 zero and identity matrices,
respectively,

and

i
0 sin sin

sec sin tan 2 cos tan
. 15Q k

q f
q f q f q

=
⎛
⎝⎜

⎞
⎠⎟ ( )

These equations reduce to those of Cally & Hansen (2011) as
ò→0, and may be solved in the same way. We may write
A A A As s i s; 10 1 = = + -( ) ( ( )), where A0 and A1 are
constant matrices.
Equation (12) is to be solved numerically on 0<s<S,

where it will be assumed that S?κ2. For purposes of
applying boundary conditions, this places S in a WKB region
where the wavelength is much less than the scale height.
Frobenius expansion is used to apply a radiation boundary

Figure 1. Coordinate systems used to model the oscillations. Density and
Alfvén speed vary in the x-direction only. B0, eˆ , and ê̂ are all in the x–z plane,
so e e e, , y^(ˆ ˆ ˆ ) form a right-handed orthogonal coordinate system. The vertical
plane containing the wave vector (rendered as transparent blue here) makes an
angle f to the x–z plane containing the field lines. The field lines make an angle
θ to the vertical (x).
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condition at s=0 (x  ¥). Details may be found in Cally &
Hansen (2011).

In terms of U, the x-component of wave-energy flux F is
U UF Fx

H
0 F= , where the superscript “H” denotes the conjugate

transpose and

i

i
i

i

0 sin sin 0

sin sin sin 2 cos 0 cos
0 0 0

0 cos 0 0
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is a Hermitian matrix. Then, using Equation (12),

U A A UF s F F . 17x x s x
H H

0 F F¶ = - ¶ = - +( ) ( )
But by direct calculation
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So, as expected, Fx is uniform when ò=0. With ambipolar
diffusion though,
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in agreement with Equation (6).
A consequence of Equation (18) is that ΦA is skew-

Hermitian when ò=0, or in other words Ai F is Hermitian and
therefore has real eigenvalues.

It is convenient to separate the fast and Alfvén contributions
to the flux. To that end, let S be the 4×4 matrix of
eigenvectors of A(0; s) arranged as columns, i.e.,
A Js0; 1S S= -( ) , where

J s s i s
i s

diag , , sec
tan cos , sec tan cos

2 2k k q
k q f q k q f

= - - - -
- +

[ (
) ( )]

is the diagonal matrix of eigenvalues. An analytic expression
for S has been worked out, but is too long to present here. In
any case, numerical eigen-decomposition is cheap. Defining
V U1S= - , Equation (12) becomes

V JV CVs , 20¢ = - ( )

where C s 1S S= - is the coupling matrix. The four modes
are essentially independent where C  is small compared to
the elements of J. This explains why fast-Alfvén mode
conversion occurs around s=κ2, or in dimensional terms

a k ky z
2 2 2 2w = +( ), the fast mode reflection point, since there

the first two diagonal terms in J vanish, and the coupling
dominates. The final two eigenvalues, again in dimensional
terms, are i kx , with kx derived from the Alfvén wave
dispersion relation a kw =  , where k k kcos sinx zq q= + .

With V so-defined, the flux may be re-expressed in the form
V M VF Fx

H
0= , where M HS SF= and V U1S= - . Of

course, M is Hermitian. This allows the four modes to be
separated in the noninteracting region. Near s=κ2 though, the
modes are strongly coupled hybrids, so it makes no sense to try
to separate them.

Now, on s>κ2, where the fast wave is propagating, it may
be shown that M is real diagonal, with its components
representative of the four wave types, (upward and downward
propagating fast and Alfvén) M m m m mdiag , , ,f f a a=

+ - + -[ ],
with f+>0, f−<0, etc. Consequently, with V v v, ,1 4= ¼( ),
the flux at any s carried by each type is, respectively, m vf 1

2
+
∣ ∣ ,

m vf 2
2

-
∣ ∣ , m va 3

2
+∣ ∣ , and m va 4

2
-∣ ∣ .

On the other hand, on s<κ2, where the fast wave is
evanescent, the M matrix has zeros in the {1, 1} and {2, 2}
diagonal positions and complex conjugate terms in the {1, 2}
and {2, 1} positions. The {3, 3} and {4, 4} Alfvén diagonal
terms are again positive and negative respectively. Every other
term is zero. Since there are no incoming waves from x = ¥
(s= 0), it is convenient to collect total fast and Alfvén fluxes in
this region rather than separating them by direction:
F F Re m v v2f 0 1,2 1 2*= ( ) and F F m v m vA 0 3,3 3

2
4,4 4

2= +( ∣ ∣ ∣ ∣ ).
Nonzero total fast flux in the evanescent region is indicative
of mode conversion or diffusive loss, or both, that must be
supplied with energy from below.

3. Ambipolar Diffusivity and Turbulence

Equation (1) suggests an “ambipolar Reynolds number” VL/ ah
for characteristic velocity scale V and length scale L, though it
must be kept in mind that the diffusion only operates if there are
perpendicular currents.
For linear waves of frequency ω, the characteristic velocity may

be identified with the Alfvén speed a, and the length scale with a/
ω, so the ambipolar/Alfvénic-wave Reynolds number is
Re aA

1 2
a w h= =- . From Equation (2), neglecting the electron

mass and assuming the ionization fraction f ir r= is small,

a f
. 21a

2
in


w h w

n
= » ( )

The parameter ò compares with the similar Hall parameter
òH=ω/fΩi, where Ωi is the ion gyrofrequency that quantifies
the importance of the Hall effect (Cally & Khomenko 2015).
Typically, in the mid to upper solar chromosphere, the
ambipolar diffusivity exceeds the Hall “diffusivity” ηH,
especially in a sunspot umbra (Khomenko et al. 2014a, Figures
6 and 7), by one to two orders of magnitude.
For typical linear solar atmospheric waves with frequencies of

a few millihertz, ReA?1, so ambipolar diffusion might be
assumed to have little effect. For example, ò∼10−5 for a 3 mHz
wave in the quiet chromosphere with a∼20 km s−1 and

10a
6h ~ m2 s−1 (Khomenko et al. 2014a, Figure 5). However,

if the length scale L is much shorter than the linear wavelength, it
can become important. This can happen in several ways.
First, ambipolar diffusion can directly lead to the develop-

ment of sharp or filamentary magnetic features (Brandenburg &
Zweibel 1994; Tagger et al. 1995; Zweibel & Brandenburg
1997; Chitre & Krishan 2001).
Second, resonant absorption and subsequent phase mixing in

a smoothly varying atmosphere can generate vanishingly small
scales via a wavenumber cascade process that operates even in
the linear regime (Ionson 1978; Cally 1991; Ruderman &
Roberts 2002; Cally & Andries 2010).
Another important mechanism may be solar atmospheric

turbulence (Petrosyan et al. 2010). Microvelocities have long been
incorporated into empirical solar chromospheric models to account
for Doppler broadening beyond the thermal range (Vernazza
et al. 1976). Notably, turbulence contributes as much as 34% to the

4

The Astrophysical Journal, 856:20 (11pp), 2018 March 20 Cally & Khomenko



total pressure in the famous VAL C quiet chromosphere model of
Vernazza et al. (1981). Although some component of these
microvelocities will be due to unresolved waves, genuine
turbulence is also clearly present. For example, anisotropic Alfvén
wave turbulence generated by nonlinear interaction between
counter-propagating Alfvén waves (Iroshnikov 1963; Kraichnan
1965; Shebalin et al. 1983; Goldreich & Sridhar 1995; Matthaeus
et al. 2003; Verdini & Velli 2007, etc.) is believed to play an
important role in heating coronal loops (van Ballegooijen
et al. 2011, 2017) and contributing more generally throughout
the solar atmosphere and heliosphere (Cranmer & van Ballegooijen
2005). Turbulence is also thought to be generated by shocks near
the acoustic cutoff frequency (5mHz), with an associated power-
law spectrum observable up to at least 25mHz (Reardon
et al. 2008). Turbulence may also be generated by magnetic
stresses originating in sub-photospheric magneto-convection, either
directly or via relaxation of strained magnetic fields during
reconnection (Musielak & Ulmschneider 2002a, 2002b, 2003a,
2003b). Further discussion of chromospheric turbulence generation
may be found in Petrosyan et al. (2010), Section 4.7.

Recent numerical simulations (Shelyag et al. 2016) reveal a
strongly enhanced dissipation of 25 mHz chromospheric waves
in models with ambipolar diffusion compared to otherwise
identical models without it, despite the formally tiny magnitude
of ò. Although partially masked by numerical and radiative
losses, E. Khomenko et al. (2018, in preparation) find that
ambipolar dissipation is further enhanced if the magnetic field
is a priori complex, generated in situ by dynamo action,
compared to the case where waves are introduced into a simpler
unipolar region. Taken together, these observations strongly
suggest an enhanced ambipolar diffusion, as seen from the
waves’ scale. With reference to the wave-energy Equation (6),
the right-hand-side has been increased via the jp

2 term rather
that ah .

A theory of turbulent ambipolar diffusion is outlined by
Zweibel et al. (2015), following Zweibel (2002), Kim &
Diamond (2002), Fatuzzo & Adams (2002), Heitsch et al.
(2004), and Li et al. (2012). Numerical simulation suggests that
the plasma and magnetic field (which are tied) drift relative to
the neutrals at nearly the turbulent eddy rate, indicating a
“turbulent ambipolar diffusivity”

u l , 22at in inh » ( )

where the subscript “in” denotes the “injection scale,” the large
length-scale end of the turbulence inertial range (Biskamp 2003,
Section 5.3.2). That is, the ambipolar Reynolds number Rein
associated with that turbulence scale and velocity is of the order
of 1. Significant ion-neutral drift at this scale means that the
two components may even have different turbulent spectra, but
this possibility will not be pursued.

By definition, the other end of the inertial range, where
ambipolar dissipation takes over, is similarly characterized by
Rea=1, i.e.,

u l . 23a a ah » ( )

The implication is that (true) ambipolar diffusion operates at the
short scale la to allow ions and neutrals to drift this distance
relative to each other in an eddy turnover time, and that the
turbulence spectrum efficiently propagates this upward to a larger
scale lin via an inverse cascade to effect a turbulent diffusion. It is
assumed here that such an inertial range exists, i.e., lin?la.

The turbulent ambipolar diffusivity may be crudely estimated
based on an assumed turbulence spectrum. The E(k)∝k−3/2

energy-versus-wavenumber MHD turbulence model of Iroshni-
kov (1963) and Kraichnan (1965; IK) is now believed not to
apply in the presence of strong (low β) background magnetic
field, where the turbulence cascade is restricted to directions
perpendicular to B. Instead, a Kolmogorov-like k 5 3

^
- spectrum

is favored by theory, observation, and simulations (Biskamp
2003; Verma 2004), and in particular may result from the
counter-propagating Alfvén wave mechanism (Goldreich &
Sridhar 1995). (However, there is observational evidence for a
two-part IK/Kolmogorov spectrum in photospheric faculae,
broken at about the mesogranule scale; Kozak et al. 2013, but in
any case it is Kolmogorov at the small scales of interest to
us here.)
On that basis, with l=k−1, it may be deduced that u l is

distributed as k−11/6, or l11/6. Hence

l

l

u

u
. 24at

a

in

a

11 6
in

a

11 5h
h

» »
⎛
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⎞
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⎛
⎝⎜

⎞
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At this stage, it is tempting to adopt the ambipolar diffusion
scale plotted in Figure 6 of Khomenko et al. (2014a; a few tens
of meters in the quiet-Sun upper chromosphere). However, this
estimate is arrived at by comparing the sizes of the two terms
on the right-hand side of Equation (1), with the velocity scale
taken as the Alfvén speed. That is not the same as the
ambipolar Reynolds number, where the velocity scale is the
turbulent velocity at the Kolmogorov (dissipation) scale.
Consider the Kolmogorov energy spectrum

E k C k , 25K
2 3 5 3e= -( ) ( )

where lK a
3

a
4e h= (not to be confused with the ambipolar

parameter ò) is the rate of energy dissipation per unit mass and
C is a constant of the order of unity. Ignoring contributions
from beyond the inertial range, the 2D-isotropic rms turbulent
velocity v then satisfies
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As a rough guide, we adopt the quiet-Sun microvelocity
distribution of Vernazza et al. (1981), Figure 11, i.e.,
v 5 km s 1» - at a height of 1500 km, the ambipolar diffusivity
of Khomenko et al. (2014a) Figure 5, 5 10 m sa

5 2 1h » ´ - ,
and the 2D Kolmogorov constant C≈6 (Boffetta et al. 2000),
meaning that we must have lin?500 m for the turbulent
transfer process to operate. Figure 2 plots ath / ah against lin for
these parameters, and also ò for a 5 mHz wave assuming an
a=14.6 km s−1 Alfvén speed, corresponding to B=8.2 G
(based on the formula B=100 exp(−x/600)G of Khomenko
et al. 2014a) at 1500 km in the VALC model. The ambipolar-
Kolmogorov length scale la is also shown in the right panel,
indicating the extent of the inertial range, and is still
comfortably in excess of the collisional ion-neutral mean-free
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path of about 90 m expected for the mid-chromosphere (Leake
et al. 2013).

The umbral model used by Khomenko et al. (2014a) yields
10a

9h ~ m s2 1- . In that case, especially with reduced turbulent
velocities, it seems impossible to arrange for lin?la, based on
Equation (27). This is because the Reynolds number at the
injection scale based on v and lin is already small for any
conceivable values of these parameters, because Ba

2h µ and B
is very large in sunspot umbrae. So one may think classical
ambipolar diffusion dominates in this regime. However, the
ambipolar/Alfvén Reynolds number Re aA

1 2
a w h= =-

that controls the effect on waves remains large, because the
a B2 2µ in the numerator term cancels the B2 term in ah . That
is, ambipolar diffusion strongly damps turbulence but has little
effect on low-frequency waves in strong umbral magnetic
fields. These considerations do not rule out the other small-
scale-structure effects discussed above.

Equation (6) indicates that ambipolar diffusion converts kinetic
and magnetic energy directly to heat, which it does via frictional
heating in collisions between ion and neutral fluids moving
relative to each other (Zweibel et al. 2015, Equation (11.7)). Other
heating mechanisms, for example, Ohmic heating, will also
contribute, though where the Ohmic diffusivity is small, ah h ,
this will occur further down the turbulent spectrum. Li et al.
(2012) find that direct ambipolar heating can indeed dominate
total turbulent heating. Brandenburg & Zweibel (1994) find that
ambipolar diffusion actually steepens magnetic field gradients
around magnetic nulls, creating filamentary structures and
therefore generating conditions ideal for Ohmic diffusion and
reconnection that thermalizes both turbulent and wave energy.

However, the precise nature of the thermalization process at
small spatial scales is unimportant in the current context; all
that matters is that the ambipolar term shapes the turbulent
energy spectrum via the energy dissipation rate Ke and
Equation (25).

Although the above turbulence calculations are very crude,
they suggest that a turbulence-enhanced value for ò of a few
tenths is at least plausible for the quiet solar chromosphere and
waves of a few mHz provided the largest turbulent eddies reach
an appreciable fraction of a scale height (around 150 km at this
height) in extent. Other fine-structure effects may also
contribute. On that basis, we now explore the consequences
for wave energy flux carried by reflecting-and-converting fast
MHD waves in the presence of enhanced ambipolar diffusion.

4. Boundary Value Problem Numerical Solution

Equation (12) is solved numerically as a two-point boundary
value problem in x, with radiation boundary conditions
supplied by WKB and Frobenius analyses, respectively, at
s = ¥ and 0 (for details, see Cally & Hansen 2011,
particularly their Appendix).

4.1. Variation of Fluxes with Height

It is instructive to look at the various fluxes Fx and how they
vary with height x with and without ambipolar diffusion.
The first column of Figure 3 displays four flux-versus-x

graphs for different magnetic field inclination θ and injected
wave orientation f, all with κ=0.2 (which corresponds to a
horizontal wavelength of 4700 km if h= 144 km) and no
ambipolar diffusion, ò0=0. The top panel is for the case
θ=30°, f=0°, where there is no wave coupling, so the
injected fast wave with unit flux is fully reflected, and the net
flux is zero throughout. This is the case of a standing wave
below the reflection height, with an evanescent cap above.
The second panel is for θ=f=30°, where fast-to-Alfvén

conversion happens around the reflection height, with 24.8% of
the energy going to the upgoing Alfvén wave, 5.8% to the
downgoing Alfvén wave, and 69.4% to the reflected fast wave.
In the third panel, the field inclination is reversed, θ=−30°,

so the injected fast wave (with κz>0) is going “against the
grain.” This leads to the downgoing Alfvén wave (23.8%)
dominating the upgoing (7%), with 69% reflected in the
fast wave.
Finally, the bottom panel is for one of the most powerful

mode conversion cases identified in Cally & Hansen (2011),
θ=10°, f=85°, where 92.4% of the energy converts to the
upgoing Alfvén wave, 6.9% to the downgoing Alfvén wave,
and less than 1% to the reflected fast wave.
The second column of Figure 3 shows the same cases, but

with a Gaussian ambipolar diffusion region introduced about
the fast wave reflection point, to isolate the effect of diffusion
in the conversion region. With x xexp 20 ref

2 2  s= - -[ ( ) ]
and ò0=1=σ, the ambipolar diffusion reduces the reflected
flux in the non-converting case (top left) by about 50%. In all
other cases, the conversion to Alfvén waves is qualitatively as
before, but interestingly the diffusion-generated decay in total
flux is much reduced for the Alfvén wave above xref compared
to the fast wave before this height. For comparison, the upward
Alfvén fluxes as x  ¥ are, respectively, 0%, 17%, 5.6%,

Figure 2. Left: the turbulent ambipolar enhancement factor ath / ah as a function of largest turbulent eddy size lin for typical upper-chromospheric quiet-Sun parameters
v=5 km s−1 and 5 10 m sa

5 2 1h = ´ - with C=6. Right-hand labels: ambipolar parameter ò, as given by Equation (21), assuming a 5 mHz wave and
a=14.6 km s−1. Right: the ambipolar length scale la against lin for the same parameters (full curve), derived from Equation (27).
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and 65.5% for the four panels (compared to 0%, 5.8%, 7%, and
92.4% in the first column). The large value of ò0 is chosen by
way of illustration, to make the effect particularly noticeable
given the narrow domain over which it is applied.

In the third column of Figure 3, ò is reduced to a moderate
and more realistic 0.05 (corresponding to a turbulent injection
scale of about 50 km in Figure 2), but extended over a wider
region, seven scale heights from x=−2 to 5 with σ=0.2

Figure 3. Fluxes for four cases (rows) with three different prescriptions of ambipolar diffusion (columns), all with κ=0.2. Top row: θ=30°, f=0° (no mode
conversion). Second row: θ=30°, f=30° (conversion mostly to upgoing Alfvén wave). Third row: θ=−30°, f=30° (conversion mostly to downgoing Alfvén
wave). Bottom row: θ=10°, f=85° (very strong conversion mostly to upgoing Alfvén wave). First column: no ambipolar diffusion. Second column: Gaussian
ambipolar diffusion region x xexp 20 ref

2 2  s= - -[ ( ) ] centered on the reflection height x x lnref
2k= = - , with ò0=σ=1. Third column: with an ambipolar

diffusion region ò=0.05 between x=−2 and x=5, and σ=0.2 Gaussian shoulders at each end. The vertical line represents the classical fast wave reflection point
s=κ2, i.e., a k ky z

2 2 2 2w = +( ). To the left of this line, blue curves display the fast wave flux, with full curves being for upward propagating waves and dashed curves
for downward propagation. The red curves are similarly for Alfvén waves. Close to s=κ2, the eikonal interpretation of the fluxes breaks down and the divergent fast
flux curves should be disregarded. To the right of the line, only the total fast (blue dotted) and Alfvén (red dotted) fluxes are shown. Across the entire range, the
horizontal black line represents the total flux, which is, as expected, constant in the absence of diffusion and decays with height if it is present.
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Gaussian shoulders at each end. This span of seven scale
heights is comparable to the mid-to-high chromospheric region
over which ambipolar diffusion is expected to be important.
Dropping ò to zero beyond this region is a convenient
numerical artifice that allows us to propagate waves to and
from infinity unhindered. Once again we see that the ambipolar
diffusion substantially weakens the fast wave, but that the
upgoing Alfvén wave once created is all but immune.

From these figures, it appears that ambipolar diffusion is
much less effective in damping upgoing Alfvén waves than fast
waves, meaning that any fast wave energy that does reach the
reflection height and converts is able to continue upward with
only moderate attenuation.

The reason for this is that the Alfvén wave displacement
amplitude x∣ ∣ increases only as e x/4 as x  +¥. Hence, by
Equation (4), j e x

p
2 3 2= -∣ ∣ ( ) in that regime, and therefore

dF dxx∣ ∣ decreases rapidly with height (see Equation (6)).
The ability of the Alfvén wave to keep propagating upward
while the fast wave is reflected means that it ultimately
escapes the ravages of ambipolar diffusion.

4.2. Variation of Overall Fluxes and Heating with ò

The dependence of ambipolar heating rate and Alfvén wave
penetration of the ambipolar region on the parameter ò is of
interest. How much is absorbed to heat the chromosphere, and
how much gets through to potentially enter the corona?
Figures 4 (for κ=0.2) and 5 (for κ=1) show the total
outward fluxes (upward Alfvén at the top, downward Alfvén
and fast at the bottom) as functions of ambipolar parameter ò0
for several choices of κ, θ, and f, with the extent of the
ambipolar region as in the third column of Figure 3. The total
ambipolar heating rate is also shown (in orange), defined as the
total injected flux (Fin=1) minus the unsigned fast and Alfvén
losses at top and bottom, H F F F1 A A f= - + ++ - -.
It is seen that significant Alfvén flux can escape the

ambipolar region for ò00.2, or even higher in the very
conversion-friendly scenario of the third panel in each case.
Figure 6, though, shows that turning on ambipolar diffusion at
lower heights, where it is more effective because of larger
density, steepens the rise of heating with ò0 and accelerates the
decay of Alfvén flux at the top.

Figure 4. Upward Alfvén flux FA+ as x  +¥ (red dotted curve), downward Alfvén flux FA− as x  -¥ (red dashed curve), downward fast wave flux Ff− as
x  -¥ (dashed blue curve), and total ambipolar heating rate H F F F1 A A f= - + ++ - - (orange curve) as functions of ò0 for κ=0.2 and θ and f as labeled in the
three panels (θ=30° and f=30°; θ=−30° and f=30°; and θ=10° and f=85° respectively). The ambipolar region is the same as in the third column of
Figure 3, i.e., (−2, 5) with σ=0.2 Gaussian shoulders at each end.

Figure 5. Same as Figure 4, but with κ=1 throughout. The ambipolar diffusing region is left fixed at the values used in Figure 4, i.e., (−2, 5) with σ=0.2 Gaussian
shoulders at each end.

Figure 6. Same as Figure 4, but with the ambipolar region shifted down one scale height to (−3, 4), which amplifies heating.
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As expected, whether the escaping Alfvén wave is
propagating upward or downward depends on whether the
wave is traveling with (θ>0) or against (θ<0, assuming
κz>0) the magnetic field inclination. The fluxes and heating
rates are seen to depend only weakly on κ.

4.3. Variation of Overall Fluxes and Heating with Wave
Incidence Angle f

Since the converted and reflected wave fluxes are dependent
on θ and f, heating is too to some extent, but not the part
generated from the fast wave before it reflects. Variation of top
and bottom fluxes and overall heating with f at fixed κ is
illustrated in Figure 7 for two different magnetic field
inclinations θ=10° and 30° and with ò0=0 and 0.05,
showing in particular that heating is a minimum around
f=90° because of strong Alfvén conversion there. This
further shows that conversion of fast waves to Alfvén waves
partially protects against ambipolar losses. In a sense, the fast-
to-Alfvén conversion process provides an Alfvén cooling
mechanism for the chromosphere, as it removes wave energy
before it can be thermalized.

4.4. Variation of Overall Fluxes and Heating with Frequency

Finally, the reader may wonder how heating and mode
conversion are affected by frequency, since it does not appear
explicitly among the parameters in A. Frequency ω has three
effects, assuming all other parameters are held fixed.

1. The ambipolar parameter aa
2 w h= varies linearly

with it, so higher frequency waves are more prone to
ambipolar diffusion.

2. Frequency enters into the zero of x, which is placed where
a=ωh. That is, in terms of a fixed coordinate x̃ in which

a a x hexp 20= [ ˜ ], our floating x is given by x x= -˜
h h aln 2 2

0
2w( ). Hence, if ω is doubled, the zero of x is

shifted four scale heights upward in absolute terms. If the
diffusive region is kept fixed in absolute terms, it needs to
be shifted by this amount in x space as ω is varied. This is
a mathematical detail, not a physical effect.

3. Higher frequency waves, with fixed κ, reflect higher in the
atmosphere in absolute terms, and so have to pass through
a wider ambipolar region before reflecting. If ω and
κ=kh are varied concurrently so as to keep horizontal
phase speed ω/k constant, this effect is removed.

The overall effect is illustrated in Figure 8 for the case
κ=0.2 with θ=f=30° or θ=10°, f=85°. We calibrate
by assuming a=14.6 km s−1 at height 1500 km in the solar
atmosphere. With a density scale height of 144 km there,
κ=0.2 corresponds to k=0.0014 km−1. The frequency that
reflects at this height is ω=a k=0.02, or 3.2 mHz. Identify-
ing the ambipolar-dominated region as 1200 km to 2200 km
based on Figure 5 of Khomenko et al. (2014a), that is 7 scale
heights, ranging from 2 scale heights below the reflection point
to 5 scale heights above. In terms of the x-range at 1 mHz, that
is (0.3, 7.3). The ambipolar window is therefore fixed in
absolute terms, but corresponds to (0.3, 7.3)−ln ν2 in x at
frequency ν (measured in mHz), which is (−3.3, 3.7) at 6 mHz.
The reflection point is x=3.22 throughout. Frequency is
varied keeping ah , a0, and the ambipolar region fixed in
absolute terms. The strength of ambipolar diffusion is
arbitrarily chosen for illustrative purposes as ò0=0.05 at
1 mHz, though of course it could be very different depending
on details of the turbulence or small-scale structure. The slow
initial increase in heating with frequency is due to the
ambipolar effect being weak at low frequency and the wave
reflecting before penetrating far into the diffusive region.

Figure 7. Upward Alfvén flux FA+ as x  +¥ (red dotted curve), downward Alfvén flux FA− as x  -¥ (red dashed curve), downward fast wave flux Ff− as
x  -¥ (dashed blue curve), and total ambipolar heating rate H F F F1 A A f= - + ++ - - (orange curve) as functions of wave incidence angle f for κ=0.2 and θ
and ò0 as labeled in the panels. The ambipolar region is as in the third column of Figure 3, i.e., (−2, 5) with σ=0.2 Gaussian shoulders at each end.
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5. Conclusions

Weak ionization in the solar chromosphere means that ions
and neutrals may drift relative to each other. This ambipolar
diffusion can remove energy from macroscopic motions and
deposit it as local heating, and is particularly effective at high
frequencies. However, the bulk of the Sun’s oscillatory power
is at low frequencies, a few millihertz, where the ambipolar
dissipation parameter a 1a

2 h w=  , so it would appear that
the effect can be ignored in this regime.

Nevertheless, numerical simulations (E. Khomenko et al.
2018, in preparation) suggest that waves are indeed absorbed
when solar-appropriate ambipolar diffusion is incorporated in
the calculations. The reason for this can be traced to the
presence of much smaller spatial scales than might be expected
from wavelengths and scale heights alone. These small scales
can result from several mechanisms, including turbulence. On
that basis, we may postulate a “turbulent” ambipolar diffusion
coefficient that is much closer to 1.

If that is the case, it is important to determine how this
nonideal process affects fast-to-Alfvén mode conversion,
which occurs around the height where the fast wave reflects
in the chromosphere. Using an enhanced turbulent ò in a
stratified zero-beta atmosphere, linear fast waves are injected
from below and mode conversion calculated and compared
with the ideal MHD case (Cally & Hansen 2011).

From these experiments we surmise that with turbulence-
enhanced ambipolar diffusion present, fast-to-Alfvén mode
conversion proceeds essentially as in the ideal case, but of
course with less fast wave flux reaching the conversion region.
Hence there is ultimately less Alfvén flux produced. However,
upward Alfvén flux is only weakly damped once generated,
and so substantial flux may still penetrate the transition region
(TR) to reach the corona, especially if the fast reflection height
is high in the chromosphere (Hansen & Cally 2012). This may
help to explain observations of considerable TR and coronal
Alfvénic power (McIntosh et al. 2011), sufficient to supply
coronal energy losses and accelerate the fast solar wind.

It is also confirmed that ambipolar diffusion introduces no
new processes into fast-to-Alfvén conversion, unlike the Hall
effect. Only a general dissipation of energy throughout the
ambipolar region is observed.

The proposed turbulent enhancement of ambipolar diffusion
needs to be tested numerically. Most existing literature on this

process is set within the context of the interstellar medium, but
nevertheless is quite definitive in predicting substantial
enhancements providing the strong coupling approximation is
valid, which it certainly is in the solar chromosphere. To quote
Heitsch et al. (2004, p. 167), “The diffusion rate is enhanced by
the development of small-scale structure in the field, which
increases the local drift velocity, and by the growth of
fluctuations in field strength, which increases the local
diffusivity. When the former dominates, the diffusion rate is
close to the canonical turbulent value u2τ and nearly
independent of the microscopic diffusivity.” It is important to
test this in the solar waves context by passing low-frequency/
large-wavelength MHD waves through a model atmosphere
with solar-like 2D turbulence. A one-fluid calculation should
be adequate in the first instance, though ultimately a multi-fluid
approach will be required to determine the range of validity of
the turbulence diffusivity model. The various turbulence scales
set out here in Section 3 can guide the experimental design.
Other mechanisms producing small scales and filamentary
magnetic structure may have a similar effect on the turbulence
suggested here, and also require further exploration.
Ultimately, it is important to estimate how much Alfvénic

wave energy survives the diffusive chromosphere to potentially
enter the corona. The results presented here suggest Alfvénic
losses may be significant, with the effect of heating the corona
at the expense of the chromosphere.
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