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Environmental sustainability is a significant aspect in the sustainable development of modern urban cities, especially in the road
transport system. As traffic demands increase, public transport requires more promotion to accommodate the increasing travel
demands while maintaining the environmental quality. Public transport, however, is less attractive in vast suburb areas mainly
due to its longer travel distance and waiting time. Therefore, this paper proposes a rail-based Park-and-Ride (RPR) scheme to
promote public transport in the multimodal transport network. To remedy the heterogeneous distribution of vehicle pollutants
in the network, regulations in environmental sensitive districts are required and studied in this paper. To quantitatively evaluate
and analyse this joint RPR and environmental regulation strategy in multimodal transport systems, this paper develops an
environmental constrained combined modal split and traffic assignment (EC-CMSTA) model. The proposed formulation adopts
the concept of fix-point to reformulate the nonlinear complementarity conditions associatedwith the combinedmodal split anduser
equilibrium conditions, which is subsequently incorporated into a VI formulated nonlinear complementarity conditions associated
with environmental constraints. The proposed VI formulation can handle a general constraint structure, which enhances the
modelling adaptability andflexibility.The strictlymonotone andLipschitz continuity properties of thismodel are rigorously proved,
giving rise to efficient algorithms for the model. A customized projection based self-adaptive gradient projection (SAGP) algorithm
is then developed. Numerical studies demonstrate that the EC-MSTAmodel could enhance the behavioural modelling of network
users’ travel decisions and assist in quantitatively evaluating the effectiveness of RPR schemes and environmental regulations.

1. Introduction

Environmental protection is an important component in the
sustainable development of modern urban cities and closely
related to the transport system. According to Hong Kong
Air Pollutant Emission Inventory (2016), the amount of CO
generated in the year of 2016 inHongKong is 58600 tones and
among them, road transport contributes to 31500 tones and
shares 54%of theCOemissions. Also, theUS’s environmental
protection agency reported motorized vehicles in the United
States contribute to 86% of CO emissions, 62% of NOx
emissions, 12% of PM2.5 emissions, and 7% of SO2 emissions
[1]. Kitthamkesorn et al. [2] pointed out that only about 20%
of the world’s town residents enjoy good enough air quality
as measured by the levels of emissions and over 600 million
people in urban areas worldwide were exposed to dangerous

levels of traffic-generated emissions fromcongestion. In addi-
tion, these emissions have not only adverse effects on human
health but also a source of greenhouse gas that contributes to
global warming [3].

With these adverse effects, the promotion of alternative
green transport modes is thus pressing for the governments
and transportation authorities to accommodate the growing
travel demand while maintaining the environmental quality.
Public transport aiming to satisfy the travel demand of
urban commuters safely, quickly, and affordably is therefore
a significant alternative to private transport. However, in vast
suburb areas which are far away from an urban centre, public
transport becomes less attractive,mainly due to the unreliable
time table, tortuous bus itinerary, much lower travel speed,
and lack of door to door services [4]. Large-scale deployments
of public transport system in the remote areas are hardly seen
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as an economical available strategy. Park and Ride (P&R),
therefore, becomes an important strategy to promote public
transport since it enables travellers to drive when the road
is not congested and to change a mode to transit accessing to
CBDwithout traffic congestion. Since its first implementation
in 1930s, P&R has beenwidely recognized as a significant traf-
fic management strategy and becomes an indispensable part
of majority modern urban cities.

P&R can be categorized into bus-based P&R (BPR) and
rail-based P&R (RPR) based on its ride component [5]. In a
metropoliswith advanced rail system, rail-based P&R is supe-
rior to bus-based P&R, due to the faster speed, higher level
of safety, comfortability, and its advantages in environmental
protection (zero-emission).

Despite the fact that environmental deterioration could
somehow be alleviated by promoting public transport
through RPR schemes, the environmental requirements are
usually not strictly met in certain districts mainly due to the
heterogeneous distribution of pollution in the network [3]. To
remedy this limitation, specific environmental regulations,
therefore, are required to certain district, e.g., the city busi-
ness district (CBD) with many tall buildings, to protect the
environmental quality in this area.

Therefore, we aim to use RPR services to assist mode shift
to reduce the overall vehicle travel demands in the road net-
work and then apply area-based regulation scheme to deal
with the environmental deterioration caused by heterogene-
ity of traffic flows. The environmental protection approaches
are integrated as a combined strategy in this paper. Previous
studies revealed that a systematic study is necessary to pro-
perly understand and evaluate the effectiveness of the envi-
ronmental regulations, as well as the RPR scheme. Thus, this
paper focuses on themodelling and solution algorithm devel-
opment of the proposed environmental protection strategy.

2. Literature Review

Road network equilibrium approaches are commonly pre-
ferred for estimating vehicle emissions and noises [3], be-
cause the distribution of vehicle pollution heavily relies on
the states of traffic flows [6]. Other than the overall pollution
level, the spatial distribution level should be controlled since
it is heterogeneous.

One line of the research developed models by setting
environmental protection as objectives [3], modelling envi-
ronmental considerations as an objective function. Rilett and
Benedek [7] proposed the concept of emission optimum (EO)
and emission-oriented user equilibrium (EOUE), in which
the former one assumes travellersmake route choiceswith the
objective of minimizing the total emissions or noises, and the
latter includes the toll charges to represent the impact on the
environment. Later, Benedek and Rilett [8] made extension
by modelling the assignment of vehicles based on equity
which considers the objectives of neighbouring residents,
rather than the system operator’s or drivers’ objectives. Sug-
awara and Niemeier [9] used the emissions-optimized trip
assignment model to estimate the maximum carbon monox-
ide emission reduction under varying congestion levels.

Although the overall environmental quality could some-
howbe improved by taking the environmental considerations

as the objective, the pollution level is not always strictly met
on each link and zone in the road network.Therefore, another
line of the research focuses on modelling the emission as
environmental constraints. Chen, Zhou and Ryu [10] devel-
oped a traffic assignment model by considering various phys-
ical and environment restrictions as side constraints, which
is formulated as a VI problem and solved by a predictor-cor-
rector (PC) algorithm. Li et al. [11] developed a toll design
model by simultaneously considering congestion and envi-
ronmental externalities. Recently, Xu, Chen, and Cheng [1]
reformulated the environmental constrained traffic assign-
ment model through a smooth gap function to enhance the
modelling adaptability and flexibility.

As a rational extension of traffic assignment problem,
Nagurney, Ramanujam, and Dhanda [12] extended the envi-
ronmental constrained traffic assignment problem to the case
of multimodal traffic network. However, the model presented
in this paper simply follow the deterministic user equilibrium
(DUE) principle for both modal split and traffic assignment.
In order to evaluate the environmental regulation strategy
in the multimodal transport network, a better behavioural
model is needed. Therefore, the combined modal split and
traffic assignment model (CMSTA) is adopted in this paper.
In the literature, the CMSTA problems are widely adopted to
evaluate the P&R schemes. Fernandez et al. [13] conducted
an initial work to model P&R in deterministic case. Later,
this work was extended to the case of asymmetric link travel
time functions by Garcı́a and Maŕın [14] and to the logit-
based stochastic model by Li et al. [15] and Lam et al. [16].
Recently, Liu and Meng [5] provided a formulation for the
bus-based P&R in a network with the congestion charge.
Pineda et al. [17] and Song, He, and Zhang [18] developed
an integrated P&R facilities and transit service optimization
model. Kitthamkesorn et al. [2] andKitthamkesorn andChen
[19] considered the influence of “go green” transport modes
on environmental protection by taking use of recent advances
in logit model. Liu et al. [20] proposed a new concept of
P&R, remote park and ride, and developed an exact solution
method for the optimal design of parking facilities, following
the nonlinear valid inequality technique [21, 22]. Some other
studies focus on the P&R schemes in a linear corridor, e.g., Liu
et al. [23], Wang and Du [24], and Du and Wang [25]. How-
ever, these studies mainly focus on congestion alleviation. As
abovementioned, the environmental requirements in certain
areas are not considered.Therefore, amore general modelling
framework that incorporates environmental requirements is
needed. To this end, this paper aims to build an environmen-
tal constrained combined modal split and traffic assignment
(EC-CMSTA) model to better evaluate and analyse environ-
mental sustainable transportation development strategies.

This paper distinguishes itself from previous studies in
threefold aspects. First, we propose EC-CMSTA, CMSTA
model with side constraints, which could handle the general
environmental constraint structures, including linear or non-
linear, link based, or area-based constraints. Also, the general
link/route cost structure is considered here. Second, by in-
corporating general side constraints into CMSTA, solving is
much more complex compared to the traditional side con-
strained unimodal traffic equilibrium problems. To explicitly
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consider the general environmental constraints andmake use
of existing efficient algorithms, we propose a VI formulation
by adapting the concept of fix-point. This VI formulation
is strictly monotone and Lipschitz continuous, permitting a
number of existing efficient algorithms for its solution [10,
26]. Third, even though the solution methods for the traffic
assignment problems with side constraints have been well
studied with numerous achievements [1, 10, 12, 27], solutions
for the multimodal traffic equilibrium with side constraints
are relatively limited. Recently, Meng, Liu and Wang [28]
proposed a CA incorporated self-adaptive PC algorithms to
solve asymmetric stochastic user equilibrium (SUE) problem
with elastic demand and link capacity constraints. Inspired by
Meng, Liu, andWang [28], we extend this approach to multi-
modal traffic equilibrium problem and develop a customized
projection based algorithm with a self-adaptive step size
scheme which permits the convergence under a much milder
assumption of the underlying mapping.

The remainder of this paper is organized as follows: we
present assumptions and an EC-CMSTA model for the envi-
ronmental regulations in the multimodal transport system
with RPR scheme in the next section. A general VI formula-
tion and a projection based solution algorithm are provided
in Sections 3 and 4. Section 5 provides two numerical studies
to validate the proposedmethodology. Finally, Section 6 con-
cludes this study.

3. Problem Description

Considering a specific environmental regulation strategy, to
analyse its impact in the multimodal transport system, we
build a model for the equilibrium flows following environ-
mental requirements.

Given a multimodal transportation network represented
by a strongly connected topology graph 𝐺(𝑁,𝐴) where 𝑁 is
the set of nodes and𝐴 is the set of links. The origins, destina-
tions, and RPR facilities are scattered in the network and
represented by certain nodes, 𝑛 ∈ 𝑁.The set of links𝐴 can be
further categorized into three subsets: set of autolinks 𝐴𝑎; set
of rail links 𝐴𝑟; and set of P&R links 𝐴𝑝; 𝐴 = 𝐴𝑎 ∪ 𝐴𝑟 ∪ 𝐴𝑝.
3.1. Modelling Environmental Requirements. As abovemen-
tioned, the environmental requirements are not strictly met
in the road network. Thus, it is necessary to explicit consid-
ering environmental protection thresholds to prevent envi-
ronmental deterioration in certain zones. In the literature,
the environmental constraints can be expressed into a general
form:

𝑔𝑒 (k) ≤ 0, ∀𝑒 ∈ 𝐸 (1)
where 𝑒 is a component of 𝐸 and 𝐸 represents a set of
environmental sensitivity elements. In the case of link based
environmental protection strategy, 𝑒 represents a link which
is assumed in this paper. k is the vector of link flows; 𝑔𝑒(k)
is a function to measure the amount of vehicle pollution and
environmental thresholds. Equations (1) ensure the amount
of pollution no larger than predetermined thresholds. Note
that (1) are general formulation that could measure different
types of vehicle pollutants [1]. Herein, we make assumption
as follows.

Assumption 1. The environmental threshold measure func-
tion 𝑔𝑒(k), ∀𝑒 ∈ 𝐸, is a continuously differentiable and strictly
monotone increasing function of the link flows k.

Suppose the total number of environmentally sensitive
areas in the network is 𝐼. The inbound flows of these areas
should be restricted according to environmental protection
strategies. All the links in the area 𝑖 ∈ 𝐼 are grouped into set𝐸𝑖, where 𝐸𝑖 ∈ 𝐴.Then, the specific link based environmental
constraints in these areas could be expressed as

𝑔𝑎 (k) ⋅ V𝑎 ≤ 𝑔𝑎, ∀𝑎 ∈ 𝐸𝑖, 𝑖 ∈ 𝐼 (2)

where 𝑔𝑎(k) is the amount of vehicle pollutants per vehicle
on link 𝑎 and 𝑔𝑎 is the environmental protection threshold
on link 𝑎 imposed by the operators.

3.2. Network Assessment. Due to the fact that the travel
decisions of a network user consist of modal choice and route
choice, a combined modal split and traffic assignment model
is needed. The travel impedance on an auto or rail link is
clearly influenced by its flows. For theRPR links, each of them
always connects an autolink and a rail link, so that the RPR
flows could transfer.The total travel impedance on a RPR link
includes the time spent on parking, waiting/boarding the de-
dicated bus as well as the bus in-vehicle travel time, which is
clearly flow-dependent. We then make the following assump-
tion.

Assumption 2. The link travel time 𝑡𝑎(k), 𝑎 ∈ 𝐴 is a con-
tinuously differentiable, monotone increasing of the link flow
k.

Let𝐾𝑜𝑑𝑚 denote the set of paths under𝑚;𝑓𝑚,𝑜𝑑𝑘 denotes the
flow on path 𝑘 ∈ 𝐾𝑜𝑑𝑚 for mode 𝑚; 𝑞𝑜𝑑𝑚 denotes the demand
of mode𝑚; and 𝑞𝑜𝑑 denotes the total travel demand between
OD pair (𝑜, 𝑑). We have the following flow conservation
conditions:

∑
𝑚∈𝑀𝑜𝑑

𝑞𝑜𝑑𝑚 = 𝑞𝑜𝑑, ∀𝑜𝑑 ∈ 𝑊 (3)

𝑞𝑜𝑑𝑚 ≥ 0, ∀𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊 (4)

∑
𝑘∈𝐾𝑜𝑑𝑚

𝑓𝑚,𝑜𝑑𝑘 = 𝑞𝑜𝑑𝑚 , ∀𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊 (5)

𝑓𝑚,𝑜𝑑𝑘 ≥ 0, ∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊 (6)

V𝑎 = ∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

∑
𝑘∈𝐾𝑜𝑑𝑚

𝑓𝑚,𝑜𝑑𝑘 𝛿𝑚,𝑜𝑑𝑎,𝑘 , ∀𝑎 ∈ 𝐴 (7)

where (3) and (5) define demand/flow conservation condi-
tions. Equations (4) and (6) are the nonnegativities. Equa-
tions (7) define the link-path flow relationship. Constraints
(1), (3)-(7) define the feasible set of Ω of (k, f, q) where k fl(V𝑎, 𝑎 ∈ 𝐴) is the vector of link flows; f fl (𝑓𝑒𝑚,𝑜𝑑𝑘 , 𝑘 ∈ 𝐾𝑜𝑑𝑚 ,𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊) is the vector of path flows; and q fl(𝑞𝑜𝑑𝑚 , 𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊) is the vector of modal demands.
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Let 𝑊 denote the set of OD pairs; 𝑞𝑜𝑑 denote the total
travel demand for (𝑜, 𝑑) ∈ 𝑊; and 𝑀𝑜𝑑 denote the set of
modes between OD pair (𝑜, 𝑑).Themultinomial logit (MNL)
model is adopted to analyse the modal split pattern. The
probability of choosing any mode 𝑚 between an OD pair(𝑜, 𝑑) equals

𝑝𝑜𝑑𝑚 = exp (−𝜃 ⋅ 𝜏𝑜𝑑𝑚 )
∑𝑖∈𝑀𝑜𝑑 exp (−𝜃 ⋅ 𝜏𝑜𝑑𝑖 ) , ∀𝑚 ∈ 𝑀, 𝑜𝑑 ∈ 𝑊 (8)

where 𝜃 ∈ [0, +∞) is the dispersion parameter and 𝜏𝑜𝑑𝑚 is the
deterministic component of the utility of mode 𝑚 between
OD pair (𝑜, 𝑑), which can be taken as the equilibrium path
travel time of mode 𝑚. The satisfaction of MNL, 𝑆𝑜𝑑(𝜏𝑜𝑑𝑚 ),
equals 𝜏𝑜𝑑𝑚 + (1/𝜃) ln(𝑞𝑜𝑑𝑚 ), which is concave function [28].

The user equilibrium path flow solution is then formu-
lated by the following conditions:

𝑓𝑚,𝑜𝑑𝑘 (𝑐𝑚,𝑜𝑑𝑘 − 𝜑𝑜𝑑𝑚 ) = 0,
∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊 (9)

𝑓𝑚,𝑜𝑑𝑘 ≥ 0,
(𝑐𝑚,𝑜𝑑𝑘 − 𝜑𝑜𝑑𝑚 ) ≥ 0,

∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊
(10)

where 𝜑𝑜𝑑𝑚 is the Lagrange multiplier associated with the
constraints (5), which represents the travel impedance of
using mode𝑚. At equilibrium, the travel time 𝑐𝑚,𝑜𝑑

𝑘
of a used

path 𝑘 ∈ 𝐾𝑜𝑑𝑚 equals 𝜑𝑜𝑑𝑚 . All commuters under mode𝑚 have
identical path travel time, and no traveller can unilaterally
reduce his/her travel time by changing routes.

4. Variational Inequality Formulation

In this section, we propose two equivalent VI formulations
for the proposed EC-CMSTA model. In order to strengthen
the flexibility and adaptability of the proposed model, we
further make the following two assumptions.

Assumption 3. The link travel time function is asymmetric,
i.e., 𝑡𝑎 is not only affected by its own flow V𝑎, but also flows on
some other links, which is expressed as 𝑡𝑎 = 𝑡𝑎(k).
Assumption 4. The path travel time 𝑐𝑘 is nonadditive to its
links, i.e., 𝑐𝑘 ̸= ∑𝑎 𝑡𝑎𝛿𝑎,𝑘, where 𝛿𝑎,𝑘 = 1 if path 𝑘 uses link𝑎 ∈ 𝐴 and 0 otherwise.

Then, the VI mode for EC-CMSTA is formulated as
follows:

∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

∑
𝑘∈𝐾𝑜𝑑𝑚

𝑐𝑚,𝑜𝑑𝑘 (f∗, q∗) (𝑓𝑚,𝑜𝑑𝑘 − 𝑓𝑚,𝑜𝑑∗𝑘 )
+ ∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

𝑐𝑜𝑑𝑚 (f∗,q∗) (𝑞𝑜𝑑𝑚 − 𝑞𝑜𝑑∗𝑚 ) ≥ 0,
∀ (f∗,q∗) ∈ Ω

(11)

where 𝑐𝑚,𝑜𝑑
𝑘

is the travel time on route 𝑘, where 𝑘 ∈ 𝐾𝑜𝑑𝑚 .𝑐𝑜𝑑𝑚 = (1/𝜃)ln(𝑞𝑜𝑑𝑚 ) represents the entropy term in travel cost

function of mode 𝑚,𝑚 ∈ 𝑀𝑜𝑑; 𝑓𝑚,𝑜𝑑∗𝑘 and 𝑞𝑜𝑑∗𝑚 are the opti-
mal solution of this problem; f∗ and q∗ are the vector of opti-
mal solution.

Let c be the vector of 𝑐𝑚,𝑜𝑑
𝑘

and �̃� be the vector of 𝑐𝑜𝑑𝑚 , i.e.,
c fl (𝑐𝑚,𝑜𝑑

𝑘
, 𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇 and �̃� fl (𝑐𝑜𝑑𝑚 ,𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇.TheVI formulation can be simplified as

c (f∗, q∗)𝑇 (f − f∗) + �̃� (f∗, q∗)𝑇 (q − q∗) ≥ 0,
∀ (f∗, q∗) ∈ Ω (12)

Note that the inclusion of nonlinear environmental con-
straints makes the feasible set more complex in general.
Existing solution algorithms for CMSTA cannot be directly
adopted to solve it. Most of existing studies focus on solving
the simplified linear link capacity constrained traffic equilib-
rium problems by a penalty based algorithm. However, due
to the complexity of EC-CMSTA (simultaneous achieving
equilibrium for both route flow and modal demand), refor-
mulating it into an integrated formulation or directly solving
it by a penalty/gradient based algorithm is less effective.
Therefore, this paper develops an alternative approach to
reformulate the EC-CMSTA which permits existing solution
algorithms for its solution.

4.1. Alternative VI Formulation. Daganzo [29] built a fix-
point model in terms of link flows for the asymmetric SUE
problem with fixed demand and showed availability of the
MSA, which was extended by Cantarella [30] to the case
of asymmetric SUE problem with elastic demand. Recently,
Meng, Liu andWang [28] furthermade extension by incorpo-
rating link capacity constraints. This problemwas formulated
as a VI problem by incorporating the fix-point formulated
asymmetric SUE problem with elastic demand. Following
the same technique, we propose a fixed point reformulated
CMSTA model which is expressed as follows:

V𝑎 = ∑
𝑜𝑑∈𝑊

𝑞𝑜𝑑 ∑
𝑚∈𝑀𝑜𝑑

𝑝𝑜𝑑𝑚 (f (k)) × 𝑃𝑚,𝑜𝑑𝑎 (f (k)) ,
∀𝑎 ∈ 𝐴

(13)

where k is the equilibrium link flow solution, 𝑝𝑜𝑑𝑚 is the pro-
bability of mode choice defined in (8), and 𝑃𝑚,𝑜𝑑𝑎 is the link
usage probability defined by

𝑃𝑚,𝑜𝑑𝑎 (f (k)) = ∑
𝑘∈𝐾𝑜𝑑𝑚

𝑝𝑚,𝑜𝑑𝑘 (f (k)) 𝛿𝑚,𝑜𝑑𝑘,𝑎 , ∀𝑎 ∈ 𝐴 (14)

and 𝑝𝑚,𝑜𝑑
𝑘

is the probability of path 𝑘 perceived as the shortest
one among the path set 𝐾𝑜𝑑𝑚 . In the deterministic case, 𝑝𝑚,𝑜𝑑𝑘
equals one if path 𝑘 is the shortest path among alternatives
and zero otherwise.

A set of generalized SUE conditions with elastic demand
and capacity constraints was proposed by Meng, Liu, and
Wang [28] for the optimal solution of SUE problem with
elastic demand, asymmetric link travel time function and
link capacity constraints. These conditions can be further
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extended to the multimodal transport system which is the
problem addressed in this paper. Let k denote the equilibrium
link flow pattern of the addressed problem if and only if there
exists a vector of Lagrangian multipliers corresponding to
environmental constraints, denoted by u∗ = (𝑢∗𝑒 , 𝑒 ∈ 𝐸)𝑇.

V𝑎 (u) = ∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

𝑞𝑜𝑑𝑚 (f (k) ,𝜆 (u∗))
× 𝑃𝑚,𝑜𝑑𝑎 (f (k) , 𝜆 (u∗)) , ∀𝑎 ∈ 𝐴

(15)

− 𝑔𝑒 (k) ≥ 0, ∀𝑒 ∈ 𝐸 (16)

𝑢∗𝑒 ⋅ (−𝑔𝑒 (k)) = 0, ∀𝑒 ∈ 𝐸 (17)

𝑢∗𝑒 ≥ 0, ∀𝑒 ∈ 𝐸 (18)
where 𝜆(u∗) is defined by

𝜆 (u∗) = (𝜆𝑚,𝑜𝑑𝑘 = ∑
𝑒∈𝐸

𝑢∗𝑒 𝜁𝑚,𝑜𝑑𝑒,𝑘 , ∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚

∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)
𝑇

(19)

and 𝜁𝑚,𝑜𝑑
𝑒,𝑘

= 1 if path 𝑘 ∈ 𝐾𝑜𝑑𝑚 goes through 𝑒 ∈ 𝐸 and 𝜁𝑚,𝑜𝑑
𝑒,𝑘

=0, otherwise. Based on the optimal Lagrangian multiplier
u∗, the EC-CMSTA is identical to the CMSTA in terms of
generalized link travel time functions.

�̂�𝑎 (k,u∗) = {{{
𝑡𝑎 (k) + 𝑢∗𝑎 , ∀𝑎 ∈ 𝐸
𝑡𝑎 (k) , ∀𝑎 ∈ 𝐴/𝐸 (20)

Equations (16)-(18) imply that if there is no environmental
constraint on any link 𝑎 ∈ 𝐸, 𝑢∗𝑎 = 0.

Note that the complementary slackness conditions (see
(16)-(18)) could be regarded as a nonlinear complementary
problem (NCP) of the vector of Lagrangian multipliers
u∗. Due to the feasible set of u is defined on the whole
nonnegative orthant, this NCP problem can be equivalently
formulated as a VI model. Hence, the alternative formulation
of VI (11) is proposed as follows:

g (u∗)𝑇 (u − u∗) ≥ 0, ∀u ∈ R
|𝐸|
+

(21)

whereR|𝐸|+ = (𝑢𝑒 ≥ 0, 𝑒 ∈ 𝐸)𝑇 denotes the feasible set. g(u) is
the |𝐸| dimensional vector functions, whichmeasures vehicle
pollution:

g (u) = (−𝑔𝑒 (k (u)) , ∀𝑒 ∈ 𝐸)𝑇 : R|𝐸|+ → R
|𝐸| (22)

g(u∗) is thus the optimal solution of the VI problem (21).
Herein, k(u) is a link flow solution for the CMSTA with
the generalized link travel time functions (20) (without
environmental constraints). In other words, k(u) is a solution
of the fix-point model with the Lagrangian multiplier u:

V𝑎 (u) = ∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

𝑞𝑜𝑑𝑚 (̂t (k, u)) × 𝑃𝑚,𝑜𝑑𝑎 (̂t (k, u)) ,
∀𝑎 ∈ 𝐴

(23)

where t̂(k, u) = (�̂�𝑎(k, u), ∀𝑎 ∈ 𝐴) denotes the vector of
generalized link travel time functions.

Note that the feasible set R|𝐸|+ of 𝑉𝐼(g,R|𝐸|+ ) is
unbounded, which makes it difficult to shown the existence
of a solution to VI model 𝑉𝐼(g,R|𝐸|+ ). Fortunately, according
to Meng, Liu and Wang [28], one can always find an upper
bound 𝑀 for 𝑢𝑎, ∀𝑎 ∈ 𝐸. Therefore, we define a subset Ω
of R|𝐸|+ which is bounded by 𝑀. The restricted VI model is
subsequently formulated as

g (u∗)𝑇 (u − u∗) ≥ 0, ∀u ∈ Ω (24)

The feasible set Ω is a nonempty, closed, and convex set. To
show the existence of solution to 𝑉𝐼(g, Ω) as well as the con-
vergence of its solution algorithm, the following properties of
vector function g(u) are proposed. Rigorous proofs of Propo-
sitions 5 and 6 are given in the Appendices A and B, respec-
tively.

Proposition 5. Vector function g(u) is strictlymonotone onΩ;
namely,

(g (u) − g (u))𝑇 (u − u) > 0, ∀u, u ∈ Ω (25)

Proposition6. Vector function g(u) is Lipschitz continuous onΩ; namely,
g (u) − g (u)2 ≤ 𝐿 u − u , ∀u, u ∈ Ω (26)

Though we have Propositions 5 and 6, the existence of a
solution to VI model 𝑉𝐼(g, Ω) can be ensured. We proceed
to prove the equivalence between the VI model 𝑉𝐼(g, Ω)
and the generalized CMSTA conditions and summarized in
Proposition 7. Rigorous proofs are given in Appendix C.

Proposition 7. u∗ = (𝑢∗𝑎 , ∀𝑎 ∈ 𝐸) is a solution of 𝑉𝐼(g, Ω)
if and only if u∗ and k(u∗) fulfil the generalized CMSTA
conditions (15)-(18).

5. Solution Algorithm

As the vector function g(u) of the VI model 𝑉𝐼(g, Ω) is an
implicit function, it is burdensome to directly evaluate its gra-
dient. On the other hand, with any given Lagrangian multi-
plier vector u, the value of vector function g(u) can be eva-
luated by solving the CMSTA with generalized travel time
with no constraints, which can be efficiently solved by a num-
ber of existing solution algorithms.

Projection type algorithms have been thoroughly studied
and proven to be efficient in solving traffic equilibrium
problems [31–33]. Among them, the gradient projection (GP)
is commonly adopted due to its concise form and good
performance, for which a recent survey can be found in Ryu,
Chen, and Choi [34]. The self-adaptive gradient projection
(SAGP) algorithm was originally proposed by He et al.
[35], where the gradient projection operation is adopted to
establish the descent direction, coupled with a self-adaptive
step size scheme to permit the convergence under a much
milder assumption of the underlying mapping, and thus can
handle general cost mapping structures and generalized side
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constraints. Later, Han and Sun [36] adopted this method
to solve the asymmetric traffic assignment problems. Chen,
Zhou, and Xu [32] further used this method to solve the
asymmetric traffic assignment problem with nonadditive
route cost functions. Inspired by previous studies, this paper
presents the SAGP algorithm specifically designed for solving
the CMSTA with generalized travel time functions.

As for the Lagrangian multipliers u, the projection opera-
tion onΩ of the VImodel𝑉𝐼(g, Ω) is straightforward, as well.
Propositions 5 and 6 imply the monotony and continuity of
the VI model 𝑉𝐼(g, Ω). Therefore, the projection based algo-
rithm is also suitable to evaluate the Lagrangian multipliers
solutions. To this end, this section proposes a nested SAGP
algorithm to solve the EC-CMSTA model which is presented
as follows.

Step 0 (initiation). Set parameters of SAGP within the given
range: 𝛿 ∈ (0, 1), 𝜇 ∈ [0.5, 1], 𝜀 > 0, 𝛼max > 0, 𝛼(0) > 0, 𝛾(0) =𝛼(0). Set the iteration counter: 𝑛 = 0, and the initial solution
which should be a feasible solution: u(0) = (𝑢(0)𝑎 = 0, 𝑎 ∈ 𝐸)𝑇.
Step 1 (self-adaptive scaling procedure).This step aims to find
the largest step size 𝛼(𝑛+1) that satisfies the given criteria in
(27). To this end, let 𝛼(𝑛+1) = 𝜇𝑙(𝑛)𝛾(𝑛), and set nonnegative
integer 𝑙(𝑛) = 0. We perform the following procedures, if the
given criterion is satisfied, terminate and go to Step 2; other-
wise, let 𝑙(𝑛) = 𝑙(𝑛) + 1, and perform the following procedures
again.

Step 1.1. Given vector u(𝑛), evaluate the CMSTA with gener-
alized travel time functions (23), using SAGP algorithm, and
obtain the equilibriumflows (k(𝑛) , q(𝑛)).The solutions are sub-
sequently used to evaluate the environmental measurement
function g(u(𝑛)).
Step 1.2. Perform the projection operation for u(𝑛) to obtain a
tentative vector ũ(𝑛+1), i.e., ũ(𝑛+1) = 𝑃Ω[u(𝑛) − 𝛼(𝑛+1) ⋅ g(u(𝑛))].
Step 1.3. Letu(𝑛+1) = max[0, u(𝑛)−𝛼(𝑛)g(u(𝑛))]. If the following
inequality is satisfied

(2 − 𝛿) 𝛼(𝑛+1) (u(𝑛) − ũ(𝑛+1))𝑇 (g (u(𝑛)) − g (ũ(𝑛+1)))
+ (𝛼(𝑛+1))2 g (u(𝑛)) − g (ũ(𝑛+1))2

≥ max
{{{
0, (𝛼(𝑛+1))

2 − (𝛼(𝑛))2
(𝛼(𝑛))2

u(𝑛) − u(𝑛+1)2}}}

(27)

go Step 2. Otherwise, let 𝑙(𝑛) = 𝑙(𝑛) + 1, update step size 𝛼(𝑛+1),
and go back to Step 1.1.

Step 2 (selection of 𝛾(𝑛+1)). If the following condition is
satisfied, let 𝛾(𝑛+1) = max{𝛼(𝑛+1)/𝜇, 𝛼max}.

0.5𝛼(𝑛+1) (u(𝑛) − ũ(𝑛+1))𝑇 (g (u(𝑛)) − g (ũ(𝑛+1)))
+ (𝛼(𝑛+1))2 g (u(𝑛)) − g (ũ(𝑛+1))2

≥ max
{{{
0, (𝛼(𝑛+1))

2 − (𝛼(𝑛))2
(𝛼(𝑛))2

u(𝑛) − u(𝑛+1)2}}}

(28)

Step 3 (convergence test). If the convergence criterion is
satisfied, terminate; otherwise, let iteration counter: 𝑛 = 𝑛+1,
go back to Step 1.

Note that the CMSTA with generalized travel time func-
tions in Step 1.1 is also solved by the SAGP algorithm, which
is not repeated here for conciseness.

6. Numerical Examples

In this section, two experiments based on a linear network
and the Sioux-Falls network are provided to demonstrate the
features of the proposed EC-CMSTA and validity of the pro-
posed solution algorithm.

It is well known that carbon monoxide (CO), car-
bon dioxide (CO2), sulphur dioxide (SO2), nitrogen oxides
(NOx), respirable suspended particulates (RSP or PM10), fine
suspended particulates (FSP or PM2.5), and volatile organic
compounds (VOC) are the main types of vehicular emission
pollutants that are critical for air quality protection. Among
others, CO is taken as an important indicator of the level of
vehicle atmosphere pollution, mainly because (1) vehicles
contribute to themajority of COemissions in the atmosphere;(2) CO is one of the most critical pollutants among the var-
ious types of vehicular emissions; (3) the emission functions
of other pollutants are similar to that of CO [11]. In addition,
this consideration has also been used in a number of recent
studies, e.g., Yin and Lawphongpanich [37]; Nagurney, Qiang
andNagurney [38]; Chen, Zhou andRyu [10]; Li et al. [11]; Xu,
Chen and Cheng [1]; Yang, Ban and Ma [39]; Kitthamkesorn
et al. [2]. Therefore, we use CO as an illustration to model
vehicle emission. The nonlinear macroscopic formula of CO
emission rate proposed by Wallace et al. [6] is used for
analysis as shown below:

𝑔𝑎 (𝑡𝑎) = 0.2038 ⋅ 𝑡𝑎 ⋅ exp(0.7962 ⋅ 𝐿𝑎𝑡𝑎 ) (29)

where 𝑔𝑎(𝑡𝑎) is the CO emission rate on link 𝑎 measured
in grams per hour. 𝐿𝑎 is the length of link 𝑎 measured in
kilometers, and 𝑡𝑎 is the link travel timemeasured inminutes.
This nonlinear function can be shown to be convex and
continuously differentiable.TheBureau of Public Road (BPR)
type function is adopted for the link travel time, i.e., 𝑡𝑎 =𝑡0𝑎(1+0.15(V𝑎/𝐶𝑎)4) for road links, and 𝑡𝑎 = 𝑡0𝑎(1+0.1(V𝑎/𝐶𝑎)4)
for rail and RPR links. The dispersion parameter of MNL
mode is set as 𝜃 = 1.0.
6.1. A Linear Corridor. As shown in Figure 1, consider a linear
corridor𝐺(𝑁,𝐴), with one rail line (dotted line) from suburb𝑜 to the urban city area 𝑑 and another highway (solid line)
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Figure 1: A linear corridor with RPR facility.

Table 1: Attributes of the linear corridor.

Link Type Auto Rail RPR
Link No. 1 2 3 4 5
Free Flow Travel Time (𝑡0𝑎) 6 4 12 5 3
Capacity (𝐶𝑎) 250 200 350 350 350

Table 2: Modal share and equilibrium travel time.

Modes With RPR scheme
Demand Travel time

Auto 250.45 16.66
Train 150.15 17.16
RPR 99.38 17.58

connecting (𝑜, 𝑑). The OD demand is assumed to be 500 per
hour. One RPR site is constructed at 𝑛𝑝, adjacent to the train
station 𝑛𝑟. Travellers transfer from the RPR site 𝑛𝑝 to the
train station 𝑛𝑟 through the RPR link (link 5). Link 2 passes
into an environmentally sensitive urban area, which exerts
restriction on the total CO emissions on link 2. Using the
CO emission rate function defined by (29), the nonlinear
environmental constraint on link 𝑎 can be expressed as

0.2038 ⋅ 𝑡𝑎 ⋅ exp(0.7962𝐿𝑎𝑡𝑎 ) ⋅ V𝑎 − 𝑔𝑎 ≤ 0, ∀𝑎 ∈ 𝐴 (30)

where 𝑔𝑎 is the CO emission threshold on link 𝑎. Attributes
of the network are given in Table 1.

Setting the environmental constraints at 500, we first
examine the correctness of the results. As expected, the results
in Table 2 satisfy the modal demand conversation condition
and the MNL based modal choice condition. The Lagrangian
multiplier on link 2 equals 1.73, permitting the emission on
link 2 subject to the requirements.

We proceed to explore the influence of the environmental
constraint on the flow shift ofmodal demands, link flows, and
total system travel time by varying the emission constraint 𝑔2
between 0 and 800. The corresponding modal demand shift
pattern under environmental constraint is given in Figure 2.
We can see that as 𝑔2 increases (relax the CO emission con-
straints), the auto demand first increases and then becomes
stable; meanwhile, the demands of rail and RPR show the
crosscurrent. It makes sense because relaxing 𝑔2 is similar
to increase the road capacity. When the emission level is
beyond 631.47, constraint (30) is not blinding anymore which
means the PRP facilities are able to achieve the environmental
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Figure 2:Modal split patternwith various environmental constraint
level.

protection requirements without additional regulations or re-
strictions. The dotted line indicates the evolution of Lagran-
gianmultiplier on link 2, 𝑢∗2 . As the environmental regulation
can be strengthened, 𝑢∗2 keeps increasing and trends to be
infinity, when 𝑔2 = 0.

Detailed results of link flows, link travel time, and Lag-
rangian multiplier are shown in Table 3. As marked by bold
and italic text in Table 3 the minimal system travel cost is
achieved when 𝑔2 is increased to around 631.47. In other
words, setting 𝑔2 ≥ 631.47 is equivalent to have no CO emis-
sion constraint on link 2, which reduces the problem into
CMSTA. Meanwhile, the Lagrangian multiplier 𝑢∗2 reduces to
zero as well indicating that there is no restrictions for vehicles
which come into this area.

6.2. Sioux-Falls Network. Another numerical example built
from the Sioux-Falls network (Figure 3) is used to further
access the performance of the proposed model and solution
algorithm for solving the environmental constrained CMSTA
problem. This study network consists of 30 nodes and 76
links. The area highlighted by the red ellipse is the CBD
district. It has four rail lines between the suburb areas and
the city loop. Detail attributes of this network are tabulated in
Appendix D. We focus on the travel demands in commuting
hours, where the majority of travel demands origin from the
suburbs and go into business districts. There are 24 OD pairs
and the OD demand data are given in Appendix E. Four sites
(nodes 3, 6, 19, and 14) which locate close to rail lines are
selected as RPR car parks where RPR users park their car and
transfer to rail mode.

The column generation scheme is adopted in this case
and incorporated into our proposed solution algorithm to
generate paths in evaluating the equilibrium flows. In the
multimodal transport network, we first examine the effect of
the proposed RPR schemewith the CMSTAmodel and access
the emissions in the road subnetwork. 5 links in the CBD
district are subsequently identified as the critical links, and be
further grouped into the link set 𝐴 = {14, 22, 29, 46, 48}. As
shown in Figure 4, the provision of RPR facilities significantly
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Table 3: Link flows and link cost with varied restricted CO emission level.

𝑔2 Link 1 Link 2 Link 3 Link 4 Link 5
Time Flow Time Flow 𝑢∗ Time Flow Time Flow Time Flow

0 8.33 317.29 4.00 0.00 +∞ 12.09 182.71 7.08 499.94 3.20 317.23
100 8.55 324.24 4.00 55.32 6.99 12.08 175.76 6.30 444.68 3.10 268.92
200 8.76 330.69 4.06 110.34 5.45 12.07 169.31 5.77 389.66 3.05 220.35
300 8.97 337.09 4.27 163.54 4.24 12.06 162.91 5.43 336.46 3.02 173.55
400 9.21 343.56 4.75 211.36 3.02 12.05 156.44 5.23 288.64 3.01 132.20
500 9.45 349.85 5.48 250.47 1.73 12.04 150.15 5.13 249.53 3.00 99.38
600 9.69 355.77 6.34 281.02 0.41 12.03 144.23 5.08 218.98 3.00 74.75
631.47 9.77 357.57 6.62 289.22 0.00 12.03 142.43 5.07 210.78 3.00 68.35
700 9.77 357.57 6.62 289.22 0.00 12.03 142.43 5.07 210.78 3.00 68.35
800 9.77 357.57 6.62 289.22 0.00 12.03 142.43 5.07 210.78 3.00 68.35
900 9.77 357.57 6.62 289.22 0.00 12.03 142.43 5.07 210.78 3.00 68.35
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Figure 3: Modified Sioux-Falls network with RPR scheme.

influence travellers’ mode choice as well as route choice
behaviour. 14.03% of previous autodrivers and 5.51% of previ-
ous train riders shift to RPRmode, due to the utility provided
by RPR services. The amount of emissions on critical links
also significantly reduced with the provision of RPR schemes.
This phenomenon indicates RPR schemes could alleviate the
environmental deterioration by redistributing the flow and
modal demand in the network and reflects the rationality of
modelling users modal choice and route choice decisions in
a combined model, i.e., CMSTA.

We proceed to exert environmental constraints on these
critical links. Here, we consider five scenarios of the thresh-
olds and summarize in Table 4. Parameters in the SAGP

algorithm are set as follows: 𝜇 = 0.85, 𝛿 = 0.8, and 𝛼(0) =1.0. In order to reflect the convergence trend of the SAGP
algorithm apparently, we take the following logarithmic value
of the maximum absolute error as a performance index,
namely,

𝜀 = log10 (max (𝑇𝑎 − 𝑔𝑎V𝑎2 , ∀𝑎 ∈ 𝐴)) (31)

The SAGP algorithm is then used to solve the environmental
constrained CMSTA in terms of the five scenarios provided
in Table 4. Figure 5 depicts the logarithmic value of the
maximumabsolute error versus the number of iterations used
for solving scenarios 1, 2, 3, and 4. It clearly shows that the
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Table 4: Five scenarios of environmental constraints.

Link ID Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5 Emission Link flow
Threshold 𝑇1𝑎 Threshold 𝑇2𝑎 Threshold 𝑇3𝑎 Threshold 𝑇4𝑎 Threshold 𝑇5𝑎

14 500 600 700 800 900 724.16 320.28
22 500 600 700 800 900 1007.05 370.93
29 500 600 700 800 900 796.13 319.51
46 500 600 700 800 900 866.88 351.1
48 500 600 700 800 900 735.61 531.39
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Figure 4: Mode share and emissions with/without RPR scheme.

algorithm can converge to a solution of VI model 𝑉𝐼(g, Ω).
In scenario 5, the solution converges much faster than other
scenarios because only link 22 is constrained.

Table 5 gives the resultant link emissions and corre-
sponding Lagrangian multiplier for each scenario. We can
observe that the emissions on each link are bounded by
the required thresholds (some link emissions slightly excess
the requirements caused by the computation error). The
corresponding multiplier takes positive value only on the
links with emission bounded by the threshold. These two
phenomena tally with (16)-(18), which numerically verify
the effectiveness of the VI model 𝑉𝐼(g, Ω) and the SAGP
algorithm. In addition, from scenario 1 to scenario 5, it can
be seen that, by tightening the thresholds, the corresponding
Lagrangian multipliers become larger, which indicates that it
would bemore costly to restrict the emission to amuch lower
level.

Table 6 further investigates the modal shift trend from
scenario 1 to scenario 5. As the values of threshold getting
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Figure 5: Convergence trend of the SAGP algorithm.

smaller, travellers who use automode become less. The envi-
ronmental regulations in road network could significantly
promote the modal shift from auto to “green” travel modes
(i.e., Train and RPR). Taking scenario 1, for example, the
automode share is depressed about 11.11%, from 53.21% to
42.10%, where 5.38% of travel demand shifts to rail mode and
5.72% rest shifts to RPR mode. This phenomenon indicates
that environmental regulations significantly influence not
only travellers’ route choice behaviour but also mode choice
behaviour.

To further see the impacts of demand level on the Lag-
rangian multipliers, a sensitivity test is carried out on the
dispersion parameter on the modal choice function (8).
Without loss of generality, the first scenario of threshold
setting is taken for this test, and then the value of 𝜃 is changed
from 0.5 to 0.9 with an interval of 0.1. The Lagrangian
multipliers obtained by the SAGP algorithm in these five
cases are presented in Table 7. We noted that a larger value
of 𝜃 results in a larger level of autodemand level and the
road network congestion level is higher accordingly. Table 7
indicates the generalized CMSTA conditions can still be
fulfilled. As the demand level ascends, the corresponding
Lagrangian multipliers also increases, meaning that it is more
difficult to maintain the threshold constraints at a higher
demand level.

We further compare the network-level performance
before and after implementing the set of environmental
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Table 5: Link emission and corresponding Lagrangian multiplier.

Link ID Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5 Without
Emission LM Emission LM Emission LM Emission LM Emission LM

14 499.99 1.64 600.06 0.93 700.07 0.22 728.78 0.00 726.51 0.00 724.16
22 500.00 2.29 600.03 1.74 700.10 1.20 800.17 0.64 900.00 0.38 1007.05
29 500.00 0.79 600.00 0.23 700.03 0.10 800.06 0.03 867.92 0.00 866.88
46 500.02 2.32 600.14 1.5 700.09 0.77 800.21 0.15 803.76 0.00 796.13
48 500.03 0.86 600.02 0.71 699.99 0.32 743.59 0.00 736.09 0.00 735.61
∗LM denotes Lagrangian multiplier.

Table 6: Mode share with different threshold levels.

Mode WithThreshold Without Threshold
Scenario 1 Scenario 2 Scenario 3 Scenario 4 Scenario 5

Auto 42.10% 45.68% 48.96% 51.53% 52.35% 53.21%
Train 32.64% 30.64% 28.89% 27.61% 27.39% 27.25%
RPR 25.26% 23.68% 22.15% 20.86% 20.27% 19.53%

Table 7: Sensitivity test on the dispersion parameter.

link ID 𝜃 = 0.5 𝜃 = 0.6 𝜃 = 0.7 𝜃 = 0.8 𝜃 = 0.9
Emission LM Emission LM Emission LM Emission LM Emission LM

14 499.99 1.64 500.00 1.70 499.98 1.73 500.01 1.74 500.02 1.75
22 500.00 2.29 500.00 2.02 500.00 1.82 500.02 1.66 500.01 1.54
29 500.00 0.79 500.01 0.68 500.01 0.59 500.00 0.52 500.01 0.48
46 500.02 2.32 500.03 2.38 500.03 2.41 500.00 2.42 500.06 2.43
48 500.03 0.86 500.01 0.85 499.94 0.84 500.02 0.84 499.96 0.83
∗LM denotes Lagrangian multiplier.

restraints. The first scenario of threshold setting is still taken
for this test. Without loss of generality, the total travel time
(TTT) and total vehicle distances (TVD) travelled are used in
this study to measure the network-wide performance. From
Table 8 we can observe that implementation of environmental
constraints decreases both TTT and TVD (-13.89% decrease
of TTT and -13.19% decrease of TVM), which implies that
some travellers must be shifting their modes in order to
benefit the air quality of the CBD area.

7. Conclusions

Environmental protection is an important consideration in
planning a transportation system. Environmental constraint
is a useful means to explicitly reflect environmental pro-
tection requirements. In this paper, we studied a combined
environmental protection strategy in the multimodal trans-
port network: (1) a rail-based park-and-ride scheme to assist
mode shift to reduce the overall vehicle travel demands in
the road network and (2) an area-based regulation scheme to
deal with the environmental deterioration caused by hetero-
geneity of traffic flows. To quantitatively evaluate the effec-
tiveness of the proposed scheme, we built an environmental
constrained combined modal split and traffic assignment
(EC-CMSTA) model. Specifically, we developed an equiv-
alent VI reformulation for the EC-CMSTA. Different from

the explicit formulation as a VI or NCP, the proposed re-
formulation adapts the concept of fix-point to reformulate
the CMSTA conditions, which is, later, incorporated into
the VI formulated nonlinear complementarity conditions
associated with the nonlinear environmental constraints. The
proposed VI reformulation can handle a general nonlinear
environmental constraint structure and a general link and
route cost structure, enhancing the modelling adaptability
and flexibility, and in addition permits a number of efficient
algorithms for its solution. A customized projection algo-
rithm with self-adaptive step size scheme is adopted in this
paper. Numerical examples demonstrated the EC-CMSTA
model has the potential to enhance the behavioural mod-
elling of network users’ travel decisions and to assist in
quantitatively evaluating the effectiveness of RPR schemes
and environmental regulations.

Several directions are worthy of further investigation.
First, in this paper, we useCOas an indicator tomodel vehicle
emission. Further study will take other types of emission into
consideration, e.g., the CO2. Second, a number of efficient
solution algorithms proposed by recent studies, e.g., Ryu,
Chen, andChoi [34]; Ryu, Chen, andChoi [40], should be ex-
plored to further improve the solution efficiency. Third, we
plan to test our model on larger networks with more real
world applications. For very large-scale problems, existing
algorithms may be not efficient and specific algorithms
should be developed.
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Table 8: Network performance with and without environmental regulations.

Network performance Without environmental Regulation (a) With environmental regulation (b) Relative difference [(b-a)/a]
Total travel time 41442.50 35685.36 -13.89%
Total vehicle distance 38995.10 33851.32 -13.19%

Appendix

A. Proof of Proposition 5

Vector function g(u) is strictly monotone onΩ; namely,

(g (u) − g (u))𝑇 (u − u) > 0, ∀u, u ∈ Ω (A.1)

Proof. For any two distinct nonnegative Lagrangian mul-
tiplier vectors u and u, let k(u) and k(u) denote the
corresponding CMSTA link flow solutions, and similarly,
let f(u), f(u), q(u), and q(u) denote the corresponding
CMSTA path flow and modal demand solutions. We have

k (u) = Δf (u) (A.2)

k (u) = Δf (u) (A.3)

f (u) = q (𝜏)𝑇 ⋅ p (ĉ) (A.4)

f (u) = q (𝜏)𝑇 ⋅ p (ĉ) (A.5)

q (�̂�) = q𝑇 ⋅ p (�̂�) (A.6)

q (�̂�) = q𝑇 ⋅ p (�̂�) (A.7)

where Δ defines the link-path incidence, ĉ = Δ𝑇t̂(k(u),u),
ĉ = Δ𝑇t̂(k(u),u), p(ĉ) = (𝑝𝑚,𝑜𝑑

𝑘
(ĉ), ∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇, p(ĉ) = (𝑝𝑚,𝑜𝑑

𝑘
(ĉ), ∀𝑘 ∈ 𝐾𝑜𝑑𝑚 , 𝑚 ∈𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇, �̂� = (𝜏𝑜𝑑𝑚 (ĉ), ∀𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇, �̂� =(𝜏𝑜𝑑𝑚 (ĉ), ∀𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇, p(�̂�) = (𝑝𝑜𝑑𝑚 (�̂�), ∀𝑚 ∈𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇, p(�̂�) = (𝑝𝑜𝑑𝑚 (�̂�), ∀𝑚 ∈ 𝑀𝑜𝑑, 𝑜𝑑 ∈ 𝑊)𝑇,

and q = (𝑞𝑜𝑑, ∀𝑜𝑑 ∈ 𝑊)𝑇.
According to the definition of CMSTA conditions, the

modal travel time 𝜏𝑜𝑑𝑚 is taken as the equilibrium path travel
time of mode𝑚, it follows that

𝜏𝑜𝑑𝑚 ≤ 𝑐𝑚,𝑜𝑑𝑘 , ∀𝑘 ∈ 𝐾𝑜𝑑𝑚 ; (A.8)

together with the flow conservation condition (5), we have

q (𝜏)𝑇 𝜏 ≤ f (u)𝑇 c (A.9)

q (𝜏)𝑇 𝜏 ≤ f (u)𝑇 c (A.10)

Subtracting (A.9) and (A.10) yields that

q (𝜏)𝑇 (𝜏 − 𝜏) ≤ f (u)𝑇 (c − c) (A.11)

q (𝜏)𝑇 (𝜏 − 𝜏) ≤ f (u)𝑇 (c − c) ; (A.12)

namely,

(q (𝜏) − q (𝜏))𝑇 (𝜏 − 𝜏)
≤ (f (u) − f (u))𝑇 (c − c) (A.13)

The monotonicity of function (8) implies that

(q (𝜏) − q (𝜏))𝑇 (𝜏 − 𝜏) > 0 (A.14)

According to (A.13) and (A.14), we thus obtain

(f (u) − f (u))𝑇 (c − c) > 0 (A.15)

As c = Δ𝑇t̂(k(u), u) and ĉ = Δ𝑇t̂(k(u),u), (A.15) can be
equivalently written as

(f (u) − f (u))𝑇
⋅ (Δ𝑇t̂ (k (u) , u) − Δ𝑇t̂ (k (u) , u)) > 0 (A.16)

Rearranging the left side of (A.16), it follows that

(k (u) − k (u))𝑇
⋅ (Δ𝑇t̂ (k (u) , u) − Δ𝑇t̂ (k (u) , u)) > 0 (A.17)

According to the definition of generalized link travel time
function, (20), we have

(k (u) − k (u))𝑇 (u − u) > 0 (A.18)

Together with Assumption 1, g(u) is a strictly monotone
function with respect to link flow solutions k(u); it follows
that

(g (u) − g (u))𝑇 (u − u) > 0 (A.19)

which implies g(u) is strictly monotone with respect to u onΩ.

B. Proof of Proposition 6

Vector function g(u) is Lipschitz continuous on Ω; namely,
g (u) − g (u)2 ≤ 𝐿 u − u , ∀u, u ∈ Ω (B.1)

Proof. Following the approach presented by Meng, Liu, and
Wang [28], it is easily to conclude that k(u) is continuously
differentiable in a neighbourhood of u0 according to the
implicit function theorem [41].

Since k(u) is continuously differentiable onΩ , its Jacobian
matrix ∇uk(u) is thus continuous on Ω. The two-norm of∇uk(u) is therefore bounded from the nonempty closed and
convex setΩ; namely, there is a positive constant such that

∇uk (u)2 ≤ 𝐿1, ∀u ∈ Ω (B.2)

According to the Theorem 3.2.4 of Ortega and Rheinboldt
[41] (mean-value theorem), it can be seen that
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k (u) − k (u)2 ≤ 𝐿1 u − u2 , ∀u, u ∈ Ω (B.3)

Similarly, according to Assumption 1, g(k) is a continuous
differentiable function w.r.t. k. The Jacobian matrix ∇kg(k)
is thus continuous on Ω which is also nonempty closed and
convex. Thus, there is a positive constant such that∇kg (k)2 ≤ 𝐿2, ∀k ∈ Ω (B.4)
and we haveg (k) − g (k)2 ≤ 𝐿2 k − k2 , ∀k, k ∈ Ω (B.5)

According to (B.3) and (B.5), we thus haveg (u) − g (u)2 ≤ 𝐿2 k − k
2≤ 𝐿2 ⋅ 𝐿1 u − u , ∀u, u ∈ Ω

(B.6)

This completes the proof.

C. Proof of Proposition 7

u∗ = (𝑢∗𝑎 , ∀𝑎 ∈ 𝐸) is a solution of𝑉𝐼(g,R|𝐸|+ ) if and only if u∗
and k(u∗) fulfil the generalized CMSTA conditions (15)-(18).

Proof.

Necessary Condition. Suppose u∗ is a solution of 𝑉𝐼(g,R|𝐸|+ ),
and we now show that u∗ fulfil the generalized CMSTA
conditions.

We first demonstrate that 𝑢∗𝑎 < 𝑀,∀𝑎 ∈ 𝐸. Assume that
there is at least on element 𝑏 ∈ 𝐸 with 𝑢∗𝑏 = 𝑀. Then, we
define a feasible vector u ∈ R|𝐸|+ .

u = (𝑢𝑎 = 𝑢∗𝑎 , ∀𝑎 ∈ 𝐸 \ {𝑏} , 𝑢𝑏 = 0.5𝑀)𝑇 . (C.1)

Substituting u in the VI model 𝑉𝐼(g,R|𝐸|+ ) with vector u, it
follows that

(−𝑔𝑏 (V𝑏 (u∗))) ⋅ (0.5𝑀 −𝑀) ≥ 0; (C.2)

namely, 𝑔𝑏 (V𝑏 (u∗)) ≥ 0 (C.3)

Now, we proceed to demonstrate 𝑢∗𝑎 < 𝑀, ∀𝑎 ∈ 𝐸 by
using an apagogical approach. Note that, according to the
monotony increasing of g(k), there exists a upper bound of
link flow V𝑏 that, for any flow V𝑏 < V𝑏, we have𝑔𝑏 (V𝑏 (u∗)) < 0 (C.4)

Then, we proceed to show V𝑎(u∗) < V𝑎, ∀𝑎 ∈ 𝐸. Suppose
at least one flow loaded path on the road network uses link 𝑏.
According to the DUE conditions, for any flow loaded paths,
they have identical path travel time.Denote one of these paths
as 𝑘𝑜 and its 𝜆𝑚,𝑜𝑑

𝑘0
(u∗) follows that

𝜆𝑚,𝑜𝑑𝑘0 (u∗) = ∑
𝑎∈𝐸

𝑢∗𝑎𝜁𝑚,𝑜𝑑𝑒,𝑘0 > 𝑀 (C.5)

Therefore, its generalized path travel time and the corre-
sponding modal travel time fulfil the condition:

𝑐𝑚,𝑜𝑑𝑘0 (u∗) + 𝜆𝑚,𝑜𝑑𝑘0 (u∗) > 𝑀 (C.6)

𝑐𝑜𝑑𝑚 (u∗) + 𝜆𝑜𝑑𝑚 (u∗) ≥ 𝑐𝑚,𝑜𝑑𝑘0 (u∗) + 𝜆𝑚,𝑜𝑑𝑘0 (u∗) > 𝑀 (C.7)

According to the monotonicity of function (8), we have

𝑞𝑜𝑑𝑚 (𝑐𝑜𝑑𝑚 (u∗) + 𝜆𝑜𝑑𝑚 (u∗)) ≤ 𝑞𝑜𝑑𝑚 (𝑀) < V𝑏|𝑊| ⋅ |𝑀| (C.8)

In other words,

V𝑏 < ∑
𝑜𝑑∈𝑊

∑
𝑚∈𝑀𝑜𝑑

𝑞𝑜𝑑𝑚 < V𝑏 (C.9)

𝑔𝑏 (V𝑏 (u∗)) < 0 (C.10)

However, (C.10) contradicts (C.3), then the hypothesis 𝑢∗𝑏 =𝑀 is incorrect. In other words,

𝑢∗𝑎 < 𝑀, ∀𝑎 ∈ 𝐸 (C.11)

To further prove the necessary conditions, we construct the
following two specific vectors for any link 𝑎 ∈ 𝐸:

u = (𝑢𝑎 = (1 − 𝛾1) 𝑢∗𝑎 + 𝛾1𝑀, ∀𝑎 ∈ 𝐸)𝑇 (C.12)

u = (𝑢𝑎 = 𝛾1𝑢∗𝑎 , ∀𝑎 ∈ 𝐸)𝑇 (C.13)

where 𝛾1 ∈ (0, 1) is a given parameter. Substituting vector
u of VI model 𝑉𝐼(g,R|𝐸|+ ) with these two particular vectors,
respectively, yields that

𝑔𝑎 (k) (𝛾1 (𝑀 − 𝑢∗𝑎)) ≤ 0 (C.14)

𝑔𝑎 (k) ((𝛾1 − 1) 𝑢∗𝑎 ) ≤ 0 (C.15)

Since𝑀− 𝑢∗𝑎 > 0, (C.14) implies that

𝑔𝑎 (k) ≤ 0, ∀𝑎 ∈ 𝐸 (C.16)

In accordance with the fact that 𝑢∗𝑎 ≥ 0, we thus have
(−𝑔𝑎 (k)) ⋅ 𝑢∗𝑎 ≥ 0, ∀𝑎 ∈ 𝐸 (C.17)

Hence, (C.17) in conjunction with (C.15) implies that

(−𝑔𝑎 (k)) ⋅ 𝑢∗𝑎 = 0, ∀𝑎 ∈ 𝐸 (C.18)

In other words, u∗ and k(u∗) fulfil the generalized CMSTA
conditions.

Sufficient Condition. Suppose u∗ fulfil the generalized
CMSTA conditions (15)-(18); we have the following condi-
tions:

−g (k (u∗)) ≥ 0 (C.19)

g (k (u∗))𝑇 ⋅ u∗ = 0 (C.20)

In addition, we have u ≥ 0.Therefore, according to (C.19) and
(C.20), it follows that

g (k (u∗))𝑇 ⋅ u ≥ g (k (u∗))𝑇 ⋅ u∗ (C.21)

g (k (u∗))𝑇 ⋅ (u − u∗) ≥ 0 (C.22)

This completes the proof.
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Table 9

ID T H Fft Capa Type
1 8 9 3 400 Auto
2 9 8 3 400 Auto
3 9 10 3 400 Auto
4 10 9 3 400 Auto
5 10 16 3 400 Auto
6 16 10 3 400 Auto
7 8 16 3 400 Auto
8 16 8 3 400 Auto
9 1 3 3 800 Auto
10 3 4 4 1200 Auto
11 4 3 4 1200 Auto
12 4 5 5 800 Auto
13 5 4 5 800 Auto
14 5 9 5 800 Auto
15 1 2 8 600 Auto
16 3 12 6 1200 Auto
17 4 11 7 600 Auto
18 5 6 3 800 Auto
19 6 5 3 800 Auto
20 12 11 5 600 Auto
21 2 6 3 800 Auto
22 6 8 6 800 Auto
23 2 1 8 600 Auto
24 13 24 3 600 Auto
25 24 23 4 600 Auto
26 23 14 4 600 Auto
27 14 15 3 1200 Auto
28 15 14 3 800 Auto
29 15 10 6 800 Auto
30 13 12 7 800 Auto
31 24 21 3 600 Auto
32 21 24 3 600 Auto
33 23 22 3 600 Auto
34 22 23 3 600 Auto
35 21 22 4 600 Auto
36 22 15 4 800 Auto
37 21 20 3 600 Auto
38 20 19 5 600 Auto
39 19 17 3 1200 Auto
40 17 16 3 600 Auto
41 17 10 5 400 Auto
42 20 22 3 400 Auto
43 15 19 3 600 Auto
44 7 8 3 400 Auto
45 19 15 3 600 Auto
46 11 10 5 600 Auto
47 14 11 4 400 Auto
48 18 16 3 600 Auto
49 18 7 4 600 Auto
50 20 21 3 600 Auto
51 20 18 7 600 Auto
52 24 13 3 600 Auto
53 9 10 3 1500 Train
54 9 8 3 1500 Train
55 10 9 3 1500 Train
56 10 16 3 1500 Train

Table 9: Continued.

ID T H Fft Capa Type
57 8 9 3 1500 Train
58 8 16 3 1500 Train
59 16 10 3 1500 Train
60 16 8 3 1500 Train
61 20 30 7 1000 Train
62 30 16 6 1000 Train
63 13 24 2 1000 Train
64 24 23 4 1000 Train
65 23 28 4 1000 Train
66 28 27 4 1000 Train
67 27 10 4 1000 Train
68 2 29 10 1000 Train
69 29 8 2 1000 Train
70 1 26 3 1000 Train
71 26 25 9 1000 Train
72 25 9 7 1000 Train
73 3 26 4 1000 RPR
74 6 29 4 1000 RPR
75 14 28 3 1000 RPR
76 19 30 3 1000 RPR
∗T is tail node; H is head node; Fft denotes free flow time; Capa denotes
capacity.

Table 10

ID Origin Destination Demand
1 1 8 220
2 1 9 180
3 1 10 200
4 1 16 220
5 2 8 240
6 2 9 190
7 2 10 180
8 2 16 180
9 13 8 160
10 13 9 130
11 13 10 170
12 13 16 130
13 24 8 140
14 24 9 150
15 24 10 140
16 24 16 100
17 23 8 130
18 23 9 150
19 23 10 150
20 23 16 170
21 20 8 180
22 20 9 160
23 20 10 140
24 20 16 170

D. Attributes of Study Network

See Table 9.

E. OD Travel Demand of Study Network

See Table 10.
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