
Geoscience Frontiers 9 (2018) 1631e1638
HOSTED BY Contents lists available at ScienceDirect

China University of Geosciences (Beijing)

Geoscience Frontiers

journal homepage: www.elsevier .com/locate/gsf
Research Paper
Effect of 2D spatial variability on slope reliability: A simplified FORM
analysis

Jian Ji a,b, Chunshun Zhang b,*, Yufeng Gao a, Jayantha Kodikara b

aKey Lab of Ministry of Education for Geomechanics and Embankment Engineering, Hohai University, Nanjing, China
bDepartment of Civil Engineering, Monash University, Clayton 3168, Australia
a r t i c l e i n f o

Article history:
Received 28 April 2017
Received in revised form
27 June 2017
Accepted 9 August 2017
Available online 1 September 2017

Keywords:
Slope stability
Spatial variability
Random field model
Probability of failure
HLRF algorithm
First-order reliability method (FORM)
* Corresponding author.
E-mail addresses: ji0003an@e.ntu.edu.sg (J. Ji), ivan.zh
Peer-review under responsibility of China University

http://dx.doi.org/10.1016/j.gsf.2017.08.004
1674-9871/� 2017, China University of Geosciences (Be
license (http://creativecommons.org/licenses/by-nc-n
a b s t r a c t

To meet the high demand for reliability based design of slopes, we present in this paper a simplified HLRF
(HasofereLindeRackwitzeFiessler) iterative algorithm for first-order reliability method (FORM). It is
simply formulated in x-space and requires neither transformation of correlated random variables nor
optimization tools. The solution can be easily improved by iteratively adjusting the step length. The
algorithm is particularly useful to practicing engineers for geotechnical reliability analysis where
standalone (deterministic) numerical packages are used. Based on the proposed algorithm and through
direct perturbation analysis of random variables, we conducted a case study of earth slope reliability with
complete consideration of soil uncertainty and spatial variability.

� 2017, China University of Geosciences (Beijing) and Peking University. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Taking geo-material properties as random variables and using
probabilistic methods to evaluate the stability of natural or engi-
neered earth slopes have become a common practice in recent
decades. Specifically, the spatial variability of the geo-material
properties makes the probabilistic analysis more in demand as a
rational way for dealing with this unique characteristic (Griffiths
and Fenton, 2000; Cho and Park, 2010; Ji et al., 2012; Stuedlein
et al., 2012; Zhang and Goh, 2012; Tabarroki et al., 2013; Ji, 2014;
Ji and Chan, 2014; Jiang et al., 2014; Li et al., 2014; Schöbi and
Sudret, 2015; Zhang et al., 2015; Liu et al., 2017; Lü et al., 2017).
To simulate the spatial variability, the random field theory has
proved to be a useful tool. The geological random field is repre-
sented by a series of random variables featuring spatial correlation
(spatial covariance). The discretization of random field includes
two categories: (1) point/area discretization enhanced by spatial
interpolation techniques such as Kriging. This type method is
conceptually simple but may involve a large number of random
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variables depending on the problem and required accuracy; and (2)
spectral decompositions. The second type is based on the eigen-
analysis of the spatial covariance models. In theory, a random
field can be modelled by truncated series expansion functions
involving a few random variables. However, the analytical eigen-
solution is only available for some specific scenarios of the
random field. A good review of the random field analysis and
geotechnical spatial variability modelling is referred to Fenton
(1997) and Sudret and Der Kiureghian (2000).

While the uncertainty and spatial variability have been well
realized, researchers have long been challenged to develop efficient
procedures for probabilistic slope stability evaluation. Over time,
Monte Carlo simulation (MCS) has played an important role in the
probability of failure targeted slope analysis. MCS is the most basic
way towards this task. However, simulation of the extremely small
probability of failure in a slope design is computationally intensive.
It is perhaps due to this reason that the MCS is more commonly
known in the geotechnical academic than in practice. On the con-
trary, the first-order reliability method (FORM) has been widely
adopted as a tool for probabilistic slope design. The combination of
reliability index and design point as an outcome of FORM provides
useful information for a reliability based design of earth slopes, e.g.,
the partial factors of safety (Orr, 2012; Lowand Phoon, 2015). In this
regard, the probability of failure would be a secondary index which
tion and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND
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can be either a derivative of the reliability index, or an improved
index by a further investigation based on the FORM results.

In the framework of FORM, we present in this paper a simplified
HLRF (HasofereLindeRackwitzeFiessler) recursive algorithm refor-
mulated in the original space of random variables (x-space). The
algorithm is particularly useful for reliability analysis involving
correlated nonnormals subjected to implicit limit state function
(LSF). On this basis, we further present a practical slope reliability
assessment utilizing the proposed algorithm,where the soil strength
uncertainty involving spatial variability is explicitly modelled.

2. First order reliability method

In classical FORM, the design point u* denoting the point of
maximum failure probability, is the minimum distance measured
from the origin to the limit state surface (LSS), g(u) in the uncor-
related standard normal space (u-space, Fig. 1a) (Hasofer and Lind,
1974):

u* : minQðuÞ ¼ kuk ¼
ffiffiffiffiffiffiffiffiffi
uTu

p
; subject to gðuÞ ¼ 0 (1)

A reliability index b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
u*Tu*

q
is then obtained. In FORM, the

LSS is approximately linearized and the probability of failure is
given by:

Pf ¼
Z

gðuÞ<0

fðuÞdu ¼ Fð�bÞ (2)

where f(,) and F(,) denote the standard normal probability den-
sity function and cumulative distribution function, respectively.

If explicit relationship exists between the LSS and basic random
variables, the reliability index as well as the design point can be
solved easily by constrained optimization-based computer codes.
For implicit LSS, the recursive algorithms would be better alterna-
tives, among which the family of HLRF algorithms are the most
widely known ones (Rackwitz and Fiessler, 1978; Liu and Der
Kiureghian, 1991; Zhang and Der Kiureghian, 1995; Breitung,
2015). In general, HLRF algorithm uses the gradient of LSS to find
the next iteration (design) point, such that:

ukþ1 ¼ 1

kVgðukÞk2
h
VgðukÞTuk � gðukÞ

i
VgðukÞ (3)

where uk is the kth iteration point in u-space, g(uk) and Vg(uk) are
the LSF and gradient vector of the LSF evaluated at uk, respectively.
Figure 1. Comparison between FORM con
In general, the gradient vector is not constant when nonlinear LSS is
involved. As a result, iterative evaluation of Eq. (3) is needed to
obtain the design point u*.

The HLRF algorithm has been widely adopted in Finite Element
Reliability Analysis (Haldar and Mahadevan, 2000). A recognized
limitation is the non-convergence for some highly nonlinear LSSs.
As such, a modified version (Liu and Der Kiureghian,1991) and later
an improved version (Zhang and Der Kiureghian, 1995) named
iHLRF algorithm were proposed. In particular, the iHLRF seemed to
have better performance and be self-convinced. By recasting the
HLRF in u-space, the iHLRF is defined by Zhang and Der Kiureghian
(1995):

ukþ1 ¼ uk þ lkd
u
k (4)

du
k ¼ 1

kVgðukÞk2
h
VgðukÞTuk � gðukÞ

i
VgðukÞ � uk (5)

where lk and dk
u are respectively the step size and search direction

defined in u-space. The non-convergence problem of the original
HLRF can be improved by determination of an optimal step size
0<lk � 1 at each iteration step k.

Perhaps due to the conceptual simplicity, the family of HLRF
algorithms given by Eqs. (4) and (5) are all established in u-space.
For most engineering problems involving correlated non-normal
random variables, the application of the algorithm is limited by
the following two reasons: (1) transformation of the random vari-
ables from the original space (i.e., x-space) to u-space, i.e., u¼ T(x) is
required, where T denotes a transformation procedure by either the
Rosenblatt or Nataf method (Lebrun and Dutfoy, 2009); (2) addi-
tional computational effort is needed to evaluate the u-space
gradient vector of (implicit) LSS which is usually computed in x-
space, especially for correlated non-normal random variables. This
step usually requires much more computational effort to find the
inverse of Jacobian matrix at each iteration point (Sudret and Der
Kiureghian, 2000).

3. Practical recursive algorithm for first-order reliability
analysis

3.1. An improved HLRF algorithm reformulated in the original
space: iHLRF-x

Recently, there is an increased demand in geotechnical practice
for implementing FORM for correlated nonnormals without space
ceptualized in u-space and x-space.
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transformation. Some previous studies have attempted to develop
FORM algorithms in x-space (e.g., Hohenbichler and Rackwitz,
1981). However, such methods have not seen many applications
due to the requirement of iterative numerical evaluation of condi-
tional CDF’s in each step, as rightly pointed out by Breitung (2015).
More recently, Low and Tang (2004, 2007) re-explained the FORM
in the perspective of an expansion ellipsoid in the x-space (Fig. 1b),
where b was re-formulated as

b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"
x*i � mNi

sNi

#T
R�1

"
x*i � mNi

sNi

#vuut (6)

where xi* is the design point value of the ith variable evaluated in x-
space, miN and si

N are equivalent normal mean and standard devia-
tion of the ith variable, respectively, R is the correlation matrix. For
nonnormal random variables, the equivalent normal statistics mi

N

and si
N can be calculated by the Rackwitz-Fiessler transformation

(Rackwitz and Fiessler, 1978). The spreadsheet optimization-based
algorithm was adopted to solve the FORM in x-space.

Inspired by the new perspective of FORM, Ji and Kodikara (2015)
reformulated the original HLRF algorithm completely in x-space,
resulting in an HLRF-x algorithm which reads:

xkþ1 ¼ mN
k þ 1

VgðxkÞTTkVgðxkÞ
h
VgðxkÞT

�
xk � mN

k

�

� gðxkÞ
i
TkVgðxkÞ (7)

where Tk ¼ ½sNk �TR½sNk �, is a revised correlation matrix computed at

kth iteration point, the diagonal matrix ½sNk � ¼

2
64
sNk;1 . 0
« sNk;i «

0 / sNk;m

3
75,

with sNk;i being the equivalent normal standard deviation of the ith

random variable evaluated at xk, and R is the prescribed correlation
matrix in x-space. The components of Tk is computed by
Tk;ij ¼ sNk;iRijs

N
k;j.

As a recursive algorithm, the HLRF-x explicitly accounts for the
statistical distribution and correlation information between
random variables at each iterative step. While the algorithm has
proven to be an efficient FORM approach in the reliability analysis
of most geotechnical problems, it is worth pointing out that similar
to its prototype the HLRF-x may also suffer the non-convergence
problem for some cases (as illustrated later in this study). To sta-
bilise the algorithm, Eq. (7) can be recast by introducing a step size,
yielding an improved version of iHLRF-x as follows:

xkþ1 ¼ xk þ lkd
x
k (8)

dx
k ¼ mN

k þ 1

VgðxkÞTTkVgðxkÞ
�
�
VgðxkÞT

�
xk � mN

k

�
� gðxkÞ

�
TkVgðxkÞ � xk

(9)

where lk and dk
x are respectively the step size and search direction

defined in x-space. When the step size is fixed to be unity, the
iHLRF-x reduces to HLRF-x (Ji and Kodikara, 2015). Likewise, the
optimal step length is determined by monitoring a merit function
m(x). Comparing the concepts of reliability indices defined in u-
space and x-space, the “distance” kuk in u-space is equivalent to the
“scale of ellipsoid expansion” in x-space with a monotonic rela-
tionship. For any two consecutive iteration points, the scale of
ellipsoid expansion is the same in every direction, and it can be
simply denoted by ðxi � mNi Þ=sNi . Therefore, it is natural to replace
the “distance” kukwith the “scale of ellipsoid expansion”

"
xi�mN

i
sN
i

#
to

construct a merit function m(x) in x-space, which reads:

mðxÞ ¼ 1
2

�����x
*
i � mNi
sNi

�����þ cjgðxÞj (10)

where c > 0 is a penalty parameter, e.g., c ¼ 100 suffices for most
engineering problems, i indicates anyone of the random variables,
e.g., the first random variable is selected to scale the expansive
ellipsoid when i ¼ 1.

As a backtracking line search technique in x-space, the corre-
sponding Armijo rule for the optimal (maximum) step length is
given below:

lk ¼ max
j

n
bj
���m�

xkþbjdx
k

�
�mðxkÞ��abj

�
VmðxkÞ;dx

k
	o

(11)

where a, b ˛ (0, 1) are prescribed parameters, j is an integer for
optimal solution. The Armijo rule is equivalent to applying a
shrinkage factor b on the step length until the merit function
m


xkþbjdx

k
�
is sufficiently reduced. Practically, b is selected to be

0.5 in this paper, and many numerical tests show that the time of
shrinkage, j, is usually below 5.

A simple comparison between iHLRF and iHLRF-x clearly in-
dicates that the former can be regarded as a specific form of the
latter when the basic random variables all have an independent
standard normal distribution.

3.2. Numerical procedure of iHLRF-x algorithmapplied for implicit LSF

In cases of implicit LSFs, the gradient vector Vg(xk), i.e., vg(xk)/
vxk,i, where xk,i is the ith component of vector xk, need to be eval-
uated numerically by its difference quotient, such that

vgðxkÞ
vxk;i

¼ lim
Dxk;i/0

Dg


xk;i

�
Dxk;i

(12)

where Dxk,i is a small perturbation value for xk,i, and Dg(xk,i) is the
difference of g(xk) induced by Dxk,i.

The procedure for implementing the iHLRF-x algorithm with
numerical partial differentiation method in x-space is illustrated in
Fig. 2, with key steps summarized as follows:

Step 1: In x-space, select an initial iteration point xk (e.g., the
mean value point) to evaluate the LSF g(xk).
Step 2: Change the value of xk,1 (i.e., the 1st component of xk) to
xk,1 þ Dx1, where Dx1 is a small number. All other components
remain the same. Compute the new value of LSF g(xk,1), and the
difference Dg(xk,1) ¼ g(xk,1) � g(xk). The derivative of g(xk) with
respect to x1 is thus approximated by the difference quotient
Dg(xk,1)/Dx1.
Step 3: Repeat steps 2 for each component of vector xk, i.e., xk,i.
Obtain the gradient vector Vg(xk,i).
Step 4: Compute the new vector xkþ1 using iHLRF-x algorithm
Eqs. (8)e(11), and compute a nominal index bkþ1 using Eq. (6)
where x* is taken to be the new vector xkþ1.
Step 5: Using the new vector xkþ1, repeat steps 1 to 4 until
convergence of the vector x and b value, satisfying two criteria:��xkþ1 � xk

�� � ε1 and
��g
xkþ1

��� � ε2, where ε1 and ε2 are pre-
defined small quantities.

It is worth pointing out that nonconvergence of vector xmay be
seen if ε1 is set too small in some cases, e.g., with non-smooth LSS
subject to local minimums. Alternatively, we consider to reduce the
convergence criterion for ε1 by using ε1 ¼ jbkþ1 e bkj instead of
ε1¼ jxkþ1 e xkj, where bk is a nominal reliability index computed by



Figure 2. Flowchart of iHLRF-x algorithm for FORM.
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Eq. (6) at the tentative design point xk. By doing so, the required
times of shrinkage, j in Eq. (11), for the optimum step lengthmay be
reduced significantly, without much loss in accuracy. In fact, these
two convergence criteria are often equivalent to each other except
in some very special cases where the nominal reliability index bk
may oscillate between two points so that the design point cannot
be reached. In such circumstances, the more stringent convergence
criterion based on design point should be further examined. In this
study, both ε1 and ε2 are chosen to be 0.01. When a forward dif-
ference approach has been adopted in step 2, (n þ jk þ 1)m times of
evaluation of the LSF are required for a problem incorporating n
random variables and the procedure is iteratedm times, where jk is
the times of shrinkage in iteration point xk.

3.3. Verification for iHLRF-x algorithm

A highly nonlinear LSF given by Eq. (13) is used to test the
robustness of the proposed iHLRF-x algorithm.

gðxÞ ¼ 1:5þ cos2q$ðx1 � 1Þ2 þ sin2q$x22 þ sinð2qÞ$ðx1 � 1Þx2
þ cosq$ðx1 � 1Þ � sinq$x2

(13)
where, q ¼ (55/72)p is a rotational angle, x1 and x2 are respectively
basic random variables. Consider x1 and x2 are correlated
Lognormal variables with a correlation coefficient r ¼ �0.5. The
iHLRF-x algorithm then becomes an iterative algorithm imple-
mented in the space of correlated Lognormal variables. The merit
function is m(x) ¼ 0.5jx1j þ cjg(x)j. Starting from the mean value
point, the iterative results are given in Fig. 3. The convergence of b is
achieved after a limited number of iterations. To benchmark the
solutions by iHLRF-x, the “exact” solutions obtained by routine
optimization tools (e.g., Solver of MS-Excel, see Low and Tang,
2007) are shown as dash-dot lines in Fig. 3. It is clear that the
iHLRF-x proposed in this paper is superior to the previous version
HLRF-x (Ji and Kodikara, 2015).
4. Application of iHLRF-x to James Bay dike reliability
analysis: uncertainty and spatial variability

Because most multi-layered earth slopes are geometrically
complex, the engineers commonly resort to stand-alone numerical
software for their stability evaluation. To extend such a slope sta-
bility assessment into a probabilistic framework, this study
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combines the proposed iHLRF-x algorithm with a deterministic
slope stability model for the reliability analysis of the well-known
James Bay dike.

The uncertainty of soil properties in the James Bay dike has been
well-documented by Christian et al. (1994). The importance of
spatial variability of the soil strengths were heighten by Christian
et al. (1994), El-Ramly et al. (2002), etc., who used reduced values
for standard deviations prior to carrying out the reliability analysis.
In that way, the spatial variability modelling could be substantially
simplified. A more stringent numerical procedure should be able to
integrate the spatial variability modelling into the slope stability
models, utilizing the random field discretization techniques such as
point (or local averages) discretization method enhanced with
spatial interpolation techniques or spectral decomposition
methods (e.g., KeL expansion, orthogonal series expansion, etc.). In
this paper, we adopted the point discretization method (Sudret and
Der Kiureghian, 2000) to explicitly model the spatial variability of
the clay foundation soils.

Fig. 4 shows the geometry of a typical James Bay dike section
(Christian et al., 1994). Undrained shear strength values of the soils
were obtained from field vane tests, and uncertainties of the
geotechnical parameters were reported by Soulié et al. (1990),
Christian et al. (1994), and among others.

4.1. Uncertainty analysis of soil strength properties

Fig. 5 shows a simplified soil profile of the foundation layers,
which is composed of 4 m of crust underlain by 8 m of highly
sensitive marine clay underlain in turn by 6.5 m of lacustrine clay.
The total thickness of the foundation layers is 18.5 m. The un-
drained shear strengths of foundation clays were obtained from
Figure 3. Convergence of iHLRF-x alg

Figure 4. Cross-section of a
field vane tests. For the single stage construction of the embank-
ment with height of 12 m, uncertainties were observed in several
aspects, including uncertainties associated with the soil profile and
embankment fill and uncertainties of the undrained shear
strengths of foundation clays based on field vane data. Detailed
analyses of the above-mentioned uncertainties were given by
Christian et al. (1994). In their original study, soil profile un-
certainties were considered to the depth of crust and depth to till.
The two sources of uncertainties were found to be of marginal in-
fluence on the ultimate reliability index as reported in their study.
On the other hand, these two sources of uncertainties tend to
complicate the reliability analysis since the geometry of the dike
has to vary in the analysis. Moreover, knowledge of the statistical
distribution of soil profile uncertainties is still scarce. As a result,
the soil profile uncertainties will not be modelled in this study, and
only the uncertainties associated with soil properties will be
considered. They are summarized in Table 1. The variances of un-
certain parameters are divided into two types: spatial variability
and systematic errors. According to Christian et al. (1994), these
two types of uncertainty contribute to the reliability analysis very
differently. The uncertainty caused by systematic error propagates
almost unchanged throughout the reliability analysis; in contrast,
the uncertainty due to spatial variability tends to cancel out with
increase of the volume of soil. Thus they should be handled in
different ways, which will be illustrated in the following reliability
analysis.

From the field vane data tested in James Bay dike area, it is
possible to characterize the spatial variability of the foundation
clays. The commonly used approach of spatial variability charac-
terization is the autocovariance function. Since the autocovariance
functions for soil properties are different in the vertical and
orithm for highly nonlinear LSS.

typical James Bay dike.



Figure 5. Soil profile for a cross section (after Christian et al., 1994).
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horizontal directions, the vertical autocorrelations should be esti-
mated using testing data from the same boring, and the horizontal
autocorrelations using data from different borings at the same
elevation. Detailed discussions on the spatial variability character-
ization for James Bay dike were presented in DeGroot and Baecher
(1993) and Christian et al. (1994).

Fig. 6 shows the autocovariance functions fitted to the observed
testing data in the Marine clay in both vertical and horizontal di-
rections; the vertical autocorrelation distance dy is in the range of
1e2m, and the horizontal autocorrelation distance dx is about 30m
from the source data of DeGroot and Baecher (1993). Obviously, the
spatial variability shows substantial 2D heterogeneity. There is no
description on spatial variability characterization in the Lacustrine
clay. However, it is reasonable to assume that the Lacustrine clay
may show similar spatial variability to the Marine clay since the
two clay layers are in the same site and experience the same
geological processes. Also not available is the spatial variability of
the embankment fill properties. Considering the fact that the
embankment fill is probably man-made materials which could be
very homogeneous, this study will take the embankment fill as
perfect correlation materials, i.e., spatial variability will not be
Table 1
Uncertainties of soil properties of James Bay dike (the data summarized from
Christian et al., 1994).

Variable Mean Variance

Spatial Systematic

Fill density gfill 20 (kN/m3) 1 ([kN/m3]2) 1 ([kN/m3]2)
Fill friction 4fill 30 (�) 1 ([�]2) 3 ([�]2)
Marine clay cuM 34.5 (kPa) 39.8 (kPa2) 7.6 (kPa2)
Lacustrine clay cuL 31.2 (kPa) 72 (kPa2) 24.9 (kPa2)
considered for the embankment fill. Similar considerations are also
found in other studies (e.g. El-Ramly et al., 2002).

4.2. Effect of spatial variability to slope stability and reliability

The stability analysis of James Bay dike is carried out using the
Spencer’s method with half-sine inter-slice force function, which is
equivalent to the MorgensternePrice method. In this paper, the
stability model of James Bay dike is constructed in a spreadsheet so
that the first-order reliability analysis can be directly coupled with
the stability model. The factor of safety based onmean values of soil
parameters is found to be 1.473 based on a systematic slip surface
search. This value is close to those reported by others, e.g., 1.453 by
Christian et al. (1994) and 1.46 by El-Ramly et al. (2002). The slight
difference may be due to the use of different methods and the
modelling errors among different investigators. The critical circular
slip surface is found tangent to the bottom of Lacustrian clay
(Fig. 7). This is also consistent with past studies. Thus, the results of
deterministic stability modelling in this study are deemed suffi-
ciently accurate, which may provide a good basis for the subse-
quent slope reliability analysis.

Based on the above uncertainty analyses of soil parameters,
spatial variability should be considered to the undrained shear
strengths of Marine clay and Lacustrian clay. Since these two clays
are different types of materials, there is no cross-correlation be-
tween the undrained strengths of the two clays, i.e., spatial vari-
ability is separately considered within each clay layer. Considering
the fact that the vertical autocorrelation distance is between 1 and
2 m, an intermediate value of 1.5 m is used in this study. Accord-
ingly, the maximum spacing between mid-points of slice-bases is
refined to be less than 1.5 m.

As a point discretization method, the method of autocorrelated
slices (Ji et al., 2012) is used to model the 2D spatial variation in
James Bay dike as it is the most direct way to handle the random
field in the framework of LEM stability model. For the embankment
fill, since perfect spatial-autocorrelation is considered, two random
variables separately accounting for the spatial uncertainty and
systematic uncertainty are used for each uncertain parameter. The
spatial uncertainty is inherent of geotechnical materials and is
related to the location of soils, while the systematic uncertainty is
caused by bias and errors in sampling and measurement processes.
Thus the two uncertainties are independent to each other. For the
Marine and Lacustrian clays, discretization of the random fields has
to be carried out to model their spatial variability. According to the
discretization of slip surface (i.e., number of autocorrelated slices),
12 random variables are used to model the spatial uncertainty of
Marine clay and 16 random variables are used to model the spatial
uncertainty of Lacustrian clay. Also, the spatial uncertainties are
independent on the systematic uncertainties.

Based on the above treatment of spatial and systematic un-
certainties, there are a total of 34 randomvariables to be considered
in the reliability analysis of James Bay dike. A square exponential
autocorrelation function (Gaussian type) is considered to represent
the random field of spatial variability of the clayed soils. The results
of reliability analyses with respect to several cases of spatial vari-
ation are shown in Table 2.

For the case of dx ¼ 30 m and dy ¼ 1.5 m, as obtained from the
statistical analyses of field vane data, the reliability index is 2.913
corresponding to a failure probability of 0.19%. Note that this value
accounts for the real 2D effect of spatial variability. In contrast,
some others studying the James Bay dike did not properly consider
the 2D effect of spatial variability. For example, El-Ramly et al.
(2002) assumed that the clays have an isotropic autocorrelation
distance of 30m and reported their value of failure probability to be
0.24% based on Monte Carlo simulation, and Christian et al. (1994)



Figure 6. Autocovariance functions estimated from field vane testing data taken from a typical boring (source data from DeGroot and Baecher, 1993; Christian et al., 1994). (a)
Vertical direction; (b) horizontal direction.
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reported their value of reliability index to be 2.66 based on FOSM
analysis where spatial variability is considered against the length of
slip surface (1D case). Since different studies yield slightly different
factors of safety, which in turn lead to different reliability indices or
failure probabilities, it is difficult to make comparison between the
reliability analyses by different studies. Hence, a further investi-
gation of the James Bay dike assuming isotropic spatial variability
(1D) with spatial autocorrelation distance equal to 30 m is also
conducted in this study. The reliability index is then found to be
2.552 yielding a failure probability of 0.54%. This 1D consideration
overestimates the failure probability by almost 300%, in compari-
son with the real 2D analysis.

4.3. Discussion on the use of different 2D autocorrelation functions

It is noted that the square exponential autocorrelation function
was employed in the spatial variability simulation. In the literature,
this kind of autocorrelation functions is actually less commonly
used than the simple negative exponential autocorrelation func-
tion. In this paper, the influence of the two different autocorrelation
functions on the slope reliability index is based on the example
two-layer embankment. A detailed comparison between the
Figure 7. Deterministic critical sl
reliability indices with respect to the simple negative exponential
and square exponential autocorrelation functions are presented in
Table 3. It was found that the relative differences between reli-
ability indices from the listed parametric studies are negligible (e.g.,
less than 5%). Although the autocorrelation functions show little
difference in this specific case study, they can result in significantly
different reliability indices for other slopes. For example, a two
layer hypothetic slope reliability analysis showed that the reliability
indices computed using the two autocorrelation functions tend to
increase substantially with decreased heterogeneity of the 2D
spatial variability (Ji, 2013). From many numerical simulations, the
same conclusion can be drawn: the more heterogeneity, the less
functional difference between the autocorrelation functions.
However, one disadvantage of the simple exponential function is
that it has no rotational symmetry. Suppose a 2D random field is
isotropic, such that the vertical autocorrelation distance is equal to
the horizontal one: the 2D random field actually reduces to a 1D
random field (isotropic). However, the simple negative exponential
function of 2D cannot reduce to the form of 1D. In contrast, rota-
tional symmetry hold in the square exponential function. As a
result, the simple exponential function is more suitable for 2D
spatial variationwith dx being an order of magnitude bigger than dy.
ip surface of James Bay dike.



Table 3
Comparison of reliability indices based on two different autocorrelation functions.

Spatial variability b by simple
exponential

b by square
exponential

Relative
differences in b

dy ¼ 1.5 m, dx ¼ 1.5 m 3.473 3.485 �0.3%
dy ¼ 1.5 m, dx ¼ 10 m 3.240 3.209 1.0%
dy ¼ 1.5 m, dx ¼ 30 m 3.022 2.971 1.7%
dy ¼ 1.5 m, dx ¼ 50 m 2.931 2.875 1.9%
dy ¼ 1.5 m, dx ¼ 1000 m 2.717 2.717 0.0%

Table 2
Reliability analyses of James Bay dike accounting for 2D spatial variation.

Autocorrelation
distances (m)

Reliability
index b

Failure
probability
(%)

Fs based
on mean
values

Method of
analysis

dx ¼ 30, dy ¼ 30 2.66 0.39 1.453 FOSM
(Christian et al., 1994)

dx ¼ 30, dy ¼ 30 e 0.24 1.46 MC
(El-Ramly et al., 2002)

dx ¼ 30, dy ¼ 30 2.552 0.54 1.473 FORM (this study)
dx ¼ 30, dy ¼ 1.5 2.913 0.18 1.473 FORM (this study)
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5. Conclusion

In this study, the HLRF recursive algorithm for FORM analysis
was reformulated in the x-space, leading to a new iHLRF-x algo-
rithm that would simplify reliability analysis practically involving
correlated non-normals and implicit LSFs. The convergence of the
algorithm can be easily improved by adjusting the step length
during the iteration. The proposed algorithm showed good per-
formance as verified using a simple example with closed-form
solution. It could be used in combination with any stand-alone
numerical packages for analysing complicated engineering reli-
ability, through perturbation analyses on relevant randomvariables
directly in the original space.

Practical reliability analyses based on the iHLRF-x algorithmwas
then illustrated for a realistic engineering slope involving implicit
LSFs. It was shown that the proposed iHLRF-x algorithm could easily
extend the stability analysis of slopes using stand-alone numerical
codes (e.g. LEM with Spencer method) into probabilistic assess-
ment. For the James Bay dike, the reliability index obtained using
the proposed method agrees reasonably well with reported values
in the literature. With point discretization technique, the influence
of 2D spatial variability of soil strength parameters was investi-
gated in the slope reliability analysis. It was found that ignoring of
2D spatial variability can give rise to conservative risk estimation.
At last, the effect of two basic autocorrelation functions on the
resulted slope reliability was discussed in the paper.
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