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1 Introduction

A key theme in environmental management is the problem of allocating an environment

of a �xed size (such as land) between two competing and mutually exclusive uses,

conservation and development. The solution to the problem de�nes rules of �optimal

conversion�that determine the rate at which land is moved out of its use as a conserving

habitat and into its use as an input into production.

Considerations of irreversibility of development decisions and uncertainty over ben-

e�ts have long been important modeling aspects. Early analyses derived optimal con-

version rules under irreversibility and uncertainty using two-period models [2, 12].

These conversion rules are related to the expected value of information in the pres-

ence of uncertainty [6]. Modern formulations extend the analysis to continuous time

[4, 5, 7, 8, 24]. The key insight in both discrete and continuous time is that irre-

versibility and uncertainty can render delaying conversion productive for two reasons:

(1) Delaying conversion allows retaining a greater degree of freedom for future deci-

sions, thus giving rise to an option value. (2) If new information becomes available over

time, delaying conversion allows for some of the uncertainty to be resolved by waiting,

thus giving rise to what has become known as a �quasi-option�value [2, 24].

In recent models of optimal conversion, the value of conservation bene�ts follows

a di¤usion process based on geometric Brownian motion [4, 7, 8, 24]. Implicit in

this class of models is the absence of a direct feedback from conversion decisions to

the stochastic process capturing conservation bene�ts. This mirrors the early two-

period models [2, 6],1 in which the conditional probabilities of the value of the relative

bene�ts of preservation and development in the second period do not depend on the

scale of the conversion decision. While a reasonable approximation in many settings,

conservationists have pointed out that conservation bene�ts induce important e¤ects

that challenge this assumption. One fundamental e¤ect of this type is the mechanism

of �extinction debt�[14, 22, 27].

Ecologists de�ne extinction debt as �the future ecological cost of current habitat

destruction�in terms of the loss of species diversity [27]. Rather than leading instanta-

neously and deterministically to a new ecosystem state, conversion initiates a stochastic
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pathway whose randomness and endpoint depend on the scale of the disturbance [27].

This gives rise to delayed and only partially predictable costs in terms of biodiversity

lost [22]. Accordingly, the transitional dynamics of the extinction debt can take consid-

erable time and involve signi�cant uncertainties. One empirical study estimates that

half of the expected losses in species richness in a habitat of 1000 hectares occur in the

�rst 50 years following the disturbance, with considerable variation between habitats

[3]. In the context of optimal conversion, the presence of an e¤ect of the extinction

debt type has two implications: Predicting the loss of conservation values of a speci�c

conversion decision is prone to error [13] and the quality of information about the con-

servation values given up by further conversion is compromised by earlier conversions,

in particular if those have been carried out in the recent past [3]. Looking forward

therefore, the decision-maker has to take into account how the disturbance of current

conversion impacts on future conversion decisions.

This paper explores the implication for the theory of optimal conversion of allowing

for a feedback between conversion decisions and stochasticity of conservation bene�ts,

building on the existing literature. We share important basic components with a num-

ber of other papers analyzing the conversion problem. As in [23, 26], conservation

values are determined by reference to species richness and like those authors, we build

on the standard concept of the species-area curve [17] in order to determine species

richness. Following [16], we model the economic value of species at the margin as

following a stochastic process. Methologically, our paper is related to [4, 24] in that

it employs a real options approach: As in these papers, the objective of the modeling

e¤ort is to derive a boundary at which the development option is exercised.

The technical departure of the paper from the earlier literature lies in the assump-

tions about the stochastic process describing the value of conservation. We capture

the important feedback between conversion and conservation bene�ts by including the

knock-on e¤ects of conversion on species richness. The additional stochasticity intro-

duced by conversion is modeled by allowing important parameters, in this case species

density, to be observable only with error. There is learning in the sense that, with more

sampling information on the parameter arriving over time, the mean error of measure-

ment decreases. Since the time available for learning about the characteristics of the
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remaining habitat is determined by the speed at which habitat is converted, conversion

decisions and the quality of information are linked. This yields a controlled di¤usion

process that describes the evolution of the value of biodiversity and that contains the

commonly assumed geometric Brownian motion as a special case. Conceptually, this

results in a setting where the decision-maker can decide about the degree of the sto-

chasticity of conservation bene�ts by delaying conversion.

Our paper o¤ers three contributions to the literature on optimal conversion. First,

it contains a novel aspect - the feedback between conversion decisions and the stochas-

ticity of conservation bene�ts. This is done using the concept of extinction debt as a

pertinent illustration. Second, we o¤er a natural extension of the existing modeling

framework by analyzing controlled-di¤usion processes that contain the commonly used

geometric Brownian motion as a special case. Third, we present a numerical illustra-

tion of the e¤ects of considering a feedback of the extinction debt type, using a study

on optimal conversion in Costa Rica as a reference point [4]. In this example, includ-

ing extinction debt in the analysis augments the quasi-option value up to ten-fold,

depending on the assumptions on the magnitude of endogenous risk. The numerical

results further show an overallocation of land into agriculture of up to 35% of land

when extinction debt is not considered, representing a bene�t loss valued at up to $467

million within the parameters of the study.

2 A Real Options Model of Biodiversity

Building on [28] our modeling framework consists of three components. The �rst estab-

lishes the allocation constraint that forces a decision to be made between conservation

and development on the basis of a measure of bene�ts. The second component of the

framework captures the irreversibility of conversion decisions. The third - and most

important - component sets out how information becomes available to the decision-

maker over time as a result of conversion decisions. Together, these three parts de�ne

a continuous-time, real options model of habitat conversion that gives rise to an aug-

mented quasi-option value.

Consider an area of land, normalised to unity, for which there are two mutually
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exclusive uses, agricultural production (A (t)) ; or use as a biodiversity reserve (R (t))

1 = A (t) +R (t) : (1)

Land can be converted from conservation to production, but only irreversibly so. Let

the rate of land conversion (v (t)) be de�ned as

v (t) =
dA (t)

dt
= �dR(t)

dt
; (2)

which is assumed to be bounded according to

0 6 v (t) 6 v: (3)

The lower bound v (t) = 0 corresponds to the conservation case where there is no

conversion of land, while the upper bound of v; imposes a technological constraint on

the rate that land can be converted during a time period. The restriction that v (t)

cannot be negative captures the irreversibility of conversion. We discuss the possibility

of v (t) < 0, for example through costly restoration ecology [10], in Section 5.

The decision-maker�s problem is to determine the optimal rate of conversion v� (t) ;

for every instant on the basis of the discounted net �ow of the joint bene�ts from

agricultural production and biodiversity conservation. The net �ow of bene�ts from

agricultural production and biodiversity conservation is given by

�(B (t) ; R (t) ; v (t)) =
�

1�  (1�R (t))
1� +B (t)� kv (t) : (4)

The �rst term on the right-hand side represents the �ow bene�ts from land allocated

to agriculture, where the parameter � > 0; is the returns per unit area, and 0 <  < 1,

shows that returns to scale are decreasing. The second term represents the total value

of biodiversity (B (t)) from land not being converted to agriculture. The last term

captures the total cost of land conversion including labour and machinery costs, where

k represents the constant marginal cost of conversion.

2.1 Dynamics of Conservation Bene�ts

The biodiversity conservation bene�ts (B (t)) in equation (4) are a �ow variable given

by

B (t) = C (t)R (t)mE (t) ; (5)

4



which is a product of two standard components. The �rst is species richness (C (t)R (t)m),

i.e. the number of species present in the conserved habitat at a point in time. This is

derived as a species-area relationship [17] with three variables, the ecosystem-speci�c

species density (C (t)), the conservation area (R (t)) ; and the gradient of the species-

area relation (m) [23].

The second standard component is the economic value of a species at the margin

(E (t)), which is assumed to follow the stochastic process

dE

E
= �dt+ �EdWE; (6)

where WE is a Wiener process, dWE � N (0; dt) : In line with the existing literature

[16], it is assumed that species value increases over time, with the mean rate of increase

equal to �dt, subject to the standard deviation �E:

The feedback between conversion decisions and stochasticity enters into the model

via assumptions about the information available on species density (C (t)) in (5). While

the parameter m is known with certainty, measurement of C (t) is subject to error.

The degree of the error is determined by the amount of time (N (t)) available for

learning about C (t) through sampling information on species density. The uncertainty

surrounding C (t) is given by the stochastic process

dC

C
=

�Cp
N (t)

dWC ; (7)

where WC is a Wiener process, dWC � N (0; dt) and is independent of dWE. The

variable N (t) in (7) denotes the interval over which learning about the true value of

C (t) is able to occur and, at time t, is given by the length of time (e.g. in years)

remaining before reserve land (R (t)) is fully converted

N (t) =
R (t)

v (t)
: (8)

Given (3), there are two relevant extreme cases. In the case of no conversion (v (t) = 0)

time available for sampling information to arrive (N (t)) increases without bound and

the measurement variance (�2C=N (t)) approaches zero. As the mean of dC=C equals

zero, this limit corresponds to knowing the true value of C (t) with certainty.2 On
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the other hand, in the case of conversion at the highest possible rate (v (t) = �v) the

measurement variance reaches its upper bound at �2C�v=R (t). For any intermediate

value of v (t), measurement variance comes to lie somewhere between these values.3

Using Itô�s lemma, one can express the change in biodiversity bene�ts (B (t)) over

time as the controlled di¤usion process

dB

B
=

�
�� mv (t)

R (t)

�
dt+

�
�2 +

uv (t)

R (t)

�1=2
dz; (9)

where dz � N (0; dt) ; and �2 = �2E; u = �2C :4

Here, we provide some intuition for the controlled di¤usion process given by (9). In

the case of full conservation (v (t) = 0) ; the expected �ow of bene�ts from biodiversity

conservation increases at the same rate � as the marginal biodiversity value. In the

presence of conversion (v (t) > 0) ; the rate of change of conservation �ow bene�ts is

adjusted downwards by mv (t) =R (t) on account of species extinctions due to land

conversion. Given the conversion share v (t) =R (t), the gradient of the species-area

function m in (5) ; acts as a forcing parameter to determine the size of the extinction

debt.

In line with the intuition developed in the introduction, uncertainty enters through

the randomness of actual future bene�ts from biodiversity conservation and is directly

linked with conversion decisions. The link is captured in the term uv (t) =R (t) ; which

describes the risk associated with species extinction from land conversion, due to im-

perfect information. Higher relative conversion rates (v (t) =R (t)) reduce the time

available for learning and therefore imply less precise information on the exact impact

of conversion on species survival.5 Note that in the full conservation case (v (t) = 0) ;

the controlled di¤usion process reduces to the special case of geometric Brownian mo-

tion, where the parameter � is the average growth rate of biodiversity �ow bene�ts

and � is the corresponding standard deviation. Similarly, this special case also arises

for u;m = 0 [4].

Figure 1 illustrates the characteristics of the controlled di¤usion process for v (t) = 0

and v (t) > 0 at the point in time when half the land is allocated to biodiversity con-

servation R (t) = 0:5. In the conservation zone (v (t) = 0) the growth rate of biodiver-
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Figure 1: Probability distributions of the growth rate of biodiversity value (dB=B) for
the conservation (v (t) = 0) and conversion (v (t) > 0) zones. Parameter values are:
� = 0:05, � = 0:125; m = 0:25; u = 0:1 and v (t)� = 0:1 and R (t) = 0:5:

sity is normally distributed with an assumed mean � = 0:05 and standard deviation

� = 0:125. The e¤ect of conversion (v (t) > 0) is to shift the distribution to the left as

well as making the distribution more dispersed.

2.2 Land Value Dynamics

Here, we integrate the dynamics of conservation bene�ts discussed above into the overall

management problem of optimal conversion. The heuristics of solving for optimal

conversion involve positing the problem in the framework of real options, which we

solve in Section 3. The modeling objective is to determine whether current land use

choice is within the conservation zone, implying no conversion is currently optimal, or

within the conversion zone, implying that more conversion ought to be carried out at

this instant. Implicit in the determination of these two zones are the relative bene�ts

of delaying or implementing conversion decisions.

Let F (B (t) ; R (t) ; v (t)) represent the value of the total land area as a function of

its biodiversity bene�ts (B (t)), the proportion of land allocated to biodiversity con-

servation (R (t)) ; and the rate of land conversion (v (t)) : Optimal conversion consists
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of choosing v (t) to maximise the expected discounted stream of bene�ts given in (4)

max
v(t)

E

1Z
0

e��t� (B (t) ; R (t) ; v (t)) dt; (10)

subject to the biodiversity controlled di¤usion process in (9), the land constraint in (1),

the technological constraint in (3) and a set of terminal and boundary conditions, which

are de�ned formally below. Let v� (t) denote optimal conversion rate, the solution to

this problem. The optimal value of land, F (B (t) ; R (t)) ; is determined by inserting

v� (t) into the maximand in (10). As the objective function and the constraints are

not explicit functions of time, the problem is autonomous. In addition, given that

the objective function has an in�nite time horizon, the optimal solution is based on

rewriting (10) as6

�F (B;R) = max
v

�
�(B;R; v) +

1

dt
E[dF ]

�
: (11)

Applying Ito�s Lemma to the controlled di¤usion process in (9) ; one can show7

�F (B;R) = max
v

�
�

1�  (1�R)
1� + cRmE � kv � vFR

+
�
�� mv

R

�
BFB +

1

2

�
�2 +

uv

R

�
B2FBB

�
: (12)

Inserting v� into the right-hand side of equation (12) yields a second-order parabolic

partial di¤erential equation (pde) in B and R :

�F (B;R) =
�

1�  (1�R)
1� +B � kv�

�v�FR +
�
�� mv

�

R

�
BFB +

1

2

�
�2 +

uv�

R

�
B2FBB: (13)

This is the key equation of the model, which forms the basis of the solution to the land

management project.

2.3 Boundary Conditions

The solution of the pde in (13) requires the optimal solution of v; namely v�: As the

maximand in the right-hand side of (12) is linear in v; the optimal solution is of a
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Figure 2: Problem speci�cation and boundary positions.

�bang bang�form [9], whereby

v� =

8<:
0 : Conservation

v : Conversion.
(14)

The conservation zone is where the remaining land is not converted for agriculture,

v� = 0. The conversion solution is where the maximum rate of conversion of land to

agriculture is adopted, namely v� = v: Thus, the full solution of the model consists of

two parts. To highlight the di¤erences in solution, the conversion solution is denoted

as F; and the conservation solution is denoted as f:

The optimal solution v� is induced by a set of boundary conditions. These bound-

aries are discussed below and are summarised in Figure 2.

2.3.1 The Terminal Boundary

The terminal boundary occurs where all land is devoted to agriculture A = 1; and no

land to biodiversity conservation R = 0: Imposing the restriction that FB = FBB = 0;

on the terminal boundary, there is a singularity involving the terms FB=R and FBB=R
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in (13). To circumvent this problem, L�Hopital�s rule is used which involves replacing

FB=R by
@FB=@R
@R=@R

= FBR and FBB=R by
@FBB=@R
@R=@R

= FBBR and imposing the additional

restrictions, that on the terminal boundary where R = 0;8

FBR = FBBR = 0

and hence
FB
R
=
FBB
R

= 0:

As R = 0 on the terminal boundary, the value of biodiversity by de�nition is

B = 0: On this boundary, v� = 0 as there is no more land to be converted. Setting

FB = FBB = 0 and v� = 0 in (13), gives an expression for the value of land at the

terminal boundary as

F (B = 0; R = 0) =
�

�(1� ) : (15)

2.3.2 The Lower Boundary

The lower boundary condition describes the slope of the value function as the value of

biodiversity approaches zero:

lim
B!0+

FB(B;R) =

R
vZ
0

(�� mv
R
� �)e(��mv

R
)te��tdt = e(��

mv
R
��)R

v � 1: (16)

This expression represents the reduction in land value for a unit loss of biodiversity

value at the lower boundary. The limits

lim
B!0+

FB

���
R=0

= 0; lim
B!0+

FB

���
R=1

2 (�1; 0) ;

show that the reduction of land values is greatest the larger is the proportion of land

allocated to biodiversity conservation.

2.3.3 The Upper Boundary

The upper boundary is de�ned for �large� levels of biodiversity value. Inspection of

Figure 2 shows that the choice of this boundary depends on whether the solution is in
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the conservation zone or in the conversion zone. If the pertinent zone is the latter, the

upper boundary condition is taken to be

lim
B!1

FB(B;R) = �

R
vZ
0

(�� mv
R
� �)e�(��mv

R
)te�tdt = e�(��

mv
R
��)R

v � 1: (17)

This expression shows that the marginal e¤ect on land value increases with reserve size

as shown by the limits

lim
B!1

FB

���
R=0

= 0; lim
B!1

FB

���
R=1

> 0:

As conversion is optimal where condition (17) applies, the change in land value for a

marginal increase in the value of biodiversity is evaluated over the lifetime of the land

options project R=v.

We show below that the upper boundary for the conservation zone is determined

as a solution of the model.

2.3.4 The Free Boundary

The free boundary provides the demarcation line between the conservation and con-

version zones. It corresponds to the combinations of B and R where the bene�ts from

converting land for agriculture (conversion zone) just match the bene�ts of biodiversity

from not converting the land (conservation zone)

F (B;R) = f(B;R): (18)

To identify the free boundary we use a smooth-pasting condition [9], which equates the

�rst-order derivatives with respect to B of the conversion and conservation solutions

FB = fB: (19)

This condition in e¤ect imposes �rst-order continuity of the solution at the free bound-

ary. Assuming switching is costless the optimal rate of land conversion is the rate that

yields the higher marginal increase in total land value from an increase in biodiversity

value. If FB < fB; the marginal bene�t from biodiversity in the conservation zone

outweighs the marginal biodiversity bene�t and so conservation, v� = 0; is optimal. If
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FB > fB; land conversion, v = v, is optimal. Equality as in (19) places the system

on the free boundary. The advantage of using this type of smooth-pasting condition

lies in its sensitivity to v, u and m; so that the optimal choice of land conversion is

determined by technological conditions and ecological feedback e¤ects.

We assume F = f = 0 at the intersection of the free boundary and the terminal

boundary. As this occurs where R = 0; there are no realised bene�ts from biodiversity.9

3 Model Solution

As the solution of the real options model is of a bang-bang form given in (14), the

solution of the model contains two parts, namely the conservation region v� = 0 and

the conversion region v� = v: These two solutions are now discussed in turn where F

(f) represents the solution of (13) in the conversion (conservation) region.

3.1 Conservation Region Solution

The conservation solution (f) is obtained by setting v� = 0 in (13). The resulting land

values are now based on solving

�f(B;R) =
�

1�  (1�R)
1� +B + �BfB +

1

2
�2B2fBB; (20)

which is a non-homogenous ordinary di¤erential equation which can be solved analyt-

ically. The homogenous part of the solution takes the form

D = Z1(R)B
�1 + Z2(R)B

�2 ; (21)

where Z1 and Z2 are unknown constants of integration, which in general, are functions

of R: The parameters �1 and �2 are respectively the positive and negative square roots

of the fundamental quadratic equation

��+ �� + 1
2
�2�(� � 1) = 0; (22)
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which take the values

�1 =
1

2
� �

�2
+

s
2�

�2
+

�
�

�2
� 1
2

�2
(23)

�2 =
1

2
� �

�2
�

s
2�

�2
+

�
�

�2
� 1
2

�2
:

The constants of integration in (21), Z1 and Z2; are determined as follows. Equation

(21) represents the value of the option to convert more reserve land in the future. As

the value of biodiversity increases the further is B from the threshold for a given level of

R; the lower is the probability of exercising the option of converting land to agricultural

land. For this to be the case, it is required that the integrating constant on the positive

root must be Z1 = 0.

The full solution to (20) is

f(B;R) = Z(R)B� +
� (1�R)1�

�(1� ) +
B

�� �; (24)

where the last two terms represent the non-homogeneous solution and Z = Z2 and

� = �2:
10 The unknown constant Z in the �rst term in (24) is determined using the

free boundary condition in (18), which is discussed below. The last two terms describe

the expected present value of the bene�ts when no more land is converted in the future.

3.2 Conversion Region Solution

The solution of the value of land in the conversion region is obtained by setting v� = v

in (13) to yield

�F (B;R) =
�

1�  (1�R)
1� +B � kv

�vFR +
�
�� mv

R

�
BFB +

1

2

�
�2 +

uv

R

�
B2FBB: (25)

This equation represents a pde with boundary conditions given above. Unlike the

conservation zone solution in (24), the solution of the pde does not have an analytical

solution, but needs to be solved numerically using a �nite di¤erence approximation,

for example.11
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An alternative representation of the model that will be useful from a numerical

point of view is to transform F in (25) as follows12

F (B;R) = e��
R
vG(x;R); (26)

where

x = lnB:

The transformed derivatives of F are

FR = e��
R
v (GR � �

v
G+ m

R
exGx);

FB = e��
R
v B�1Gx;

FBB = e��
R
v (B�2Gxx �B�2Gx);

which, upon substituting into (13), yield the transformed pde

0 = �vGR +
�
�� mv

R
� �

2

2
� uv

2R
� vm
R
ex
�
Gx +

1

2
(�2 + uv)Gxx

+e�
R
v

�
�

(1� )(1�R)
1� + ex � kv

�
: (27)

The condition de�ning the terminal boundary at R = 0 remains unchanged in the

transformed model

G(x;R = 0) =
�

�(1� ) : (28)

The transformed lower boundary condition is now

lim
x!0+

h
e�xe��

R
vGx

i
= e(��

mv
R
��)R

v � 1; (29)

whilst the upper boundary condition becomes

lim
x!1

h
e�xe��

R
vGx

i
= e�(��

mv
R
��)R

v � 1: (30)

The transformed free boundary, taking into account the present value of biodiversity

�ow bene�ts, becomes

Gx = e
�R
v

�
�Z(R) (ex)� +

ex

�� �

�
: (31)
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Finally, the transformed conservation solution in (24) is

g = e�
R
v

 
Z(R)ex� +

� (1�R)1�

�(1� ) +
ex

�� �

!
: (32)

The �nite di¤erence solution to (25) is based on replacing the derivatives in (27) -

(31), by �nite di¤erence approximations.13

4 Case Study of Costa Rica

4.1 Parameterization

To illustrate the implications of considering a feedback mechanism between conversion

and stochasticity on optimal conversion, we determine optimal land values in Costa

Rica. We then compare our �ndings with [4], who determine optimal land management

policy in Costa Rica assuming geometric Brownian motion of the value of biodiversity

in both the conversion and conservation regions. The parameters of the benchmark

are adopted and are summarised in Table 1. The total area of forested land is 320; 000

hectares which is normalised to L = 1. The return on agriculture in (4) is set at

� = 29:279,14 which is subject to decreasing returns to scale  = 0:887: The exogenous

mean and standard deviation of the conservation value in (9) are set at � = 0:05 and

� = 0:1; respectively. The maximum rate of land conversion is chosen as v = 0:025;

which corresponds to 8; 000 hectares per annum.15 The risk free rate of interest is

� = 0:07; while conversion costs are set at k = 0:16

The gradient of the species-area relation in (9), and therefore the mean extinction

debt parameter, is set at m = 0:25 [25]. The extinction debt risk parameter in (9) is

set at u = 0:25: This value is chosen to yield the same extinction debt uncertainty as

marginal species value uncertainty when the reserve land size is R = 0:7: These values

represent the base case in the analysis, which are subjected to a range of sensitivity

experiments. Finally, the �nite di¤erence solution is computed using step sizes of

�r = 0:01 for land and �x = 0:15 for the log of biodiversity.
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Table 1:
Normalised base case parameter values for Costa Rica.

Land size and units
L Total land size in units 1.000

Unit size = 320; 000 hectares
�r Land increments 0.010
Agricultural bene�ts
� Return on the best land unit (in millions 29.279

of 1998 US dollars per hectare)
 Decreasing returns to scale 0.887
Dynamic biodiversity values
� Exogenous mean 0.050
� Exogenous risk 0.100
m Mean extinction debt 0.250
u Extinction debt risk 0.250
�x Bio value (log) increments 0.150
Social planner
� Discount rate (p.a.) 0.070
k Conversion costs 0.000
v Maximum conversion rate (p.a.) 0.025
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4.2 Land Value with Use Options

The �nite di¤erence solution to the optimal conversion problem is depicted in Figure 3.

Total land value is plotted along the vertical axis in billions of dollars normalised reserve

size ranging from 0 to 1 along the horizontal axis, and the value of biodiversity ranging

from 0 to $100 million on the vertical axis. The terminal, lower and upper boundaries,

de�ned by conditions (28) - (30) correspond to the right, bottom and top edges of

the solution surface respectively. The free boundary is given by the bold continuous

downward sloping curve which cuts through the origin at the terminal boundary and

divides the solution surface into the conversion zone (below) and the conservation zone

(above).

The land values plotted along the vertical axis of Figure 3 are reproduced in Table

2, for a selection of R;B values from the (100 � 100) numerical solution matrix. A
given row corresponds to a particular total value of biodiversity conservation. Moving

from R = 0:1 to R > 0:1, corresponds to lower land values as a result of a reduction

in agricultural bene�ts. In a given column agricultural bene�ts are �xed, so as total

biodiversity value increases the total value of land also increases. The free boundary

highlights the trade-o¤ between biodiversity and agricultural land. In particular, as

R increases, there is a reduction in land value from agriculture, whilst there is a si-

multaneous increase in the value of biodiversity. Which of these two e¤ects dominates

determines the change in the direction of the total land value along the free boundary.

For example increasing R from 0:6 to 0:7, results in the total land value decreasing from

$3:66 billion to $3:61 billion. This fall suggests that the reduction in agricultural value

is not compensated by the increase in biodiversity value. The opposite result occurs

from increasing R from 0:9 to 1: Now there is an increase in total land value from $3:55

billion to $6:56 billion along the free boundary, which implies that the increased value

from biodiversity more than compensates for the reduction in land value from reduced

agriculture. This large increase in land value arising from biodiversity, coincides with

achieving the highest return in agriculture when the �rst land unit is converted, where

� = $29:279 million in (4).

An important implication of Table 2 is that it can be used to compute optimal
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Figure 3: Land values F , as a function of reserve land R and biodiversity value B:

land allocation for Costa Rica for alternative values of biodiversity conservation. For

example, if the current allocation of land to biodiversity conservation is 0:7, the optimal

solution consists of a total biodiversity value of $7 million, which yields a total land

value of $3:61 million. As the actual size of the remaining reserve land in Costa Rica is

much smaller at less than 100; 000 hectares, or 30% of the total land area, this implies

that biodiversity is valued at a much lower value of $3 million, assuming that land

management is being determined optimally.

Table 3 gives the quasi-option values on the free boundary for R = 0:7. These are

calculated as the di¤erences in present value biodiversity bene�ts, progressing from no

uncertainty to signi�cant endogenous uncertainty in four steps: Cases I and II involve

no extinction debt (m = 0:00; u = 0:00), but di¤er in terms of exogenous uncertainty.

Case I assumes certainty (� = 0:00) and case II exogenous uncertainty (� = 0:10) :

These cases replicate earlier results on quasi-option values [4]. Allowing for exoge-

nous risk with respect to the future value of biodiversity conservation (� > 0) leads

to reduced bene�ts from conversion, which translates into a downward shift of the

free boundary and greater conservation. The distance between the positions of free

boundary under Cases I and II evaluated along the biodiversity value dimension is the

quasi-option value of postponing irreversible land conversion under uncertainty. Table
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Table 2:
Land values, F (in billions of dollars) (in body of table), in terms of biodiversity

value B (in millions of dollars) and reserve land R: Parameter values are for the base
case, given in Table 1.

1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0

6.56 9.24 9.47 9.62 9.72 9.81 9.88 9.94 10.00 10.04 3.70
5.09 6.36 6.59 6.74 6.84 6.93 7.00 7.06 7.11 7.16 3.70
4.19 5.09 5.32 5.47 5.57 5.66 5.73 5.79 5.84 5.89 3.70
3.54 4.08 4.31 4.46 4.56 4.65 4.72 4.78 4.84 4.88 3.70
3.31 3.55 3.76 3.90 4.01 4.10 4.17 4.23 4.28 4.33 3.70
3.28 3.49 3.67 3.81 3.92 4.00 4.07 4.13 4.19 4.24 3.70
3.25 3.45 3.59 3.73 3.84 3.92 3.99 4.05 4.11 4.16 3.70
3.23 3.42 3.54 3.66 3.77 3.85 3.92 3.98 4.04 4.09 3.70
3.21 3.39 3.51 3.61 3.71 3.79 3.86 3.92 3.98 4.03 3.70
3.20 3.37 3.48 3.57 3.66 3.74 3.81 3.87 3.93 3.98 3.70
3.17 3.34 3.45 3.53 3.60 3.66 3.73 3.79 3.84 3.89 3.70
3.16 3.33 3.44 3.51 3.58 3.64 3.70 3.76 3.81 3.86 3.70
3.15 3.32 3.42 3.49 3.56 3.61 3.66 3.71 3.76 3.81 3.70
3.13 3.30 3.40 3.47 3.53 3.58 3.63 3.67 3.71 3.75 3.70
3.09 3.26 3.36 3.43 3.49 3.54 3.59 3.62 3.65 3.67 3.70

B
R

128
70
45
25
13
12
10
9
7
6
5
4
3
2
0
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5.09 6.36 6.59 6.74 6.84 6.93 7.00 7.06 7.11 7.16 3.70
4.19 5.09 5.32 5.47 5.57 5.66 5.73 5.79 5.84 5.89 3.70
3.54 4.08 4.31 4.46 4.56 4.65 4.72 4.78 4.84 4.88 3.70
3.31 3.55 3.76 3.90 4.01 4.10 4.17 4.23 4.28 4.33 3.70
3.28 3.49 3.67 3.81 3.92 4.00 4.07 4.13 4.19 4.24 3.70
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3 shows that at R = 0:7 this value is $75 million.17

Case III shows how optimal land conversion decisions are adjusted to not only

account for irreversibility and exogenous uncertainty, but in addition, for triggering a

feedback between conversion and stochastic biodiversity bene�ts. The introduction of

extinction debt into a biological system as a result of land conversion decisions is akin

to incurring an additional loss of options, which reduces the expected bene�ts from

conversion and translates into greater conservation as shown by the downward shift of

the free boundary at R = 0:7 from $777 million to $369 million. Hence allowing for

extinction debt augments the quasi-option value of conserving biodiversity more than

six-fold by $408 million.

Case IV assumes that the e¤ects of land conversion on biodiversity are subject to

much greater uncertainty, allowing for a 10-fold increase in the endogenous uncertainty

parameter u = 2:5 compared with the base case parameter values underlying Case III.

The e¤ect of increasing uncertainty as a result of making the conversion decision result

in increased conservation, with the quasi-option value of conservation augmented by

an additional $324 million.

This example reveals the importance of including feedback e¤ects in conservation
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Table 3:
Quasi option values (in millions of US dollars) on the free boundary at R = 0:7. The

values of other parameters are given in Table 1.
Case Present Value Quasi-Option

Biodiversity Value
B=(�� �) Casen � Casen+1

I No extinction debt and certainty
m = 0:00; u = 0:00; � = 0:00 852

II No extinction debt and uncertainty
m = 0:00; u = 0:00; � = 0:10 777 75

III Extinction debt - base case
m = 0:25; u = 0:25; � = 0:10 369 408

IV Extinction debt with high endogenous risk
m = 0:25; u = 2:5; � = 0:10 45 324

decisions, as the endogenous nature of these e¤ects increases the set of options available

to the decision maker.

4.3 Mean Extinction Debt Parameter E¤ects

Figure 4 shows the e¤ects of changes in mean extinction debt on optimal reserve land

allocation. The mean extinction debt parameter is represented by m; the species-area

gradient in (9). Settingm = 0:25 for the base case, the results show a biodiversity value

of $7 million for a conservation area of 0:7, i.e. 224; 000 hectares, or approximately $30

per hectare on average. This is in contrast to the value of $75 per hectare reported in

[4], which does not take into account extinction debt. To achieve conservation of 0:7;

with a biodiversity value of approximately $75 per hectare, implies a value ofm = 0:05:

Figure 4 also shows the land allocation on the free boundary for the case m = 1:

The increase in m causes a shift in the free boundary downwards resulting in the

conservation of more land for biodiversity.18 This reduces the slope of the pde solution

(F ) for a given level of biodiversity. From the smooth-pasting condition (19), where

the slopes of the pde and ode solutions are equated, this results in the free boundary

occurring at a lower value of biodiversity.

The e¤ects of small changes inm on optimal land allocation are further investigated

in Table 4, where m is chosen to vary between 0:2 and 0:3; which correspond to the
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Figure 4: The e¤ect of changes in extinction debt on the free boundary for alternative
values of m: base case given by m = 0:25; u = 0:25; � = 0:07 and v = 0:025 from Table
1.

values of m reported in the empirical literature [25]. For each value of m; the optimal

conservation of biodiversity reserve land is reported for di¤erent values of the mean

exogenous parameter � in (9). For the base line value of � = 0:05 given in the last

column, the optimal reserve land size is sensitive to the value ofm; with optimal reserve

land ranging from 0:65 (m = 0:2) to 0:73 (m = 0:3) : For smaller values of �; the results

are less sensitive to the choice of m; with the range of values of optimal reserve land

size narrowing.

Table 4:
Optimal conservation of biodiversity reserve land, R for alternative values of the
parameters (�;m) in (9), when B = $7 million. The values of other parameters are

given in Table 1.

m �
0.000 0.025 0.050

0.20 0.34 0.43 0.65
0.25 0.37 0.47 0.70
0.30 0.39 0.50 0.73
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Figure 5: The e¤ect of changes in extinction debt on the free boundary for alternative
values of u: base case given by m = 0:25; u = 0:25; � = 0:07 and v = 0:025 from
Table 1. This solution is based on the step interval for the logarithm of biodiversity of
�x = 0:14:

4.4 Extinction Debt Risk E¤ects

Figure 5 shows the e¤ects of an increase in the uncertainty of extinction debt on optimal

land allocation, as represented by an increase in u, the variance of the ecosystem-speci�c

species density C in (5). It compares the base case where u = 0:25 to a ten-fold increase

in extinction debt uncertainty, whereby u = 2:5: The �gure shows that for higher levels

of extinction debt risk, there is shift in the free boundary downwards, resulting in more

land being conserved for each level of biodiversity value. This result is qualitatively

similar to an increase in m as depicted in Figure 4.

4.5 The Cost of Extinction Debt

An important result of the above analysis is that higher extinction debt, as represented

by higher values of m and u; result in higher levels of reserve land being allocated for

conservation. This suggests that there is a possibility of incurring a cost from adopting

a land policy based on assuming an incorrect value form or u: This point is highlighted

in Table 5 which gives land values (F ) corresponding to optimal reserve sizes (R) ;

22



Table 5:
Land values, (F ) in millions of US dollars, corresponding to optimal reserve land sizes
(R) ; under high, medium and actual biodiversity values, (B) in millions of dollars.

See Table 1 for base case parameter values.

Scenario Biodiversity (B)
High Medium Actual
($13) ($7) ($3)

I Base F : $3547 $3608 $3706
m = 0:25 R : 0.90 0.70 0.30

II Low extinction debt F : $4014 $3898 $3795
m = 0:05 R : 0.60 0.35 0.13

II-I Di¤erence F : $467 $291 $88
R : 0.30 0.35 0.17

under high (B = $13 million), medium (B = $7 million) and actual (B = $3 million)

biodiversity values.19 Two scenarios are considered: a base line case where the mean

extinction debt parameter set at m = 0:25; and a low extinction debt scenario where

m = 0:05: In both scenarios the extinction debt risk is set at the base case value of

u = 0:25:

Table 5 shows that for an extinction debt of m = 0:25 (Scenario I), a high value

of biodiversity (B = $13 million) results in an optimal level of reserve land of 0:90;

and a total land value of $3547 million: The e¤ect of underestimating the value of

extinction debt by incorrectly assuming a relatively low value of m (Scenario II), is

to distort the allocation of land available to conservation. For this scenario there is

a reduction in land that is available for conservation from the optimal level of 0:9 to

0:6: More importantly, underestimating the value of extinction debt, means that land

values are in�ated as the full cost of extinction debt is not fully accounted for. This

situation is highlighted in Table 5 where the total value of the land under Scenario

II is $4014 million compared with $3547 million under Scenario I. This suggests that

the cost of extinction debt is $467 million: For smaller values of biodiversity, Table 5

shows that the size of these costs decreases in magnitude from $291 million for medium

values of biodiversity (B = $7 million) to $88 million for actual values of biodiversity

(B = $3 million) :
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5 Conclusions and Discussion

This paper has presented an extension to the literature on how to allocate optimally

land between development and conservation. The motivation for the extension is that

decisions to convert additional lands to productive use may feed back on the bene�ts

generated by remaining lands used for conservation in important ways. The speci�c

feedback employed in this paper is the well-known extinction debt mechanism, a funda-

mental concept in conservation biology. Employing real options techniques, the paper

develops a framework for modeling the trade-o¤ between land conversion and conser-

vation, building on and extending the existing literature on optimal land management.

Technically, this extension requires a methological innovation in the derivation of the

dynamics of conservation values. While retaining the conventional reliance on species

richness and the economic value of biodiversity at the margin as determinants of the

value of conservation, we demonstrate that in a generalized setting of the type consid-

ered here, its dynamics follow a controlled di¤usion process which includes parameters

that control the risk of extinction debt. The solution of the real options model is of a

bang-bang type, where the solution dichotomises into a conversion region and a conser-

vation region. Within the conversion region biodiversity dynamics follow the controlled

di¤usion process, whereas within the conservation region biodiversity dynamics follow

geometric Brownian motion.

The merits of the generalized model are illustrated by reevaluating earlier results

on optimal land management in Costa Rica, where roughly two-thirds of land have

been converted to agriculture. The results show that the inclusion of an extinction

debt feedback mechanism into the model results in an augmented quasi-option value

leading to a greater optimal allocation of land to biodiversity conservation. The main

implication of the empirical analysis is that for conservative valuations of biodiversity,

Costa Rica has overconverted land into agriculture. Depending on the value placed on

biodiversity, the cost of extinction debt for Costa Rica is valued between $88 million

and $467 million: At a minimum, this indicates that the future burden of past and

current conversions is potentially substantial.

Naturally, the size of the (augmented) quasi-option value cannot be disassociated
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from the question of irreversibility of land conversions. It has been pointed out that

technologies, such as restoration ecology, may be available in order to return converted

land to some state of �nature�[10]. Instead of assuming strictly non-negative conversion

v � 0, v < 0 may be permissible. In the spirit of real options, the degree of reversibility
may then be meaningfully interpreted in terms of the cost of remediation, with techni-

cal irreversibility implying in�nite remediation costs [1]. Whether restoration ecology

provides reversibility depends on what remediation means within the present frame-

work. Conversions have an opportunity cost both in terms of making extinctions more

probable and in terms of information foregone. Remediation cannot undo the extinc-

tion of an endemic species [10]. Remediation is also less cost-e¤ective in an extinction

debt setting since the contribution of remediation measures over and above a baseline

scenario is less clear in the presence of a stochastic extinction pathway: Whether ex-

tinctions are in fact being prevented on an ex post basis cannot be answered ex ante.

These considerations make remediation less likely to provide full reversibility at low

cost in a setting where endemic species matter for biodiversity bene�ts. In a general

sense, the contribution of restoration ecology to overcoming conversion irreversibilities

is a promising area of further research that awaits new ecological evidence.
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Endnotes

1. In [6], for example, the conditional subjective probability over future states is

conditional on current realizations, but not on the level of irreversible develop-

ment.

2. To reduce notational clutter, we do not introduce separate notation for the true
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value of C (t) and its best available estimate Ĉ (t).

3. An important feature of the learning mechanism proposed here is that it focuses

on the time available to learn. An alternative learning mechanism would allow for

a Poisson jump process [5]. A fundamental di¤erence between the two learning

mechanisms is that we explicitly recognize the impact on learning of the rate of

land conversion (v (t)); as in [20]. Moreover, as learning is speci�ed also to be a

function of available reserve land (R (t)) ; learning is dependent on both current

and previous optimal land management policies (v (t� �) ; � > 0).

4. This result is contained in Appendix A. All appendices are available through

JEEM�s online archive of supplementary materials, which can be accessed at

http://www.aere.org/journal/index.html.

5. It should be emphasised that this mechanism does not impact on the quality of

the information signal when it arrives. See [21] for an analysis of the e¤ect of the

quality of the information signal on environmental decision making.

6. See [9]. As is customary, the time notation (t) on time dependent variables is

henceforth omitted to aid with the model exposition.

7. See Appendix B in the online archive.

8. [4] also impose a zero value restriction on the cross-derivative to derive an ana-

lytical expression for the free boundary.

9. In Appendix C, available at the online archive, implications of extinction debt

for extreme cases of m and u on the terminal boundary at R = 0; are presented.

10. For a proof, see [15, p. 294].

11. By making special assumptions of the pro�t function, the biodiversity value sto-

chastic process and the form of the conversion rate, it is possible to generate an

analytical solution following [19].
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12. The adoption of this transformation has the advantage of explicitly incorporating

into the analysis the speci�c length of time it takes to convert the reserve land

[18], as well as simplifying the numerical solution through the exclusion of higher-

order polynomial terms in B; from (25).

13. See Appendices D and E in the online archive at .

14. In millions of 1998 US dollars per hectare. The normalised return on agriculture

is computed as � = $6; 990; 062 � 320; 000(1�0:887); which is based on the agri-
cultural production function in (4). The return on the most productive hectare,

$6; 990; 062; is taken from [4].

15. This is a conservative �gure as the average amount of land cleared per annum

in Costa Rica over the period 1990 to 2000, was approximately 15; 000 hectares

[11].

16. This assumption is based on the premise that clearing costs are o¤set by the

gains from timber sales.

17. The quasi-option values are given in present value terms, in line with the �nancial

interpretation of option prices.

18. See equation (d3) in Appendix D, available in the online archive. An increase in

m increases p� relative to p0 and p+; e¤ectively increasing the weight of lower

values in the �nite di¤erence solution of the pde.

19. The actual biodiversity value of $3 million is implied from the model evaluated

at base values, using Costa Rica�s current forest stock close to 100; 000 hectares,

R = 0:30:
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