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1. Introduction

The term ‘micro computed tomography’, or ‘micro-CT’, usu-
ally refers to tomographic methods with the resolution of the 
order of a micron. Compact commercial micro-CT scanners 
are available on the market and support a range of applica-
tions, from biomedical to material sciences. Micro-CT scan-
ners are usually equipped with a micro-focus x-ray source 
which may allow the users to utilize different imaging modali-
ties, e.g. phase-contrast imaging (PCI). PCI usually denotes 
imaging methods that are sensitive to both attenuation and 
phase modulation (refraction) of x-rays transmitted through 
the object (Nugent 2010, Bravin et  al 2013, Wilkins et  al 
2014). It has been shown in the last two decades that proper 

account of phase effects can significantly improve image 
quality for objects consisting predominantly of atoms with 
low atomic number (Z  <  20), and for x-ray energies in the 
diagnostic range (between about 20 keV and 100 keV).

Propagation-based PCI (PB-PCI) is undoubtedly the sim-
plest, in terms of experimental implementation among the 
known PCI methods. This PCI method does not require any 
optical elements between the x-ray source, the object and the 
detector, see figure  1. There are only two requirements for 
PB-PCI to perform effectively: (1) an adequate spatial coher-
ence of x-rays incident onto the object (this requires small 
source size or large source-to-object distance), and (2) suf-
ficient free-space distance between the object and detector in 
order to convert small angular deviations of x-rays, induced by 
the object, into noticeable intensity variations in the detector 
plane.
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Abstract
Micro-CT scanners find applications in many areas ranging from biomedical research to 
material sciences. In order to provide spatial resolution on a micron scale, these scanners are 
usually equipped with micro-focus, low-power x-ray sources and hence require long scanning 
times to produce high resolution 3D images of the object with acceptable contrast-to-noise.

Propagation-based phase-contrast tomography (PB-PCT) has the potential to significantly 
improve the contrast-to-noise ratio (CNR) or, alternatively, reduce the image acquisition 
time while preserving the CNR and the spatial resolution. We propose a general approach for 
the optimisation of the PB-PCT imaging system. When applied to an imaging system with 
fixed parameters of the source and detector this approach requires optimisation of only two 
independent geometrical parameters of the imaging system, i.e. the source-to-object distance 
R1 and geometrical magnification M, in order to produce the best spatial resolution and CNR. 
If, in addition to R1 and M, the system parameter space also includes the source size and the 
anode potential this approach allows one to find a unique configuration of the imaging system 
that produces the required spatial resolution and the best CNR.
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By far the most efficient and widely used methods for 
retrieving the phase in the object plane from planar PB-PCI 
images utilise the transport-of-intensity equation (TIE) and its 
particular variant for homogeneous (single-material) objects, 
TIE-Hom (Paganin et al 2002). It has been shown (Gureyev 
et  al 2014, 2017, Nesterets et  al 2014, Kitchen et  al 2017) 
that TIE-Hom, applied to two-dimensional (2D) projection 
imaging as well as to three-dimensional (3D) tomographic 
imaging, results in significant noise reduction compared to 
conventional (attenuation-based) x-ray imaging, at the same 
radiation dose and spatial resolution. This, in turn, results in 
significant improvement of image quality as has been assessed 
by trained radiographers and professional radiologists in the 
case of propagation-based mammographic CT (Baran et  al 
2017). In particular, it has been confirmed in the latter study 
that subjective image quality directly correlates with such fun-
damental physical characteristics of the images as contrast-to-
noise ratio (CNR) and spatial resolution.

Some preliminary studies have been undertaken by several 
collaborating research groups to optimise the imaging condi-
tions and data processing protocols in order to maximise the 
quality of propagation-based mammographic CT (Gureyev 
et  al 2014, Nesterets et  al 2015, Pacilè et  al 2015, Tromba 
et al 2016, Baran et al 2017). In this and many other biomed-
ical applications of x-ray PCI techniques (Kitchen et al 2015, 
Krenkel et al 2016), the major limitation that strongly affects 
the system design is the maximum allowable radiation dose for 
the object. The system optimisation, in this case, is usually car-
ried out assuming that the radiation dose is fixed while choosing 
parameters of the imaging system (e.g. the x-ray energy, the 
source-to-object and object-to-detector distances) that max-
imise the performance according to some figure(s)-of-merit.

If the radiation dose delivered to the object does not pre-
sent an issue, for example when imaging excised tissues or 
biological samples that are sacrificed at the end of the experi-
ment, the main limitation, often, is the acquisition time. In this 
case, the imaging system is optimised to produce the required 
image quality in minimal time. Minimisation of the image 
acquisition time has multiple benefits, e.g. this allows one 
to minimise the effect of source instability and to maximise 
the system throughput. Below we present an example of such 
optimisation, in the case of a tomographic application of the 
PB-PCI system operating in the near-Fresnel imaging regime 
(accurately described by geometric optics, in particular, by 
TIE) and shown schematically in figure 1.

In our approach, the imaging system optimisation is carried 
out in two distinct steps. First, we optimise the imaging system 

geometry (according to some figure(s)-of-merit) assuming 
that parameters of the source (i.e. its size, spectrum and other 
characteristics) and detector, as well as the exposure time, are 
fixed. Once the relationship between the optimal geometrical 
parameters and the characteristics of the source and detector 
is established, the next step is to vary the characteristics of the 
source and, optionally, of the detector, to maximise the imaging 
system performance in terms of the same figure(s)-of-merit.

In our subsequent analysis we utilise two figures-of-merit: 
(1) CNR, and (2) spatial resolution in the reconstructed 3D 
image of the object. As part of the analysis we present example 
calculations for the application of phase-contrast micro-CT in 
analysing small (2 mm diameter) excised breast core biopsies.

2. Imaging geometry optimisation

As indicated above, we assume that the source and detector 
characteristics, as well as the image acquisition time, are fixed 
and will find such geometrical parameters of the imaging 
system that maximise the performance of the system in terms 
of the chosen figures-of-merit.

We choose the source-to-rotation axis distance, R1, and the 
geometrical magnification of the system, M  =  R/R1, as the 
independent (primary) geometrical parameters of the system. 
Other distances, including the rotation axis-to-detector dis-
tance, R2, the source-to-detector distance, R  =  R1  +  R2, and 
the effective free-space propagation distance, R′ ≡ R2/M, can 
be expressed via the primary parameters as follows:

R2 = R1(M − 1), (2.1)

R = R1M, (2.2)

R′ = R1(M − 1)/M. (2.3)

For a given configuraion of the source, its photon flux into 
unit solid angle, φ̇ (ph/s/srad), is considered fixed. The photon 
fluence rate (in vacuum) in the object plane located at the dis-
tance R1 from the source is then Φ̇ ∼= φ̇/R2

1 (ph/s/mm2). The 
latter expression is very accurate if the angular size of the 
object, as seen from the source, is small (no more than several 
angular degrees).

In practice, one should take into account several physical 
constraints imposed on the geometrical parameters of the 
imaging system:

 (1) Due to a finite distance, ∆R, between the source focus 
and the output window of the source, as well as finite 
diameter of the object, W, the source-to-rotation axis 
distance cannot be made smaller than ∆R + W/2. Also, 
in tomographic imaging, one usually requires that hori-
zontal x-ray beam size (assuming that the rotation axis is 
vertical) is greater than the object’s diameter. These two 
requirements can be expressed as follows,

R1 � R1,min = max{∆R + W/2, (W/2)cotαsrc}, (2.4)

where αsrc is the beam angle of the x-ray source, see 
figure 1.

Figure 1. Schematic diagram of the imaging system (top view).
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 (2) Typically, a laboratory x-ray imaging system is located 
inside a radiation-opaque housing that limits the max-
imum source-to-detector distance, so that

R = R1M � Rmax. (2.5)

 (3) A position-sensitive detector has finite dimensions. 
As a result, the horizontal size of the active area of the 
detector, D, limits the maximum achievable magnifica-
tion of the system, for a given sample, in order for the 
whole projection of the sample to fit into the detector’s 
active area in the plane orthogonal to the CT rotation axis. 
Another restriction on the maximum magnification is due 
to the above restrictions on R1 and R:

M � Mmax = min{D/W, Rmax/R1,min}. (2.6)

With the obvious restriction that M � 1 + W/(2R1), equa-
tions (2.4)–(2.6) specify a closed region in the plane R1  −  M, 
see figure 2.

Figure 2 shows the operational domain in the plane R1  −  M 
of Zeiss Xradia 520 Versa micro-CT scanner (www.zeiss.
com/microscopy/int/products/x-ray-microscopy/zeiss-xradia-
520-versa.html) which we used to collect tomographic data 
for breast biopsy samples (see below). The system is equipped 
with a micro-focus transmission x-ray source and a dual-
stage detector system that has a turret of multiple objectives 
with different magnifications and optimized scintillators for 
highest contrast. The optical image produced by the objective 
is acquired with a noise-suppressed charge-coupled detector 
(CCD) having 2032  ×  2032 square pixels with the pixel size 
of 13.5 µm. In our experiment, a 4×  objective was used so 
that the effective pixel size and the image size (in the detector 
plane) were h  =  3.375 µm and 6.858 mm  ×  6.858 mm, 
respectively. The object’s horizontal dimension was about 
2 mm, the minimum source-to-rotation axis distance was 
R1,min  =  25 mm and the maximum total distance was Rmax  =  1 
m. It should be mentioned that the beam angle of the x-ray 

source was greater than a half of the angular size of the object 
(as seen from the source) for all physically achievable source-
to-rotation axis distances. According to equation  (2.6), the 
maximum magnification (that allows the whole object to be 
imaged by the detector) was Mmax  =  D/W  =  3.429.

Although the source-to-rotation axis distance can, in 
principle, be varied from R1,min to Rmax  −  W/2 (in the con-
sidered example, from 25 mm to 999 mm), we restricted the 
system optimisation to a smaller (rectangular) region, namely, 
{25 mm � R1 � 100 mm, 1 < M < 3.5}. This restriction on 
the values of R1 is due to the above mentioned steep reduction 
of the photon fluence (in vacuum) in the object plane with 
increasing the source-to-rotation axis distance,

Φ ∼= φ̇ texp/R2
1. (2.7)

Recall that in the current analysis we assume that both φ̇ and 
the acquisition (exposure) time, texp, are constant.

We begin our analysis by establishing the relationship 
between the primary geometrical parameters of the imaging 
system, R1 and M, and the CNR.

2.1. CNR in the propagation-based phase-contrast CT

The CNR is defined as follows,

CNR =
|µ̄1 − µ̄2|

stdµ
,

 
(2.8)

where µ̄1 and µ̄2 are the mean linear attenuation coefficients 
of two materials (tissues) that are sought to be distinguished 
in the CT image (e.g. adipose and glandular tissue) and stdµ is 
the standard deviation (std) of noise in the CT image.

It is worth noting that, when the reconstruction algorithm 
is implemented properly, the 3D image of the object, recon-
structed from noise-free projection data, does not depend on 
the imaging geometry. Hence, the numerator in CNR, i.e. the 
contrast, which is non-random and evaluated using ensemble 
averaging, does not depend on the imaging geometry. What 
the imaging geometry does affect is the random noise in 
the reconstructed 3D image of the object which is related to 
random noise in projection data (Nesterets and Gureyev 2014). 
In the following we restrict our consideration to establishing 

a relationship between the variance of noise, varµ = std2
µ, in 

the reconstructed 3D image of the object and the primary geo-
metrical parameters of the imaging system.

As we will see below, in this section, noise characteristics 
in 2D projections as well as in the reconstructed CT image 
depend on many imaging parameters, e.g. the x-ray energy, the 
incident photon fluence, detector and object characteristics. In 
the following we will assume that x-ray photon-counting noise 
(with Poisson statistics) dominates in projection images. Also, 
we assume that all individual projection images are flat-field 
corrected (i.e. divided by nearly noise-free projection images 
collected without the object in the x-ray beam). As a result, 
the variance of noise, which quantifies its magnitude (note 
that mean value of noise is assumed to be zero), in projection 
and CT images is inversely proportional to the incident x-ray 
photon fluence which, in turn, is proportional to the exposure 

Figure 2. A closed region in the plane R1  −  M that contains all 
possible values of the source-to-object distance R1 and geometrical 
magnification M of the propagation-based x-ray PCI system. The 
limiting parameters of an Xradia micro-CT system are provided in 
the figure’s legend (see also main text).

J. Phys. D: Appl. Phys. 51 (2018) 115402

http://www.zeiss.com/microscopy/int/products/x-ray-microscopy/zeiss-xradia-520-versa.html
http://www.zeiss.com/microscopy/int/products/x-ray-microscopy/zeiss-xradia-520-versa.html
http://www.zeiss.com/microscopy/int/products/x-ray-microscopy/zeiss-xradia-520-versa.html


Y I Nesterets et al

4

time as well as to the source size (the maximum achievable 
source power is proportional to its linear size). Assuming 
that the x-ray source and the imaging setup are mechanically 
stable in time, one can improve CNR by increasing the expo-
sure (acquisition) time. Alternatively, one can improve CNR 
by increasing the source size (i.e. increasing the photon flux), 
though at the expense of the spatial resolution in the recon-
structed CT image.

Since the considered x-ray imaging configuration is essen-
tially cone-beam, we used Feldkamp–Davis–Kress (FDK) CT 
reconstruction algorithm (Feldkamp et  al 1984) which dif-
fers from the filtered back-projection (FBP) algorithm that is 
usually used in parallel-beam geometry (e.g. for CT data col-
lected at synchrotrons). Compared to the FBP algorithm, the 
FDK algorithm includes two extra steps: (1) pre-weighting of 
projection data, and (2) post-weighting of ramp-filtered pro-
jections before back-projection. Note, however, that as soon 
as the cone and fan angles of the object are small (less than 
about 5 angular degrees) the extra weights applied in the FDK 
algorithm are close to one and hence do not noticeably affect 
noise properties in the reconstructed CT slices. In this case, 
the variance of noise in axial CT slices (representing the distri-
bution of the linear attenuation coefficient) can be accurately 
approximated by that of the FBP algorithm (for simplicity, we 
consider a quasi-monochromatic x-ray beam) (Nesterets and 
Gureyev 2014):

varµ =
f (A; r, d/h)Fobj

Nah′4ΦDQE0Tgap
.

 
(2.9)

Here Na is the number of projections in the 360 scan, h′ = h/M 
is the voxel size in the reconstructed volume (we consider the 
case of square detector pixels with equal width and height, 
hx = hy = h; the case of non-square (rectangular) detector 
pixels, hx �= hy, can be treated similarly), Φ is the photon 
fluence in the object plane (see equation (2.7)), DQE0 is the 
detector quantum efficiency at zero spatial frequency, Tgap is 
the transmittance of the gap between the source and detector 
(Tgap  =  1 if the whole system is in vacuum), Fobj is a factor 
accounting for attenuation of x-rays in the object.

The dimensionless function f (A; r, d/h), in the case of 
TIE-Hom phase retrieval applied to individual phase-con-
trast projections (Paganin et  al 2002), is written as follows 
(Nesterets and Gureyev 2014),

f (A; r, d/h) = 2π2
ˆ 1

2

0
dUG2(U)

×
ˆ 1

2

− 1
2

dVFinterp(U, V)
r + (1 − r)MTF2

d(U, V; d/h)

[1 + A(U2 + V2)]
2 ,

 (2.10)

where A is a dimensionless parameter depending on the object’s 
x-ray optical properties and on the imaging configuration,

A ≡ πγλR′/h′2 = πγλR1M(M − 1)/h2. (2.11)

MTFd is the modulation transfer function in discrete 2D images 
produced by the detector. For detectors that utilize an active 
layer (or phosphor) to convert x-ray photons into secondaries 
(e.g. light photons or electrons), the latter can be expressed in 

terms of the intrinsic (scatter) modulation transfer function, 
MTF, of the active layer (or phosphor) (Cunningham 2000),

MTF2
d(U, V; d/h) =

∞∑
m=−∞

×
∞∑

n=−∞
MTF2(U + m, V + n; d/h)sinc2(U + m)sinc2(V + n),

 

(2.12)

where sinc(x) = sin(πx)/(πx) is the normalised sinc function. 
Hereafter, the intrinsic MTF is parameterised by a dimension-
less quantity d/h  where d is the full width at half maximum 
(FWHM) of the corresponding intrinsic (scatter) point-spread 
function (PSF) of the phosphor. In our subsequent analysis 
we use Lorentz distribution for modelling the 2D intrinsic 
PSF of the phosphor. Note also that arguments U and V in 
equations  (2.10) and (2.12) are dimensionless (normalised) 
frequencies presenting the fractions of twice the maximal 
detected spatial frequency, i.e. the fractions of 1/h′. Finally, r 
is another parameter of the detector that together with MTFd 
models the noise power spectrum, NPSd, in 2D discrete 
images produced by the detector (Cunningham 2000, Barrett 
and Myers 2004).

NPSd(U, V; d/h, r) = NPSd(0, 0)[r + (1 − r)MTF2
d(U, V; d/h)]

 (2.13)
The function G(U) in equation (2.10) is the CT filter (e.g. the 
ramp filter, G(U) = U) and Finterp(U, V) is the interpolation 
filter that describes the effect on noise of (optional) interpola-
tion of projection data. In the case of bi-linear interpolation of 
projection data, the interpolation filter is written as follows, 

Finterp(U, V) = 2 + cos(2πU)
3

2 + cos(2πV)
3 .

It is worth noting that all characteristics of the imaging 
system (including detector pixel size, source size and photon 
fluence) refer to the object plane and hence have been prop-
erly rescaled.

The factor [1 + A(U2 + V2)]
−2

 in equation (2.10) describes 
the effect on noise of TIE-Hom phase retrieval of projection 
data. The TIE-Hom algorithm was originally developed for 
monomorphous objects, i.e. the objects in which the ratio δ/β 
of the real decrement and imaginary part of the complex refrac-
tive index, n = 1 − δ + iβ, is spatially invariant. For this class 
of objects the parameter γ in equation (2.11) is equal to δ/β. 
Later on, the method was found to produce accurate phase 
retrieval at the boundaries of two uniform materials (Gureyev 
et al 2002, Beltran et al 2011) characterised by their refractive 
indices, nj = 1 − δj + iβj (  j  =  1, 2), when the parameter γ is 
chosen to be the ratio (δ1 − δ2)/(β1 − β2). In this paper, we 
use the latter approach for TIE-Hom phase retrieval.

Simple analysis of equations (2.9) and (2.10) allows us to 
formulate the following properties of the variance of noise:

 1. For any fixed magnification value M, the variance of noise 
in reconstructed CT slices decreases with decreasing the 
source-to-rotation axis distance R1. Indeed, if M  =  1 
(and hence A  =  0 for any R1) then varµ is proportional 
to R2

1/Tgap (since Φ ∼ R−2
1 ) and hence decreases with 

decreasing R1 (the factor T−1
gap = exp[µgap(R1M −∆R)] 

monotonically decreases with decreasing R1). On the 

J. Phys. D: Appl. Phys. 51 (2018) 115402
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other hand, if M  >  1 (and fixed) then, since the parameter 
A in equation (2.11) is proportional to R1, the integrand 
in f/Φ, see equation  (2.10), is inversely proportional to 

(A−1 + U2 + V2)
2
 and hence monotonically decreases 

with decreasing R1 (i.e. decreasing A).
 2. Let the source-to-rotation axis distance R1 be fixed. 

Dependence of the variance of noise, varµ, on the mag-
nification M is governed by the following three factors: 
(1) h′−4 ∼ M4, (2) f(A), where A ∼ M(M − 1), and (3) 
T−1

gap = exp[µgap(R1M −∆R)]. If M is close to one (so 
that M − 1 � 1) and R1 is sufficiently large (so that 
γλR1/h2 � 1) then the product of the first and second 
factors, M4f (A), is rapidly decreasing with increasing M 
while the third factor is nearly constant. In the opposite 
limit of large M (M � 1), such that A � 1, the product 
M4f (A) is essentially constant compared to T−1

gap which 
is exponentially growing with increasing M. Taking 
these two limiting cases into account, the minimum of 
the variance of noise is expected at some finite value of 
the geometrical magnification that is greater than one and 
this optimum magnification depends on the value of R1 as 
well as on other imaging parameters.

The contour plot in figure 3 shows the std of noise in the 
reconstructed volume (in arbitrary units) versus two inde-
pendent geometrical parameters of the imaging system. The 
data in figure  3 have been calculated using equations  (2.9) 
and (2.10), with the following parameters: λ  =  0.62  ×  10−4 
µm (this wavelength corresponds to the x-ray energy of 
20 keV), γ  =  250 (this value corresponds to interfaces 
between blood and glandular tissue at 20 keV), h  =  3.375 µm, 
r  =  0.271  ±  0.005, d/h  =  1.40  ±  0.04. The latter two param-
eters correspond to Xradia’s detector at 40 kVp and have 
been estimated by fitting the noise power spectrum in raw 
flat-field (i.e. sample-free) projections using equation  (2.13) 
and the exponential function for intrinsic MTF of the detec-
tor’s phosphor (which corresponds to the Lorentz PSF), 

MTF(U, V; d/h) = exp
[
− 1

2πc−
1
2 (d/h)

√
U2 + V2

]
, c = 4

1
3 − 1 . 

Attenuation of the air gap between the source and detector, 
through the factor Tgap in equation  (2.9), was taken into 
account.

Figure 3 shows that, in total agreement with the above 
form ulated properties, the minimal std of noise is observed at 
the minimal possible source-to-rotation axis distance (25 mm 
in the considered case), at the optimum magnification of about 
2.9. As expected, this optimum magnification value is greater 
than 1, meaning that proper account of phase contrast, via the 
TIE-Hom phase retrieval, significantly improves noise charac-
teristics of CT reconstructions, compared to pure absorption 
CT (the latter corresponds to M  =  1). Another trend, observed 
in figure 3 and being in full agreement with our above analysis, 
is that increasing the source-to-rotation axis distance R1, the 
optimum (for a given distance R1) magnification also increases.

This behaviour is more clearly seen in figure 4(a) showing 
dependencies of the std of noise in CT reconstructions versus 
the geometrical magnification of the imaging system, for 

several values of the source-to-rotation axis distance. For com-
pleteness, figure 4(b) shows dependencies of the std of noise 
versus the source-to-rotation axis distance, for several magni-
fications of the imaging system. As expected, at the magnifi-
cation of one (this corresponds to pure absorption imaging, so 
that A  =  0 regardless of R1), the std of noise depends almost 
linearly on R1 (non-linearity arises due to attenuation of x-rays 
in the air gap between the source and detector). For M  >  1, 
due to in-line phase contrast and TIE-Hom phase retrieval, 
the CT reconstructions effectively reproduce pure absorption 
CT reconstructions, but with significantly reduced/suppressed 
noise. Note that the slope of the curves in figure 4(b) decreases 
with increasing magnification and, for sufficiently large mag-
nifications (such that A � 1 and hence f being approximately 
inversely proportional to A2 (Nesterets and Gureyev 2014)), 
the std of noise only slightly increases with increasing the 
source-to-object distance, due to attenuation of x-rays in the 
air gap between the source and detector.

It is worth mentioning another aspect of the choice of R1 
and M on the image quality. Due to TIE-Hom phase retrieval, 
noise in projections and hence in the reconstructed CT image 
becomes more correlated. The 2D PSF of the TIE-Hom filter 
is (Nesterets and Gureyev 2014):

PTIE(r) = K0(r/lTIE)/(2πl2TIE), (2.14)
where K0 is the zeroth order modified Bessel function of the 

second kind, r = (x2 + y2)
1
2 is the radial coordinate in the 

object plane and lTIE = A1/2h′/(2π). It is worth noting that the 
standard deviation of the PSF, stdTIE, is equal to 2lTIE. When 
measured in effective (i.e. demagnified to the object plane) 
detector pixels, h′ = h/M, it is equal to A1/2/π and, according 
to equation (2.11), increases with increasing either R1 or M. 
For example, if A  =  10 then stdTIE/h′  ≈  1.007, if A  =  100 
then stdTIE/h′  ≈  3.183 and if A  =  1000 then stdTIE/h′  ≈  10.07. 
In the example, considered above, in figures 3 and 4, using 
optimal values for R1 and M that maximise CNR (25 mm 

Figure 3. The standard deviation of noise (in arbitrary units) versus 
two independent geometrical parameters of the imaging system, 
calculated using equations (2.9) and (2.10) and the following 
parameters of the detector: d/h  =  1.40 and r  =  0.271.
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and 2.9, respectively), the corresponding A is about 589 and 
stdTIE/h′  ≈  7.72.

These results illustrate an expected trade-off between 
reduction of the magnitude of noise and increase of its spatial 
correlation length. In other words, TIE-Hom phase retrieval 
reduces the magnitude of noise but makes the noise corre-
lated (textured). This behaviour of noise should be taken into 
consideration when planning PCI experiments as textured 
noise can heavily camouflage object’s weak features having 
the size comparable with the correlation length of the noise. 
Noise correlation length is also closely related to the spatial 
resolution.

2.2. Spatial resolution in projection and CT images

Another important characteristic of the imaging system is 
its resolution in 2D projections as well as in the 3D recon-
structed CT image of the object. One quantitative measure of 
the resolution is the FWHM of the system’s PSF. We restrict 
our subsequent analysis to estimation of the resolution in 
phase-retrieved 2D projection images (using TIE-Hom) and 
in the 3D CT image of the object reconstructed from the 
phase-retrieved projections. The phase-retrieved projections 
resemble contact (pure absorption) projection images of the 
object but, unlike the latter, are affected not only by resolution 
of the detector but also by a finite size of the source, through 
the penumbral effect. As a result, the PSF of the imaging 
system, in phase-retrieved projection images, is a convolution 
of properly rescaled 2D spatial distribution of the radiated 
intensity in the source and the 2D PSF of the detector. In our 
subsequent theor etical analysis, a 2D Gaussian distribution, 
PG(r), is used to describe the distribution of radiated intensity 
in the source and a 2D Lorentz distribution, PL(r), is used to 
describe the intrinsic (scatter) PSF of the detector:

PG(r) = (2πσ2
G)

−1
exp[−r2/(2σ2

G)], (2.15)

PL(r) = (2πσ2
L)

−1
[1 + r2/σ2

L]
− 3

2 , (2.16)

where, as above, r = (x2 + y2)
1
2 is the radial coordinate and 

the parameters σG and σL are related to the FWHM of the 
Gaussian PSF, wG, and of the Lorentz PSF, wL, as follows,

σG =
wG√
ln256

,σL =
wL

2
√

c
, c = 4

1
3 − 1 ≈ 0.5874. (2.17)

Convolution of a Gaussian profile and a Lorentz profile is 
known as Voigt function and its FWHM, w, can be accurately 
estimated as follows (Olivero and Longbothum 1977),

w ≈ c1wL +
√

c2w2
L + w2

G, (2.18)

where c1 = 0.5346, c2 = 0.2166 (note that c1 +
√

c2 = 1). It 
is worth noting that although equation (2.18) has been obtained 
for 1D profiles, we found, using numerical analysis, that this 
relationship is also valid for 2D as well as for 3D distributions 
that are used below. The n-dimensional isotropic Gaussian 
and Lorentz distributions are defined as follows,

PG,n(r) = (
√

2πσG)
−n

exp[−r2/(2σ2
G)], (2.19)

PL,n(r) = CnσL[σ
2
L + r2]

− n+1
2 , Cn = Γ( n+1

2 )/π
n+1

2 , (2.20)

where r = |r|, r ∈ Rn, Γ(x) is the gamma func-
tion. For the considered 1D, 2D and 3D cases one has: 
C1 = π−1, C2 = (2π)−1, C3 = π−2.

In order to quantify resolution in the CT reconstructed 
volume we use the same simplifying assumption that has 
been used above to evaluate the variance of noise, namely 
that the imaging geometry is nearly parallel (as far as the CT 
reconstruction formulae are concerned). We also assume that 
contrast in projection images of the object is weak within the 
essential support of the system’s PSF. Under these assump-
tions one can utilise the Fourier slice theorem and present 

Figure 4. (a) The standard deviation of noise in reconstructed CT slices versus the geometrical magnification of the imaging system, 
for different source-to-object distances; (b) the standard deviation of noise versus source-to-object distance, for different geometrical 
magnifications of the imaging system.
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the 3D optical transfer function (OTF), i.e. the Fourier 
transform of the 3D PSF, in the CT image of the object, 
P̂CT(ux, uy, uz), via the 2D OTF in projection images of the 
object, P̂proj(ux, uy),

P̂CT(ux, uy, uz) = P̂proj(
√

u2
x + u2

z , uy). (2.21)

Note that all projection images are properly rescaled to the 
object plane.

Equation (2.21) indicates that the functional form of the 
OTF is preserved during CT reconstruction and the same is 
true for the PSF of the system. In particular, the 2D Voigt PSF 
in projection images of the object converts to the 3D Voigt 
PSF in the CT image of the object. Note that while the width 
wG of the Gaussian distribution is preserved during the CT 
reconstruction, the width of the Lorentz distribution in the 
3D reconstructed CT image, wL,3D, differs from that in 2D 
projections, wL,2D, although the parameter σL is preserved:

σL =
wL,1D

2
=

wL,2D

2
√

c
=

wL,3D

2
√

c′
,

so that,

wL,3D =
√

c′/cwL,2D ≈ 0.8397wL,2D, (2.22)

wL,1D = wL,2D/
√

c ≈ 1.3048wL,2D, (2.23)

where c is defined in equation (2.17) and c′ = 2
1
2 − 1 ≈ 0.4142.

The 3D PSF PCT(x, y, z) and its FWHM is particularly useful 
for quantifying the resolution of the imaging system when 3D 
nearly spherical small features are of interest (e.g. resolving 
individual grains in microcalcification clusters). If the features 
of interest are elongated in one dimension (for example, blood 
vessels or milk/air ducts) then it might be more appropriate 
to use a 2D line-spread-function (LSF) which is obtained by 
integrating the 3D PSF over one dimension. According to our 
preceding analysis, this 2D LSF, defined in the object space, 
coincides with the 2D PSF in the object’s projections. Finally, 

if the features of interest are significantly elongated in two 
dimensions (e.g. nearly plane boundaries between different 
tissues) then a 1D boundary-spread-function (BSF) and its 
FWHM are more appropriate for quantifying resolution. The 
BSF is obtained by integrating the PSF over two orthogonal 
dimensions. Its FWHM is described by equation (2.18) where 
the width of the 1D Lorentz distribution, wL,1D, is related to 
the width, wL,2D, of the corresponding 2D Lorentz distribu-
tion according to equation (2.23). Equations (2.18), (2.22) and 
(2.23) indicate that, in general, w3D � w2D � w1D, where the 
equality signs correspond to the case of an ideal detector with 
wL,1D = wL,2D = wL,3D = 0.

When optimising the imaging system in terms of the primary 
parameters R1 and M, it is worth noting that the FWHMs of 
the PSF, LSF and BSF (w3D, w2D and w1D, respectively) do not 
depend on the source-to-object distance R1. They depend only 
on the geometrical magnification of the imaging system as well 
as on the source size (FWHM), s, the intrinsic resolution of the 
detector (FWHM), d, and the finite pixel size of the detector, h. 
In particular, in order to estimate the FWHM of the PSF, LSF and 
BSF in the reconstructed volume, one can use equations (2.18), 
(2.22) and (2.23) where wG and wL,2D are set as follows,

wG ≈
√
(1 − M−1)

2s2 + 2
3 ln(2)(h/M)

2, (2.24)

wL,2D = d/M. (2.25)

Figure 5 shows dependencies of w3D, w2D and w1D on the geo-
metrical magnification M for the Xradia micro-CT system, 
calculated using equations (2.18), (2.22)–(2.25). The intrinsic 
resolution d of the detector’s phosphor has been estimated 
by analysing noise power spectrum in flat-field (sample-free) 
images acquired by the detector (see section 2.1). While the 
physical pixel size of the detector’s CCD is about 13.5 µm, 
the effective pixel size, due to 4×  optical magnification used 
in the detector’s objective, was about 3.375 µm. Two typical 
values of the source size have been used in our calculations, 
4 µm and 10 µm, the former being slightly smaller than the 

Figure 5. The FWHM of the 3D point-spread-function (PSF), 2D line-spread-function (LSF) and 1D boundary-spread-function (BSF) 
in the reconstructed CT volume versus the geometrical magnification of the micro-CT imaging system. Calculated using the following 
parameters: h  =  3.375 µm, d  =  4.725 µm; s  =  4 µm (a) and s  =  10 µm (b).
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detector resolution and the latter being significantly greater 
than the detector resolution.

Figure 5 illustrates the competing effects of the source size 
and detector resolution (and finite pixel size) on the resolu-
tion of the imaging system. Indeed, the effective source size 
in the object plane, s (1 − M−1), increases monotonically 
with increasing the magnification while the effective detector 
resolution and pixel size, in the object plane, d/M and h/M, 
decrease monotonically with increasing the magnification. As 
a result, the optimum magnification that minimises any of 
w3D, w2D and w1D is, in general, between one and infinity. 
Apparently, for a given detector the optimum magnifica-
tion (that minimises the FWHM of certain spread function) 
strongly depends on the source size. Firstly, this optimum 
magnification decreases with increasing the source size. 
Secondly, for any source size, the optimum magnification that 
minimises w3D is smaller than that for w2D, the latter being 
smaller than the optimum magnification minimising w1D. For 
example, in the case of a 4 µm source the optimum magnifica-
tion (and the corresponding resolution) ranges between 2.36 
(w3D,min  =  3.52 µm) and 6.16 (w1D,min  =  3.94 µm). For a 10 
µm source these are between 1.16 (w3D,min  =  4.72 µm) and 
1.29 (w1D,min  =  6.18 µm). Importantly, it can be easily shown 
(and is observed in figure 5) that the gaps between w1D, w2D 
and w3D monotonically decrease with increasing M.

2.3. Spatial resolution versus CNR

Comparison of figures 4(a) and 5 (the latter correspond to the 
same parameter d/h  =  1.4 of the detector but to different source 
sizes) indicates that there is, generally, a trade-off between 
the CNR and resolution in CT reconstructions. In particular, 
minimum possible source-to-object distance and geometrical 
magnification of about 2.9 (for R1  =  25 mm and other param-
eters used in our example above) is required to maximise the 
CNR in CT slices. However, this value of magnification does 
not, in general, provide optimal resolution of the system (in 
terms of either w3D, w2D or w1D), for both considered source 
sizes. Apparently, there is in general an ‘optimal’ source size 
that matches the two optimal magnifications, for CNR and 
resolution (using for latter one of the three widths). Note also, 
that due to equation  (2.6), the maximum magnification, in 
the considered imaging configuration, cannot be greater than 
about 3.5.

If both image quality properties, i.e. CNR and spatial reso-
lution, are of equal importance, one can optimise the imaging 
system using the following approach that we call ‘equal degra-
dation’ principle. It consists in finding such magnification that 
(1) is between the optimum magnification for CNR and the 
one for resolution, and (2) corresponds to equal deterioration 
(in percentage terms) of the CNR and spatial resolution com-
pared to their individual best values. To this end, the following 
plot, shown in figure 6, is very convenient and illustrative. In 
the case of the optimal (minimal possible) source-to-object 
distance, solid green curve (R1  =  25 mm), the intersection of 
the latter with the solid black curve (this shows the degrada-
tion of the FWHM of 3D PSF of the imaging system, w3D) 

occurs at the magnification of about 2.6 for a small source 
(s  =  4 µm) and the corresponding degradation of both stdµ 
and w3D is less than 0.2% compared to their best (i.e. minimal) 
values. If, for some reason, a longer (not optimal) source-to-
object distance was chosen, dashed green curve in figure  6 
(R1  =  30 mm), equal degradation of stdµ and w3D cannot be 
observed at any magnification in the range between 1 and 5; in 
this case the optimal magnification is the one that minimises 
the degradation for the CNR, i.e. 3.05 and the corresponding 
degradation for the resolution and CNR is about 4% and 1%, 
respectively. In the ‘opposite’ case of a larger source (s  =  10 
µm), equal degradation is observed at the magnification of 
about 1.55 and 1.62, for R1 of 25 mm and 30 mm respectively, 
and the corresponding degradation is about 14% and 18%, 
respectively.

2.4. Global optimisation of the geometrical parameters

In the preceding analysis, in sections 2.1–2.3, we explicitly 
assumed that the characteristics of the source (its power, size 
and spectrum, the latter depending on the anode potential and 
filters) as well as the exposure time were fixed. As a result, the 
source size did not directly affect noise in the reconstructed 
3D volume. However, equations (2.9) and (2.7) indicate that 
the variance of noise is inversely proportional to the product of 
the power (in watts) of the x-ray source and the exposure time. 
Given that the maximum power of the source is proportional 
to its size this means that the source size does affect the vari-
ance of noise, namely, the variance of noise is inversely pro-
portional to the source size (provided that the source power 
is proportional to the source size and the exposure time is kept 
constant). Thus the CNR is proportional to the square root 
of the source size, CNR ∼

√
s. On the other hand, the resolu-

tion of the imaging system, though non-linearly but monoton-
ically, improves with reducing the source size. Clearly, there 
is a trade-off between the CNR and spatial resolution with 
respect to the source size. However, this issue can be resolved 
if one implements an alternative, global, optim isation strategy 
described below.

Figure 6. Illustration of the ‘equal degradation’ principle described 
in the main text and used to find a nearly optimal geometrical 
magnification of the imaging system in terms of the spatial 
resolution and CNR.
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Let us assume that the parameters of the detector are fixed 
and we can vary some characteristics of the source as well 
as geometrical parameters of the imaging system (R1 and M). 
In particular, while still fixing the source spectrum (by fixing 
its anode potential and filters) we will vary the source size 
together with its power assuming that the latter is proportional 
to the source size, i.e. φ̇ ∼ s in equation (2.7). Then if a certain 
(fixed) resolution of the imaging system (either 3D, 2D or 1D) 
is required for a given imaging task, this resolution can be 
achieved only by a proper choice of the source size and geo-
metrical magnification, see equations  (2.18), (2.22)–(2.25). 
This is illustrated in figure 7 where we have fixed the detector 
pixel size and the width of its PSF and different curves show 
possible combinations of the source size and magnifica-
tion producing certain resolutions of the imaging system 
(the width of 3D PSF, 2D LSF or 1D BSF). Also, figure  7 
allows one to quickly determine the best resolution that can 
be achieved by the imaging system, taking into account the 
system constraints on the maximum magnification and the 
minimal source size (note that the system resolution does not 
depend on the source-to-rotation axis distance R1, if the mag-
nification M is kept constant). Usually, the best resolution is 
achieved using the maximum geometrical magnification and 
the minimal source size. As an example, figure 7(a) indicates 
that the best resolution, w3D, within the geometrical restric-
tions shown in figure 2, is about 1.5 microns which is pro-
duced at the maximally achievable magnification of about 3.5 
and using a submicron x-ray source, with the FWHM of about 
half a micron. Obviously, a better resolution is possible with 
higher magnifications but at the expense of the field of view in 
the object plane, i.e. for smaller diameters of the object (less 
than 2 mm in this example).

As follows from figure 7, for each system resolution, there 
is an infinite number of possible combinations of the source 
size and geometrical magnification. The next step is to choose 
amongst all possible variants such a combination that maxim-
ises the CNR (minimises noise). Examples of this optim isation 
are illustrated in figure 8, for four different values of the system 
resolution, and where the same parameters of the detector, 
as above, have been used: h  =  3.375 µm and d/h  =  1.4. The 
curves in figures 8(a), (c), (e) and (g) are similar to those shown 
in figure 7 while the curves in figures 8(b), (d), (f) and (h) show 
the corresponding values of the std of noise in the CT image. 
As already mentioned above, the resolution of the imaging 
system does not depend on the source-to-rotation axis distance 
R1 or the characteristics of the object. Therefore, the curves in 
figures 8(a), (c), (e) and (g) are independent of R1 and γ for a 
given x-ray energy (or x-ray spectrum). On the other hand, it 
is known that the intrinsic resolution of the detector is energy 
dependent so that the plots in figures 8(a), (c), (e) and (g) are, in 
general, also dependent on the x-ray energy, so that the global 
optimisation of the imaging system should, in general, involve 
the x-ray energy (anode potential) as an additional variable. 
The effect of the x-ray energy (spectrum) on the CNR will be 
investigated in section 3 below.

It is worth pointing out to qualitatively different behav-
iours of the curves in figure  8 in the case of 6 µm resolu-
tion compared to 5 µm and smaller values. Note that ‘contact’ 

Figure 7. Image resolution contour lines in the plane s-M, where 
s is the source size and M is the geometrical magnification of the 
imaging system, using the following parameters of the detector: 
pixel size h  =  3.375 µm, FWHM of the detector’s PSF d  =  1.4 h. 
The contours show the FWHM of the 3D point-spread-function (a), 
2D line-spread-function (b) and 1D boundary-spread-function (c) in 
the reconstructed CT volume. 
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Figure 8. (a), (c), (e) and (g) Source sizes and geometrical magnifications that result in the required resolutions in CT images, using the 
following parameters of the detector: pixel size h  =  3.375 µm, FWHM of the detector’s PSF d  =  1.4 h. (b), (d), (f) and (h) The std of noise 
in CT images versus geometrical magnification, for the required resolutions in CT images, using the following parameters of the imaging 
system: R1  =  25 mm, λ  =  0.62  ×  10−4 µm, γ  =  250 and r  =  0.271, h  =  3.375 µm, d  =  1.4 h, the source sizes s  =  s(M) are those shown in 
the corresponding images on the left.
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resolution of the system, for M  =  1 and according to equa-
tions (2.18), (2.22)–(2.25), is

wc ≈ c1wL +
√

c2w2
L + 2

3 ln(2)h2, (2.26)

where wL,3D ≈ 0.8397wL,2D, wL,1D ≈ 1.3048wL,2D and, for 
M  =  1, wL,2D = d . Substituting d  =  4.725 µm and h  =  3.375 
µm (d/h  =  1.4), one obtains the following values for  ‘contact’ 
resolutions (for 1D BSF, 2D LSF and 3D PSF, respectively): 
w1D,c  ≈  6.97 µm, w2D,c  ≈  5.70 µm and w3D,c  ≈  5.07 µm. 
Clearly, if w  <  wc then magnifications greater than the ratio 
wc/w should be used to properly demagnify the detector’s 
‘contact’ resolution in order to obtain the required resolution 
w, for s  >  0. In this case, as seen in figure 7, the source size 
cannot exceed some maximal (threshold) value, and for each 
source size below this threshold there are (at most) two pos-
sible magnifications (both greater than one) that result in the 
same resolution w of the imaging system. In the opposite case 
of w  ⩾  wc, the required resolution of the imaging system can 
be obtained for an arbitrarily large source size, provided that 
the magnification is close to one, see figures 7 and 8(a). The 
natural low limit on the magnification in this case is the min-
imal magnification of the imaging system, Mmin, due to the 
finite size of the object. For example, using the same configu-
ration as above, with Mmin  =  1.04 at R1  =  25 mm, and setting 
the resolution w3D to 6 µm, one observes (see black curve in 
figure 8(b)) that the std of noise has two local minima, one 
at M  ≈  1.52 with the corresponding optimal source size of 
about 12.2 µm and stdµ  ≈  0.545 arb. units, and another one at 
M  =  1.04 with the corresponding optimal source size of about 
72.0 µm and stdµ  ≈  0.515 arb. units. Note that the 6% reduc-
tion of the std of noise, by utilising nearly ‘contact’ geometry, 
is accompanied by an almost 6-fold increase of the source size 
(and the same increase of the radiation dose delivered to the 
sample). Note also that by decreasing the horizontal size W of 
the object one can implement smaller minimal magnifications, 
Mmin  −  1 being proportional to W (for a given R1) and thus 
allowing even larger optimal source sizes, nearly inversely 
proportional to Mmin  −  1 (or W). For example, if W was 
reduced from 2 mm to 1 mm, the corresponding minimal mag-
nification would decrease from 1.04 to 1.02 and, according to 
figures 8(a) and (b), the optimal source size would increase 
from 72.0 µm to about 135.3 µm while the corresponding std 
of noise would slightly reduce from 0.515 to 0.444.

This apparent paradox can be explained by noting that the 
CNR in the reconstructed CT volume, for a fixed exposure time, 
can be improved by either: (1) increasing the incident photon 
flux (by using a larger source in a nearly ‘contact’ geometry) 
and hence improving the photon statistics in raw projections 
(though at the expense of a greater radiation damage), or (2) 
by utilising in-line phase contrast and TIE-Hom phase retrieval 
that allow one to significantly reduce noise in CT reconstruc-
tions while using fewer incident photons (smaller radiation 
damage). It should be emphasized that these two competing 
ways for achieving the required CNR in minimal time are only 
possible for spatial resolutions above some threshold, see equa-
tion (2.26). For resolutions below this threshold, phase-contrast 

CT always produces better results, in terms of CNR for a given 
resolution and, importantly, with a lower radiation dose com-
pared to ‘contact’ (conventional) CT.

It turns out that for any given resolution w (either 3D, 2D or 
1D) below the threshold set by equation (2.26), there is a unique 
combination of the source size, sopt, and geometric magnifica-
tion, Mopt, that minimises the std of noise and hence maximises 
the CNR. For example, in the case of w3D  =  5 µm, the optimal 
magnification is about 1.86, see black curve in figure  8(d), 
and the corresponding optimal source size is about 7.6 µm, 
according to the black curve in figure 8(c). Analysis of figure 8 
also shows that by decreasing w (i.e. improving resolution) 
the optimal magnification monotonically increases while the 
corresponding optimal source size monotonically decreases. 
This is an expected result since in order to improve resolution 
one needs to improve the effective resolution of the detector, 
which can only be achieved by increasing the geometric mag-
nification, and to decrease the effective source size which, with 
increased magnification, can only be achieved by reducing the 
source size. This is illustrated in figure 9, where the FWHM of 
3D PSF of the system, w3D, is varied from 1 µm to 5 µm.

Analysis of data in figure 9(a) showed that the optimum 
magnification is nearly inversely proportional to the resolution, 
Mopt ∼ 1/wm

3D, where m  =  1.03  ±  0.01. Similarly, analysis of 
data in figure 9(b) showed that the minimal std of noise, as the 
function of the resolution, is also accurately fitted by a power 
function, (stdµ)min = k/wn

3D, where n  =  0.754  ±  0.003. On 
the other hand, the optimal source size as the function of the 
resolution cannot be accurately fitted by a power function; it 
is accurately fitted by a third-order polynomial in the log–log 
scale, lgsopt = C0 + C1X + C2X2 + C3X3, where X = lgw3D ,  
C0 = −0.095 ± 0.002, C1 = 1.25 ± 0.04, C2= −0.566 ± 0.16, C3 =  
1.11 ± 0.15. Here both sopt and w3D are in microns.

Note that the exponents m and n, as well as the coefficients k 
and Cj, depend, in general, on other parameters of the imaging 
system. In particular, n is a function of the detector pixel size, 
h, and intrinsic resolution, d, see figure 10(a). It also depends 
on attenuation in the air gap between the source and detector 
(and hence implicitly depends on R1). It is worth emphasizing 
that in the optimised phase-contrast configuration (and with 
TIE-Hom phase retrieval), the std of noise increases less 
steeply with improving resolution (decreasing w3D) than in the 
case of conventional (pure attenuation) CT. In the latter case, 
the std of noise is inversely proportional to the square of the 
detector resolution, so that the corresponding exponent n is 2. 
Note also that the above result for the relationship between the 
std of noise and the system resolution differs from the result 
in our previous paper (Nesterets and Gureyev 2014) where 
the std of noise was found to be almost independent of the 
detector pixel size. Note that the latter result was obtained 
using parallel beam geometry in which the system resolution 
did not depend on the source size and magnification.

In summary, in this section we proposed a new approach 
for global optimisation of primary (independent) geometrical 
parameters of the imaging system. These parameters include 
the source size, s, the source-to-rotation axis distance R1 and 
the geometrical magnification M. All other parameters of the 
imaging system, including the characteristics of the detector, 
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the x-ray energy (source spectrum) and the exposure time, 
were considered to be fixed.

It should be emphasized at this point that all our preceding 
analysis was limited to considering a quasi-monochromatic 
x-ray source. As we already indicated above, some charac-
teristics of the imaging system and of the imaged object are 
energy-dependent. For instance, the detector intrinsic resolu-
tion, d, and the parameter r of the detector, that (together with 
d) models the noise power spectrum, are energy dependent. 
The linear attenuation coefficient of the object as well as 
the parameter γ in the TIE-Hom phase-retrieval algorithm 
are also energy dependent. As a result the spatial resolution 
and the CNR in the reconstructed CT image depend not only 
on the primary geometrical parameters but also on the x-ray 
energy (source spectrum). Hence complete optimisation of the 
imaging system should include the x-ray energy (or, in gen-
eral, the source spectrum) as an additional variable.

In the simplest case of a quasi-monochromatic source the 
incorporation of the x-ray energy into the optimisation pro-
cedure is computationally straightforward. One just needs 
to repeat the global optimisation procedure, described above 
in this section, for different x-ray energies and choose such 
imaging configuration (now including also the x-ray energy 
in addition to the primary geometrical parameters) that max-
imises the CNR for the spatial resolution that is required for 
a given imaging task. This optimisation procedure is appli-
cable to a monochromatic source with variable x-ray energy, 
e.g. using crystal monochromators in combination with bright 
x-ray sources (for example, the synchrotron sources). For a 
micro-CT scanner, with low-power micro-focus x-ray source, 
this approach is hardly applicable since the use of the mono-
chromator would dramatically reduce the photon flux to the 
level that makes the tomographic imaging impractical in 
terms of the data acquisition time.

Figure 9. (a) The optimum magnification and source size that minimise the std of noise, for different resolutions w3D in CT images.  
(b) The corresponding minimal std of noise (in arbitrary units) for the same values of the resolution. The following parameters of the 
imaging system were used in calculations: R1  =  25 mm, λ  =  0.62  ×  10−4 µm, γ  =  250 and r  =  0.271, h  =  3.375 µm, d  =  1.4 h.

Figure 10. Dependences of the power exponent n (a) and the proportionality coefficient k (b) on the detector pixel size h in the expression 
(stdµ)min = k/wn

3D used to fit the relationship between the std of noise and resolution (the FWHM of the system PSF) in CT images. The 
intrinsic resolution of the detector was set to d  =  1.4 h for all values of h.
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Proper account of the polychromatic nature of the x-ray 
source is thus required in order to optimise the micro-CT 
scanner. Note, however, that some results of our preceding 
analysis remain unchanged in the polychromatic case. For 
instance, the optimal source-to-rotation axis distance R1, 
regardless of the x-ray energy, is the minimal one that can 
be achieved by the imaging system and yet provide suffi-
cient field of view, i.e. R1,min in equation (2.4). On the other 
hand, optimisation of other geometrical characteristics of the 
imaging system, including the source size and the geometrical 
magnification, should explicitly involve the spectral informa-
tion. This analysis is carried out in the next section.

3. Optimisation of the source spectrum

In section 2, the optimisation of the imaging geometry has been 
carried out assuming a quasi-monochromatic incident x-ray 
beam with a fixed energy. In order to develop a polychromatic 
counterpart of the optimisation procedure, one needs first to 
obtain the expressions for the spatial resolution and CNR in 
the polychromatic case. Polychromaticity affects all steps of 
the PB-PCT image processing, including phase retrieval and 
CT reconstruction. In particular, when illuminating the object 
with a polychromatic x-ray beam, the x-ray spectrum of the 
beam transmitted though the object (transmitted spectrum) 
does not coincide with that in the beam incident on the object 
(incident spectrum). Since usually the x-rays with lower ener-
gies are attenuated more strongly by the object, the trans-
mitted spectrum is shifted towards the higher energies with 
respect to the incident one—hence the term ‘beam hardening’ 
that is used to designate this effect.

Unlike the monochromatic transmission image, the 
polychromatic transmission image of the object does not, 
in general, satisfy the property that the negative loga-
rithm of the normalised image (i.e. divided by the corre-
sponding flat-field image) is equal to the x-ray transform 
of the 3D distribution of the object’s linear attenuation 
coefficient. Indeed, while the normalised monochromatic 
image can be expressed as follows (Beer–Lambert law), 

I0(r⊥; E) = exp
[
−
´

L dlµ(r; E)
]

, r = (x, y, z), r⊥ = (x′, y′), the poly- 

chromatic image is Ipoly
0 (r⊥) =

´
dSinc(E)exp

[
−
´

L dlµ(r; E)
]
,  

where dSinc(E)  is the incident spectrum normalised such 
that 

´
dSinc(E) = 1. In the former case one has, −ln[I0(r⊥; E)] =  ´

L dlµ(r; E) and hence one can reconstruct the 3D distribution 
of the linear attenuation coefficient (at the energy E) using 
the inverse Radon transform. In the latter case, the approxi-

mate expression −ln[Ipoly
0 (r⊥)] ∼=

´
L dl
´

dSinc(E)µ(r; E) is 

applicable if: (1) the object is weakly attenuating for all x-ray 
energies in the incident spectrum, or (2) the spectrum is suf-
ficiently narrow so that ́ L dl

∣∣µ(r; E)− µpoly(r)
∣∣ is small com-

pared to 1 for all x-ray energies in the incident spectrum. Note 
that in these favourable cases, the CT reconstruction produces 
the 3D distribution of the spectrally weighted linear attenua-
tion coefficient, µpoly(r) =

´
dSinc(E)µ(r; E).

For strongly attenuating objects and wide spectra, CT 
reconstruction applied to  −log transform of uncorrected 

normalised projection images results in strong cupping arti-
facts (beam-hardening artifacts) (Hsieh 2009).

Note also that if an energy-integrating detector is used to 
acquire the images, the detected spectrum differs, in general, 
from the incident one, due to energy-dependent detection effi-
ciency of the detector’s active layer (phosphor). In this case, 
the incident spectrum in the above expressions should be 
replaced with the detected one (see also our analysis below, 
in this section).

Regarding the effect of polychromaticity on TIE-Hom 
phase retrieval, it is instructive to compare the monochromatic 
and polychromatic TIE-Hom that relates the intensity IR′ in a 
phase-contrast image and the intensity I0 in the corresponding 
transmission image:

IR′(r⊥; E) = [1 − (4π)−1
γ(E)λR′∇2

⊥]I0(r⊥; E),

and

Ipoly
R′ (r⊥) = Ipoly

0 (r⊥)− (4π)−1R′∇2
⊥

ˆ
dS(E)γ(E)λI0(r⊥; E),

where Ipoly
z (r⊥) ≡

´
dS(E)Iz(r⊥; E) and z is either 0 or R′. 

Recall that, as in the rest of this paper, all intensity distribu-
tions are defined in the object plane, with proper rescaling.

The second term in the last expression describes the 
propagation-based phase contrast. In this phase-contrast 
term, the energy-dependent product dS(E)γ(E)λ acts as 
the spectral weight for an individual monochromatic phase-
contrast term. Apparently, unless γ(E)λ is nearly constant 
across the spectrum, no one single value of the product γλ 
can exactly reproduce the phase-contrast term. However, 
as the first approximation, the spectrally weighted product, 
(γλ)

poly ≡
´

dS(E)γ(E)λ, can be used to produce an accurate 
result,

Ipoly
R′ (r⊥) ≈ [1 − (4π)−1

(γλ)
polyR′∇2

⊥]I
poly
0 (r⊥). (3.1)

This approximation implies that 
∣∣∣ ´ dS(E)[γ(E)λ−

(γλ)
poly

]I0(r⊥; E)
∣∣∣ � (γλ)

polyIpoly
0 (r⊥) for all r⊥. Note that 

the latter condition is well satisfied in the case of weakly 
attenuating objects, 1 − I0(r⊥; E) � 1. For strongly attenu-
ating objects, this approximation is applicable in the case of 
sufficiently narrow spectra.

We conclude our preliminary analysis by considering the 
effect of polychromaticity on the spatial resolution in 2D pro-
jection images. In the case of a monochromatic x-ray beam, a 
phase-contrast image of the object illuminated by a partially 
coherent x-ray beam can be presented as the convolution of 
the corresponding coherent image and the PSF of the imaging 
system (Gureyev et al 2006),

IR′(r⊥; E) = (IR′,coh ∗ Psys)(r⊥; E)

=

ˆ
dr′⊥IR′,coh(r⊥ − r′⊥; E)Psys(r′⊥; E),

where the coherent image IR′,coh(r⊥; E) corresponds to a 
point source and a detector with zero-width PSF. Integrating 
both sides of this last equation over the spectrum dS(E), one 
obtains the polychromatic phase-contrast image,
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Ipoly
R′ (r⊥) =

ˆ
dS(E)(IR′,coh ∗ Psys)(r⊥; E).

Usually, the PSF of the system varies only slightly with the  

energy, so that 
∣∣∣Psys(r⊥; E)− Ppoly

sys (r⊥)
∣∣∣ � Ppoly

sys (r⊥), Ppoly
sys (r⊥) ≡  ´

dS(E)Psys(r⊥; E), for all x-ray energies in the spectrum and  

for all r⊥. This assumption allows one to approximate the expres-
sion for the polychromatic phase-contrast image as follows,

Ipoly
R′ (r⊥) ≈ (Ipoly

R′,coh ∗ Ppoly
sys )(r⊥), (3.2)

where Ipoly
R′,coh(r⊥) ≡

´
dS(E)IR′,coh(r⊥; E). In the following 

we assume that the source is cross-spectrally pure, i.e. the 
radiated intensity distribution is reducible to the product of a 
function of the spatial coordinates and a function of the x-ray 
energy. It is the width of the intrinsic PSF of the detector that 
is assumed to be energy dependent (although only slightly, to 
satisfy equation (3.2)). In the following, in order to model a 
polychromatic PSF of the detector, we use the same Lorentz 
distribution that has been used above, in section 2, to model a 
monochromatic intrinsic PSF of the detector. The width of the 
polychromatic PSF can be estimated by fitting the NPS in poly-
chromatic flat-field projection images, using equation (2.13).

We continue our analysis by introducing the polychro-
matic counterpart of equation (2.9) for the variance of noise 
in the CT image. In our recent paper (Nesterets and Gureyev 
2014) we derived an expression for the noise power spec-
trum in monochromatic phase-retrieved (using TIE-Hom 
with a user-provided parameter A) projection images as 
well as in a CT image reconstructed using FBP algorithm. 
Under the same assumption of nearly parallel imaging 
geometry that has been used above, in section  2, the noise 

power spectrum in polychromatic phase-retrieved projection 

images, Wpoly
n,0 (u′; r′), r′ = (x′, y′), u′ = (Ux′ , Uy′), and in 

the corresponding CT image, Wpoly
n,µ (u; r), r = (x, y, z), u =  (√

U2
x + U2

z , Uy

)
, can be written as follows,

Wpoly
n,0 (u′; r′) =

(Φpoly
det )

−1

(1 + A|u′|2)
2

×
ˆ

dSdet(E){1 + [r−1(E)− 1]MTF2
d(u

′; E)}Tobj(r′; E),

 (3.3)
and

Wpoly
n,µ (u; r) =

π(Φpoly
det )

−1

Nah′
U−1G2(U)Finterp(u)

(1 + A|u|2)2

×
ˆ

dSdet(E){1 + [r−1(E)− 1]MTF2
d(u; E)}Fobj(r; E).

 (3.4)
In equations (3.3) and (3.4), we introduced the mean detected 
flat-field signal per unit area,

Φpoly
det =

ˆ
dΦdet(E) =

ˆ
dΦinc(E)DQE(0; E)r−1(E), (3.5)

where dΦinc(E) ≡ dΦ(E)Tgap(E) is the fluence of x-ray pho-
tons in the energy range (E, E  +  dE), incident on the detector 

in the absence of the object. Note that according to equa-
tion (2.7), dΦ(E) already takes into account attenuation due 
to source filters but assumes vacuum in the gap between the 
source and detector.

Also, we introduced the detected spectrum in flat-field 
images,

dSdet(E) ≡ dΦdet(E)/Φ
poly
det

= dΦinc(E)DQE(0; E)r−1(E)/Φpoly
det ,

 (3.6)
normalised such that 

´
dSdet(E) = 1.

The function Fobj(r; E) in equation (3.4) accounts for the 
attenuation in the object and, in general, is a function of the 
position vector r = (x, y, z) in the reconstructed CT volume. It 
can be expressed, in general, in terms of 2D monochromatic 
projection images of the object,

Tobj,θ(r′; E) ≡ exp

[
−
ˆ

Lθ,r′

µ(r; E)dl

]
, r′ = (x′, y′), (3.7)

and their polychromatic counterparts,

Tpoly
obj,θ(r

′) =

ˆ
dSdet(E)Tobj,θ(r′; E), (3.8)

by integrating the factor Tobj,θ/(T
poly
obj,θ)

2
 along the proper tra-

jectory r′(r, θ) in projection data,

Fobj(r; E) ≡ (2π)−1
ˆ 2π

0
dθTobj,θ[r′(r, θ); E]/{Tpoly

obj,θ[r
′(r, θ)]}

2
.

 (3.9)

The factor {Tpoly
obj,θ[r

′(r, θ)]}
−2

 in equation  (3.9) appears due 

to  −log transform of phase-retrieved projections.
Note also that all spatial frequencies in equations (3.3) and 

(3.4) are dimensionless and defined as fractions of the corre-
sponding twice the maximal detected frequencies, i.e. the 
fractions of 1/h′.

All other parameters used in equations (3.3) and (3.4) have 
been introduced in section 2.1, see equation (2.10) in particular.

The variance of noise in the polychromatic CT image can 
be written as follows (Nesterets and Gureyev 2014):

varpoly
µ (r) = 2πh′−3

´ 1/2
0 dUU

´ 1/2
−1/2 dUyWpoly

n,µ (u; r)

= 2π2

Nah′4 (Φ
poly
det )

−1 ´ 1/2
0 dUG2(U)

´ 1/2
−1/2 dUy

Finterp(u)
(1+A|u|2)2

×
´

dSdet(E){1 + [r−1(E)− 1]MTF2
d(u; E)}Fobj(r; E).

 

(3.10)

Equation (3.10) is an exact expression for the variance of 
noise and requires, in general, knowledge of the charac-
teristics of the detector, including DQE(0; E), r−1(E) and 
MTF(u; E), for all energies E in the incident spectrum. In 
many practical cases this detailed information is not avail-
able and some simplifying assumptions should be made in 
order to evaluate the variance of noise. For instance, if two 
characteristics of the detector, i.e. r−1(E) and MTF(u; E), can 
be considered to be nearly constant for all x-ray energies in 
the detected spectrum (one can use some effective values for 
these parameters, obtained e.g. from fitting the experimental 
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NPS) then the integral over the detected spectrum in equa-
tions (3.4) and (3.10) is simplified as follows,
ˆ

dSdet(E){1 + [r−1(E)− 1]MTF2
d(u; E)}Fobj(E; r)

≈
{

1 +
[(

r−1)
eff − 1

]
MTF2

d,eff(u)
}

Fpoly
obj (r),

where MTF2
d,eff  is calculated using equation  (2.12) with 

MTFeff in place of MTF, and

Fpoly
obj (r) ≡

ˆ
dSdet(E)Fobj(r; E)

= (2π)−1
ˆ 2π

0
dθ{Tpoly

obj [r′(r, θ)]}
−1

.

 

(3.11)

As a result, the variance of noise in CT images is approxi-
mated by the following expression,

varpoly
µ (r) ≈ 2π2

Nah′4

Fpoly
obj (r)

Φpoly
det

´ 1/2
0 dUG2(U)

×
´ 1/2
−1/2 dUyFinterp(u)

1 + [(r−1)eff − 1]MTF2
d,eff(u)

(1 + A|u|2)
2

=
f (A; (r−1)eff,σeff/h)Fpoly

obj (r)

Nah′4Φpoly
det

.

 

(3.12)

Note that equation  (3.12) has the same form as the corre-
sponding monochromatic analogue, equations  (2.9) and 
(2.10), with the following trivial change of parameters: 
r−1(E) → (r−1)eff , MTF(u; E) → MTFeff(u), Fobj(E) → Fpoly

obj  
and DQE(0; E)r−1(E)ΦTgap → Φpoly

det . It is worth noting that 
the correction factor, Fpoly

obj (r), has a simple analytical form 
in the case of axial points in a nearly uniform cylindrical 
object with the linear attenuation coefficient µ and radius R 
(Nesterets and Gureyev 2014),

Fpoly
obj =

ˆ
dSdet(E)exp[2µ(E)R]. (3.13)

Note also that the only factor in equations (3.10) and (3.12) 
that depends on the incident x-ray photon fluence (propor-
tional to it) is Φpoly

det , see equation (3.5), that can alternatively 
be written as follows,

Φpoly
det =

ˆ
dΦinc(E)α(E)β(E)m1(E). (3.14)

Here we took into account that DQE(0; E) =  
α(E)β(E)m1(E)r(E), where α is the quantum efficiency of 
the detector, β is the efficiency of optical coupling to the 
detector array and m1 is the mean output signal per single inci-
dent x-ray photon (Cunningham 2000).

When estimating the noise characteristics, the parameter 
β can be treated as nearly independent of the energy of x-ray 
photons (it describes the coupling efficiency of secondaries). 
Moreover, in energy-integrating detectors m1 is, ideally, pro-
portional to E. It is the parameter α that can significantly vary 
with the x-ray energy, especially for thin active layers used to 
achieve fine spatial resolution (i.e. narrow intrinsic PSF of the 
active layer). This parameter can be evaluated if the energy 

absorption coefficient, µen, and the thickness, t, of the active 
layer are known, α(E) ∼= 1 − exp[−µen(E)t] ≈ µen(E)t, 
where the last expression corresponds to the case of thin active 
layer (having poor efficiency but fine spatial resolution) so 
that µen(E)t < 0.2. Noting also that the main mechanism for 
energy absorption in the active layer is photoelectric absorp-
tion (especially at low x-ray energies used to image small bio-
logical objects), one can approximate the energy dependence 
of µen as follows, µen(E) ∼ E−3, assuming that the whole 
incident spectrum is far from the absorption edge(s) of the 
material of the active layer. This is a plausible assumption that 
one can make if the material of the active layer and its thick-
ness are unknown (some detector manufacturers do not dis-
close this information) but the nominal resolution is provided 
and is on the micron scale. Taking all above assumptions into 
account, the fluence in the detected flat-field images can be 
approximated as follows,

Φpoly
det ∼

ˆ
dΦinc(E)E−2 = Φpoly

inc (E−2)poly
inc , (3.15)

where (E−2)poly
inc =

´
dSinc(E)E−2, dSinc(E) ≡ dΦinc(E)/Φ

poly
inc  

is the normalised spectrum of the x-ray beam incident on the 
detector and Φpoly

inc ≡
´

dΦinc(E) =
´

dΦ(E)Tgap(E) is the 
total photon fluence in this beam.

Similarly, the detected spectrum is simply,

dSdet(E) ≡ dΦinc(E)α(E)β(E)m1(E)/Φ
poly
det

≈ dΦinc(E)E−2/
´

dΦinc(E)E−2 = dSinc(E) E−2

(E−2)poly
inc

.
 

(3.16)

As follows from the last expression, the detected spectrum, in 
the case of thin active layer, is strongly shifted towards lower 
x-ray energies compared to the incident spectrum.

In the opposite limit case of thick active layer (having 
poor spatial resolution), such that α(E) ≈ 1 for all energies 
in the incident spectrum, the detected flat-field signal in the 
energy-integrating detector is approximated as follows:

Φpoly
det ∼

ˆ
dΦinc(E)E = Φpoly

inc Epoly
inc , (3.17)

where Epoly
inc ≡

´
dSinc(E)E  is the mean photon energy in the 

incident spectrum. The detected spectrum is hence

dSdet(E) ≈ dSinc(E)
E

Epoly
inc

. (3.18)

Note that in the case of thick active layer, equation (3.17), the 
flat-field signal in detected images is proportional to the total 
(integrated) energy of incident x-ray photons. Also, according 
to equation (3.18), the detected spectrum, in the case of thick 
active layer, is shifted towards higher x-ray energies compared 
to the incident spectrum.

It is also worth noting that in the case of an ideal photon-
counting detector, such that α(E) ≈ 1, m1(E) ≈ 1 and 
r−1(E) ≈ 1, the detected flat-field signal (count fluence) is 
approximately equal to the total incident photon fluence,

Φpoly
det ≈ Φpoly

inc , (3.19)
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and the detected spectrum coincides with the incident one,

dSdet(E) ≈ dSinc(E). (3.20)

When using an x-ray tube as the x-ray source, the incident 
x-ray beam is highly polychromatic and the photon spectrum 
strongly depends on the anode potential. By increasing the 
anode potential: (1) the mean photon energy increases, and 
(2) the total number of emitted photons per unit power of 
the source also increases. Thus, a proper choice of the anode 
potential (assuming that the power of the source and its size 
are fixed) can improve the CNR in the reconstructed CT 
image. Below we present an example of such optimisation, in 
the case of imaging a small breast biopsy sample that has been 
used in our preceding analysis in section 2.

Using a freely distributed program XCOMP5R (Nowotny 
and Höfer 1985), we generated five source spectra for an x-ray 
tube with tungsten anode and the following parameters: anode 
angle of 22.5°, Be window with the thickness of 0.25 mm, Al 
filter with the thickness of 0.2 mm, focus-to-image distance of 
8 cm. The original (normalised) spectra are shown in figure 11(c) 
(these coincide with the detected spectra in the case of an ideal 
photon-counting detector) and their quantitative characteris-
tics are provided in table 1. Also shown in figures 11(a) and 
(e) are the detected spectra in the case of an energy-integrating 
detector with thick and thin active layer, respectively. The latter 
have been calculated using equations (3.18) and (3.16).

Using the spectra in figure 11 and equation (3.7), we calcu-
lated the transmittances of breast tissue for varying thickness 
in the range from 0 to 2 mm. The negative logarithms of the 
transmittances versus the thickness are shown in  figures 11(b), 
(d) and (f). These curves have small non-linearity which 
increases with increasing the anode potential. This near linear 
behaviour of the curves indicates that  beam-hardening effects 
due to the small biopsy sample are negligible, mainly due 
to weak attenuation of x-rays by the sample. As a result, no 
beam-hardening correction is required to reconstruct the CT 
images of the sample. Moreover, the reconstructed CT images 
of the sample present the spectrally weighted linear attenua-
tion coefficients,

µpoly =

ˆ
dSdet(E)µ(E),

 
(3.21)

i.e. integrated over the detected spectra. The corresponding 
contrast in the expression for the CNR, equation (2.8), is then 

simply 
∣∣∣µ̄poly

1 − µ̄poly
2

∣∣∣.
The contrast between blood and glandular tissue versus 

anode potential, for three types of the detector considered 
above, are shown in figure 12(c). As expected, since the mean 
photon energy in the detected spectrum is the lowest for 
thin-layer energy-integrating detector and is the highest for 
thick-layer energy-integrating detector (the photon-counting 
detector being in the middle in terms of the mean detected 
photon energy), the contrast is strongest for thin-layer detector 
and is weakest for thick-layer detector. Also, since the mean 
detected energy increases (nearly linearly in the considered 
example) with increasing the anode potential, the contrast 
decreases with increasing the anode potential, as expected.

The effect of the anode potential on the variance of noise 
in CT image is less straightforward. According to equa-
tion  (3.12), there are three factors in the expression for the 
variance that depend on the spectrum: (1) f, through the param-
eter A that (at least in the case of weakly attenuating sam-
ples) is proportional to the effective (polychromatic) product 
(γλ)

poly
=
´

dSdet(E)γ(E)λ, see equation (3.1); (2) Fpoly
obj , that 

if considering only axial points inside a nearly cylindrical uni-
form sample is given by equation  (3.13) and, similarly to f, 
depends only on the normalised detected spectrum; (3) Φpoly

det  
is the only factor in equation (3.12) that depends not only on 
the normalised detected spectrum but also on the total incident 
flat-field x-ray photon fluence, Φpoly

inc , see equations  (3.14), 
(3.15), (3.17) and (3.19).

Let us first analyse the behaviour of noise versus the anode 
potential in a CT image reconstructed from contact (pure 
attenuation) projections, i.e. R′  =  0 and hence A  =  0 and f is an 
energy-independent constant. In this case one needs to analyse 

only two factors, Fpoly
obj  and Φpoly

det . Apparently, the factor Fpoly
obj , 

which accounts for attenuation in the sample, monotonically 
decreases with increasing the anode potential (increasing the 
mean detected photon energy), see figure 12(b). Considering 
the factor Φpoly

det , it is proportional to the total incident photon 
fluence, Φpoly

inc , which monotonically increases with increasing 
anode potential, see figure 12(a) and last column in table 1. 
Note also that according to equation (3.17), which describes 
the thick-layer energy-integrating detector, Φpoly

det  is also 
proportional to the mean incident photon energy and hence 
increases with increasing anode potential more steeply than 
Φpoly

inc . On the other hand, according to equation  (3.15), i.e. 
in the case of a thin-layer energy-integrating detector, Φpoly

det  
is proportional to (E−2)poly

inc  which decreases with increasing 
anode potential.

As a result, the variance of noise monotonically decreases 
with increasing anode potential, see figure  12(d), but the 
curves for different types of detector have different slopes. 
The curve for a thick-layer detector has the greatest slope 
while the curve for the thin-layer detector has the smallest 
slope. Also, while the curves for the thick-layer and photon-
counting detector are guaranteed to have negative slope, the 

Table 1. Characteristics of the incident x-ray beam at 8 cm distance 
from the anode focus, for different values of the anode potential Ua.

Ua (kV)
Total fluxa ph/
(mA · s · mm2)

Mean photon 
energy (keV)

Fluence rateb 
ph/(W · s · mm2)

20 4.936  ×  107 12.1 2.468  ×  106

25 9.363  ×  107 13.5 3.745  ×  106

30 1.423  ×  108 15.0 4.743  ×  106

35 1.945  ×  108 16.4 5.557  ×  106

39.9 2.482  ×  108 17.9 6.221  ×  106

a Calculated using XCOMP5R (Nowotny and Höfer 1985) and the following 
parameters: tungsten anode, anode angle of 22.5°, Be thickness of 0.25 mm, 
Al thickness of 0.2 mm, focus-to-image distance of 8 cm.
b This is an incident x-ray photon fluence rate per unit power of the x-ray 
source (here we assume the same source size for the same source power, 
regardless of the anode potential).
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Figure 11. Detected spectra and the corresponding dependencies of the negative logarithm of the sample transmittance on the sample 
thickness, for an energy-integrating detector with thick active layer ((a) and (b)), thin active layer ((e) and (f)) and photon-counting detector 
((c) and (d)). The following parameters of the source have been used to calculate the spectra: tungsten anode, anode angle of 22.5°, Be filter 
with the thickness of 0.25 mm, Al filter with the thickness of 0.2 mm, focus-to-image distance of 8 cm.
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existing trade-off between Fpoly
obj  and Φpoly

inc , on one side, and 
(E−2)poly

inc , on the other side, does not guarantee the negative 
slope for the thin-layer detector (although a negative slope is 
observed in figure 12(d)).

Using the above results, figures 13(a), (c) and (e) show the 
CNR versus the anode potential, for three pairs of materials, 
including gland/adipose, blood/adipose and blood/gland, for 
three types of detectors. The CNR is given in arbitrary units, 
which differ for different detector types but are the same for 
different material pairs within the same detector type. As 
expected, the blood/adipose contrast is the strongest and blood/
gland is the weakest amongst the three pairs. Importantly, for 
each detector type, there is an optimal anode potential that 
maximises the CNR for all three pairs of materials. In par-
ticular, for a thick-layer detector the optimal anode potential 
is between 25 kV and 30 kV. The optimal anode potential for 
a photon-counting detector is about 30 kV and for a thin-layer 
detector it is about 35 kV. In all cases, the CNR monotonically 

(though only slightly) reduces with varying the anode poten-
tial from the optimal values.

Regarding the phase-contrast projection data, when the 
TIE-Hom phase-retrieval algorithm is used before doing CT 
reconstruction, one should also take into account an additional 
factor f in the expression for the variance of noise, equa-
tion  (3.12). This factor varies with the anode potential and 
hence affects the dependence of the CNR in phase-retrieved 
CT images on the anode potential, compared to that in con-
tact images discussed above. In particular, assuming that the 
effective free space propagation distance between the sample 
and detector is large enough so that the parameter A is much 
greater than 1, the factor f is nearly inversely proportional to 
A2 and CNR is nearly proportional to A. The only effect on 
A from varying the anode potential (the source spectrum) is 
through the parameter (γλ)poly

=
´

dSdet(E)γ(E)λ. Noting 
that for all three considered pairs of materials, the product 
γ(E)λ monotonically increases with increasing the x-ray 

Figure 12. Incident photon fluence rate per unit power of the source (a), the attenuation correction factor of the object, equation (3.13), (b), 
the image contrast between blood and gland tissue (c) and the variance of noise in contact CT images (d), for different values of the anode 
potential (the corresponding spectra are shown in figure 11).
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Figure 13. CNR per unit power of the x-ray source versus the anode potential, in contact ((a), (c) and (e)) and phase-retrieved ((b), (d) and (f)) 
CT images. Three model detectors have been compared including an energy-integrating detector with thick active layer ((a) and (b)), thin active 
layer ((e) and (f)) and photon-counting detector ((c) and (d)). Three tissue combinations are considered, including gland/adipose (black), blood/
adipose (red) and blood/gland (green). The following parameters of the imaging system have been used in calculations: R1  =  R2  =  30 mm, 
detector pixel size h  =  3.375 µm, FWHM of Lorentz PSF of the detector d  =  1.4 h  =  4.725 µm, detector’s parameter r  =  0.271 (note that the 
same values of d and r have been used at all x-ray energies). Parameter (γλ)poly in the TIE-Hom phase-retrieval algorithm was set to that of the 
blood/gland pair. Noise in the centre of the slices was estimated taking into account attenuation in the sample. A cylinder with the diameter of 
2 mm, consisting of a mixture of gland and adipose tissues (with the volume ratio of 50/50), was used as a numerical phantom.
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energy up to about 40 keV, the factor (γλ)poly monotonically 
increases with increasing the anode potential in the considered 
range from 20 kV to 40 kV.

The effect of the TIE-Hom phase retrieval on the CNR in 
reconstructed CT images is clearly seen in figures 13(b), (d) and 
(f) when compared with figures 13(a), (c) and (e), respectively. 
The CNR in phase-retrieved CT images monotonically increases 
with increasing the anode potential in the considered range from 
20 kV to 40 kV. Also, the improvement of the CNR by going 
from 20 kV to 40 kV is significant: the greatest gain, about 1.53, 
is observed for a thick-layer detector, a similar gain, about 1.51, 
is observed for a photon-counting detector and the smallest gain, 
about 1.35, is observed for a thin-layer detector. Importantly, 
for the imaged breast biopsy sample, we do not expect further 
improvement of the CNR by increasing the anode potential 
above 40 kV. Also, there should not be any benefit from addi-
tional filtering of the source spectrum since this can only reduce 
the total photon fluence as well as the total energy fluence.

4. Conclusion

In this paper, we proposed two approaches for optimisation 
of a propagation-based phase-contrast CT imaging configura-
tion, including geometrical parameters of the system as well 
as the x-ray tube parameters. The first approach is intended 
to optimise an imaging system with fixed parameters of the 
source and detector. There are only two independent geo-
metrical parameters of the imaging system, i.e. the source-to-
object distance R1 and geometrical magnification M, that need 
to be optimised in this case in order to produce the best spatial 
resolution and CNR. Due to certain geometrical constraints 
that we formulated in section 2 (see equations (2.4)–(2.6)), the 
optimisation is carried out within a closed region in the plane 
R1  −  M. It has been shown that the spatial resolution does not 
depend on R1 while the maximal CNR is achieved at the min-
imal possible value of R1. We also showed that, in general, one 
cannot simultaneously obtain the best spatial resolution and 
CNR at the same value of the geometrical magnification—
there is a trade-off between these two quality characteristics 
of the imaging system.

In our second approach, in addition to R1 and M, the system 
parameter space also includes the source size, s, and the anode 
potential, Ua. By allowing the source parameters to vary, and 
assuming that the x-ray source power is proportional to the 
source size, this approach allows one to find a unique configu-
ration of the imaging system (i.e. a unique combination of the 
four system parameters: R1, M, s and Ua) that produces the 
required (fixed) resolution and the best CNR.

We investigated the competing effects of the TIE-Hom 
phase retrieval and of the source size on the CNR in recon-
structed CT images. In the former case of phase-contrast 
projection images, the improved CNR is due to reducing the 
magnitude of noise by TIE-Hom phase retrieval acting as 
a low-pass filter in the spatial domain. In the latter case of 
essentially contact projection images, the improvement of the 
CNR is achieved by delivering a greater number of photons to 

the images by using larger source sizes. We found that if the 
resolution, required for a given imaging task, is below some 
threshold value that is equal to the ‘contact’ resolution of the 
system, see equation  (2.26), then PB-PCT produces better 
results, in terms of the CNR, and with a significantly lower 
radiation dose compared to ‘contact’ CT.

The polychromatic nature of the radiation produced by a 
micro-focus x-ray tube has, in general, a detrimental effect 
on the reconstructed CT images. Moreover, account of poly-
chromaticity in various image processing steps is not straight-
forward and requires certain assumptions regarding the object 
(e.g. weak attenuation) and/or the width of the x-ray spectrum 
in order to simplify the formalism (see our discussion at the 
beginning of section 3).

We analysed the effect of polychromaticity on the CNR for 
three typical detector models: two energy-integrating detec-
tors, with thick and thin active layer, respectively, and an 
ideal photon-counting detector. We found that due to the dif-
ferent responses of these three detectors to the same incident 
x-ray beam, all characteristics of the reconstructed CT image 
noticeably differ. Moreover, by varying the anode potential 
in the range from 20 kV to 40 kV, we found that these three 
detectors have, in general, different optimal anode potentials 
that maximise the CNR in the reconstructed CT image.

Both optimisation approaches have been demonstrated on 
an example of a micro-CT scanner with some typical charac-
teristics of the source and detector. The scanner configuration 
was optimised to image a small breast biopsy phantom with 
the diameter of 2 mm.
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