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Abstract.Line tension simulations were implemented to study the glide of a single dislocation through
an array of randomly distributed point obstacles. The strength of each obstacle in the glide plane was
populated from an assumed distribution, mimicking what might be expected in engineering alloys
containing precipitates. The effect of changing the width of the distribution was investigated. It was
found that the assumption of a uniform strength gives a lower bond to the critical resolved shear stress.

Introduction

In engineering alloys, strengthening can be achieved by a distribution of obstacles, such as clusters
and precipitates, in the glide plane. How much the material is strengthened depends on the strength
and density of obstacles and how the dislocation interacts with them. A recent study examined how
the spatial distribution of obstacles affects the critically resolved shear stress (CRSS) [1]. In this paper,
the effect of a distribution of obstacle strengths will be examined.

For the case of clusters and precipitates, the strength is a function of the obstacle composition,
coherency and size [2]. Experimentally, the size of the clusters or precipitates forms a distribution,
this distribution being possible to measure experimentally or predict from class based precipitation
models, e.g.[3]. In alloys having roughly spherically shaped precipitates, an equivalent radius (r) is
typically reported and the distribution of this radius is often fit to a log-normal distribution[4-6].

For the sake of simplicity, these size distributions are often reduced to their mean value in the
calculation of the critical resolved shear stress (CRSS) [7]. While this is a good approximation when
the distribution is narrow, its suitability for wider distributions is less clear. This leaves one to ask under
what conditions is such an approximation valid and how does the domain of validity change with the
mean strength of obstacles? In the doctoral thesis of Deschamps [8], these questions were examined
mathematically. Assuming that dislocation glide obeys Friedel statistics, it was shown that the CRSS is
proportional to β̄3/2 where β̄ is the average obstacle strength [8]. Friedel statistics, however, are known
[9,10] to only be valid for weak obstacles. As the particle size distribution widens, the appropriateness
of Friedel statistics would therefore seem increasingly questionable.

In this paper, we used 2D line tension simulations [1,10,11] that take into account how dislocations
statistically interact with obstacles distributed in the glide plane to study how the obstacle strength
distribution affects the CRSS.

Line tension model

The line tension model simulates the glide of a single dislocation through an array of obstacles as
described in [10]. Briefly, the model assumes glide of a single dislocation on a glide plane[10]. The
dislocation is assumed to have a constant line tension of T = 0.5µb2, where µ is the shear modulus
and b the amplitude of the Burgers vector. The simulation box is periodic in x, i.e. the dislocation
line direction. A simulation box features N point obstacles lying on the glide plane. We define the
average spacing between obstacles as Ls = 1/

√
N . Each obstacle is described by its strength β with

0 ≤ β ≤ 1. Obstacles are shearable when β < 1 and non-shearable when β = 1. As the dislocation
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Fig. 1: Snapshot of a typical line tension simula-
tion in progress. The black line represents the dis-
location and the blue dots are the obstacles. All
passed obstacles are removed from the snapshot
and all remaining group of obstacles under the
dislocation line are looped and a non-represented
dislocation loop surrenders them.
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Fig. 2: Configuration of the dislocation when the
middle obstacle is about to be overcome by the
dislocation.

glides it will be pinned by obstacles, overcoming them when the the dislocation bends to an angle Φ,
where β = cos(Φ/2).

This model uses a version of the algorithm of Norgaret and Rodney [11] adapted to simulate ob-
stacles whose strength varies between 0 ≤ β ≤ 1 [1,10]. This model does not involve the incremental
change of resolved shear stress. Instead, it uses a geometrical step by step approach [11]. At the be-
ginning of each simulation, the dislocation is pinned by three obstacles lying at the bottom of the box.
Their strength (β = 7.85x10−3) was chosen to minimize their effect on the results of the simulations.
Then, the position of the dislocation is incrementally updated. At each increment, three events are
possible for each dislocation segment [10]:

(a) pinning by a new obstacle. This step requires the segment to bow to a radius Rmeet resulting to
an applied stress τmeet = 2T/ (Rmeetb).

(b) overcoming an obstacle when the bowing angle of the dislocation reaches the breaking angle Φ.
The stress related to this step is τbreak = 2T

b
|sin(α+Φc)|√

2 cos(α+Φc)LlLr+Ll
2+Lr

2
. α, Ll and Lr are defined

in Fig 2.

(c) by-passing of an obstacle when the radius of a dislocation segment is equal to the distance
between the two obstacles pinning it. The stress related to this step is τOrowan = 2TL/(bLs).

At each increment and for each segment, the stress required to perform each event is calculated. The
event requiring the lowest stress is then performed. The stress required to perform it is recorded and
the simulation goes on to the next increment until the dislocation has travelled through 95% of the
simulation box. The maximum stress encountered at this stage is the output of the simulation and
considered as the critical resolved shear stress (CRSS). A typical snapshot of a simulation is given in
Fig. 1.

Simulations

In this work the obstacles were randomly distributed in the glide plane. While the spatial distribution
of the obstacles in the glide plane has been shown to affect the CRSS [1], this effect was not considered
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Fig. 3: Variation of the strength of the obstacles
as a function of their equivalent radius r.
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Fig. 4: Example of strength distribution (bars)
obtained for a radius distribution following a log-
normal distribution of mean r̄/rc = 0.5 and stan-
dard deviation ∆ = 0.5 (solid curve).

here. After distributing obstacles in the glide plane, eachwas assigned a radius r. The radii were chosen
from a log-normal distribution having a mean r̄ and a standard deviation ∆. Thus, the probability for
an obstacle to have a radius r is:

f(r)dr =
1√
2πσ2

exp−(ln(r/rc)− µ)

2σ2
dr (1)

where rc is the transition radius between shearable (r < rc) and non-shearable obstacles (r ≥ rc).
The parameters σ and µ are related to the mean and standard deviation by σ2 = ln

(
∆
r̄
+ 1

)
and

µ = ln(r̄)− 0.5σ2. Practically, the radius of an obstacle is determined by:

r = rc exp (µ+ σX) (2)

whereX is a real number of which probability to be of a certain value follows a Gaussian distribution
of mean 0 and standard deviation 1. X is generated using the function randn() available in the C++
TR1 extension.

The next step was to assign a strength β to each obstacle based on its size r. Here it was assumed,
following others e.g. [5,8], that the strength of an obstacle varies linearlywith its radius until it becomes
unshearable as shown in Fig. 3. Thus, the strength of an obstacle is:

β = r/rc if r ≤ rc (3)

and
β = 1 if r > rc. (4)

An example of a obstacle size distribution and corresponding strength distribution is shown in Fig.
4. As expected, the part of the strength distribution corresponding to non-shearable obstacles is the
same as the radius distribution for r < rc. The single bar at β = 1 represents the number of obstacles
with r ≥ rc, i.e. all obstacles that are non-shearable. It is thus normal that the mean obstacle strength
decreases when ∆ increases and r̄/rc remains constant as seen in Fig. 5 and that as ∆ increases, the
transition between shearable and non-shearable obstacles becomes smoother.

Multiple radii distributions with different standard deviations and mean radii were studied. Their
standard deviations were varied between∆ = 0 (i.e. all obstacles have the same radius and strength),
to ∆ = 0.5. These values were chosen to cover the reported range of precipitate size distributions
recently reported for some aluminum alloys [5,12]. The mean radii were varied between 0.01rc to 2rc.
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The later value was chosen because when r̄ = 2rc and ∆ = 0.5, almost all obstacles (99.9%) are
non-shearable (see Fig. 5).

After performing a sensivity analysis, it was found that convergence of the CRSS was achieved
with 20, 000 obstacles (a maximum error of 1%was found between results obtained with respectively
20, 000 and 50, 000 obstacles). Therefore, for each simulationN = 20, 000. As done in previous works
[1,10], each simulation is performed 10 times with different random spatial distributions of obstacles
in order to minimized the spatial effect.

Results and Discussion

From Fig. 5, one can see that at constant r̄/rc, when the standard deviation ∆ increases, the mean
strength β̄ decreases. This is explained by the increased number of small and shearable obstacles
compensating for the presence of large and unshearable ones. If Friedel's theory [13] was used to
predict the CRSS, reducing the width of the size distribution to zero (i.e. a monodisperse precipitate
distribution) would give an upper bound to the CRSS. Instead, Fig. 6 shows that by reducing the width
of the size distribution to zero gives a lower bound to the CRSS.

This apparent discrepancy could be studied mathematically as follows. Let us assume a narrow
distribution of mean radius r̄/rc and standard deviation ∆ ≪ 1. Because the distribution is narrow,
and thus most of the obstacles have similar strength, a Pythagorean addition can be used to calculate
the CRSS [10,14,15]:

τ ∗2 =

∞∫
0

τ ∗(r)2f(r)dr (5)

where τ ∗ = τ 2T
bLs

is the normalized CRSS due to the whole distribution and τ ∗(r) = τ(r) 2T
bLs

is the
normalized CRSS only due to obstacles of radius r whose expression is as follows [10]:

τ ∗(r) =

 0.9
(

r
rc

)3/2
(
1− 1

6

(
r
rc

)5
)

if r ≤ 1

0.75 if r > 1
(6)
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As the standard deviation is assumed small compared to 1, a first order approximation of Equation
5 gives:

τ ∗2 ≈ 0.81e3µ

2

[
1− erf

(
µ√
2σ2

)
− 3

√
2σ2

π
e−

µ2

2σ2

]
−0.81e8µ

6

[
1− erf

(
µ√
2σ2

)
− 8

√
2σ2

π
e−

µ2

2σ2

]
+0.28

(
1 + erf

(
µ√
2σ2

)) (7)

where erf is the error function. This expression for τ ∗2 is an increasing function for radius r < 0.6rc
(i.e. d τ∗2

dr
> 0 for r < 0.6rc). This shows that for radii r < 0.6rc, increasing the standard deviation

increases the CRSS. This illustrates that by reducing the width of the size distribution to zero leads to
a lower bond to the CRSS in the range 0 < r < 0.6rc.

The simulations also show that, in all cases for mean strengths above 0.8, the maximum error made
when considering only the mean of the distribution is ≈ 10%. Below a mean strength of 0.8, as the
mean radius decreases, the error associated with predicting the CRSS based on the mean size increases
significantly. Moreover, as seen in Fig. 6, the simulations show that the CRSS is not proportional to
β̄3/2 as predicted by Deschamps [8]. The relation τ = 2T

bLs
β̄3/2 does, however, provide a lower bound

prediction of the CRSS at small values of β̄ where Friedel's statistics are a good approximation for
most of the size distribution [9,10].

Conclusion

A series of line tension simulations were conducted to investigate how the critical resolved shear
stress of a set of randomly distributed point obstacles changes with the width of their size distribution.
When calculating the CRSS, the obstacle size distribution is commonly reduced to its mean value.
Such simulations were used to estimate the domain of validity of this common assumption. It was
found that this assumption gives a lower bond to the CRSS and is within a 10% error when the mean
obstacle strength is higher than 0.8. The size distribution is more important when the obstacles are
weak. Further work is required to develop a phenomenological description of this effect which would
provide guidance to yield strength models where a distribution of obstacle strengths is considered.
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